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Lecture 24: Iterative Closest Point and Earth Mover’s Distance
Guest Lecturer: Jeff Phillips Scribe: Nihshanka Debroy

In this lecture, we discuss the Iterative Closest Point Algorithm (ICP) and the Earth Mover’s Distance. ICP
is used to compute a matching that minimizes the root mean squared distance between two point-sets. The
Earth Mover’s Distance provides a measure of the dissimilarity between two multi-dimensional distributions.

24.1 Iterative Closest Point (ICP)

ICP is an iterative algorithm for matching point-sets [1]. Consider 2 point-sets A, B ⊆ Rd where |A| = n
and |B| = m. We are interested in a one-to-one matching function µ : A → B that minimizes the root mean
squared distance (RMSD) between A and B. Mathematically, we want to minimize the following:

RMSD(A,B, µ) =

√
1
n

∑

a∈A

||a− µ(a)||2 (24.1)

Incorporating rotation and translation into the matching, we want to find:

min
µ:A→B,t∈Rd,R∈SO(d)

∑

a∈A

||Ra− t− µ(a)||2 (24.2)

where R is the rotation matrix, t is the translation vector and SO(d) is the set of special orthogonal matrices
in d dimensions.

24.1.1 ICP Algorithm

The ICP algorithm seeks to minimize the RMSD, by alternating between a matching step and a transformation
step. In the matching step, given a certain rotation and translation, the optimal matching is calculated by
minimizing the RMSD. In the transformation step, given a matching, the optimal rotation and translation are
computed. This alternating process terminates when the matching remains unchanged in sucessive iterations.
The following is an algorithmic description of ICP:

ICP(A,B)

1. Initialize R = I (the identity matrix), t = 0.

2. Matching Step: Given R and t, compute optimal µ by finding minµ RMSD(A,B, µ).
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3. Transformation Step: Given µ, compute optimal R and t by finding minR,t RMSD(RA− t, B, µ).

4. Go to step 2 unless µ is unchanged.

The matching and transformation steps are described in more detail below.

Matching Step

∀a ∈ A, find closest b ∈ B in the following manner:

• Construct Voronoi diagram on B.

• ∀a ∈ A, do point-location in V or(B).

If d = 2, we take O(m log m) pre-processing time and O( log m) time per point in A (where m = |B|). In
practice, a k-d tree is used to find the nearest-neighbor quickly. The matching step is usually the slowest part
of the algorithm.

Transformation Step

Assume µ(ai) = bi, where ai ∈ A and bi ∈ B. We want to find the matrix R and vector t that minimize:

n∑

i=1

||Rai − t− bi||2 (24.3)

We can define the centroid of A as
ā =

1
|A|

∑

i

ai (24.4)

Similarly for B,

b̄ =
1
|B|

∑

i

bi (24.5)

Defining the centroids as above will help simplify the minimization problem. Let us now define the following:

ai′ = ai − ā (24.6)

bi′ = bi − b̄ (24.7)

⇒ ai = ai′+ ā, bi = bi′+ b̄ (24.8)

Hence,

n∑

i=1

||Rai − t− bi||2 (24.9)
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=
n∑

i=1

||R(ai′+ ā)− t− (bi′+ b̄)||2 (24.10)

=
n∑

i=1

||Rai′ − bi′+ (Rā− b̄− t)||2 (24.11)

Now if,

t = Rā− b̄ (24.12)

⇒
n∑

i=1

||Rai − t− bi||2 =
n∑

i=1

||Rai′ − bi′||2 (24.13)

Equation (24.11) can be expanded, using tr(.) to represent the matrix trace operation and the superscript T

to represent a matrix transpose. Hence,

n∑

i=1

||Rai′ − bi′||2 (24.14)

= RRT
n∑

i=1

||ai′||2 − 2tr(R
n∑

i=1

ai′bi′T ) +
n∑

i=1

||bi′||2 (24.15)

=
n∑

i=1

||ai′||2 − 2tr(R
n∑

i=1

ai′bi′T ) +
n∑

i=1

||bi′||2 (24.16)

since RRT = I . Let N =
∑n

i=1 ai′bi′T . Hence, the problem of minimizing equation (24.16) reduces to that
of maximing the following:

tr(RN) (24.17)

Taking the singular value decomposition (SVD) of matrix N ,

N = UΣV T (24.18)

where U and V are orthogonal matrices and Σ = diag(σ1, σ2, ..., σd) such that σ1 ≥ σ2 ≥ ... ≥ σd ≥ 0.
From this, it can be proved [2] that to minimize equation (24.11) the rotation matrix should be defined as:

R = V UT (24.19)
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24.1.2 ICP Convergence

The ICP algorithm is guaranteed to converge to a local minimum [1]. The algorithm terminates when the
matching step does not change any of the previous matchings. A paper by Helmut Pottmann shows that ICP
has linear convergence in certain cases [3]. There is an upper bound of |A||B| steps for matching point-set A
to point-set B, but ICP has been proven to require Ω(|A ∪ B| log |A ∪ B|) iterations for certain inputs [4].
Paper [5] provides a lower bound of Ω((|A ∪B|/d)d+1) iterations for inputs in d dimensions.

24.2 Earth Mover’s Distance

The Earth Mover’s Distance (EMD) is a measure of the dissimilarity between two multi-dimensional distri-
butions [6]. Intuitively, suppose we are given two distributions. One distribution could be seen as a “mass
of earth properly spread in space,” and the other as “a collection of holes in that same space” [6]. Then, the
EMD measures the least amount of work that needs to done in order to fill the holes with earth. In this case,
“a unit of work corresponds to transporting a unit of earth by a unit of (ground) distance” [6].

The calculation of EMD is based on a solution to the “transportation problem” (described in [7]), a bipartite
network flow problem that could be cast as the following linear programming problem: Let S be a set of
suppliers, C a set of consumers, and cij the cost to ship a unit of supply from i ∈ S to j ∈ C. The goal is to
find a set of flows fij that minimize the overall cost, which is:

∑

i∈S

∑

j∈C

cijfij (24.20)

The flows fij are subject to the following constraints:

1. fij ≥ 0, i ∈ S, j ∈ C

2.
∑

i∈S fij = yj , j ∈ C

3.
∑

j∈C fij ≤ xi, i ∈ S

where xi is the total supply of supplier i and yj is the total capacity of consumer j. The first constraint permits
the movement of supplies only from a supplier to a consumer (and not vice-versa). The second constraint
“forces the consumers to fill up all of their capacities” [6]. Constraint 3 limits the supply that can be sent by
a supplier to its total amount [6]. As the total demand cannot exceed the total supply, there is a feasibility
condition that

∑

j∈C

yj ≤
∑

i∈S

xi (24.21)

The transportation problem has applications in “signature matching,” where one signature could be defined
as the supplier and the other as the consumer. The transportation problem could then be solved, where the
cost cij is the ground distance between element i in the first signature and element j in the second [6]. If the
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total weights of the signatures are unequal (i.e., in case of partial matches), the smaller signature could be
made the consumer so that the feasibility condition is satisfied.

The transportation problem described above can be solved by finding the optimal flow on a graph. The
optimal flow on a graph G(V, E), where V represents the set of vertices and E the set of edges, can be
calculated in time,

O((|E| log |V |)(|E|+ |V | log |V |)) = O((n2 log n)(n2 + n log n)) = O(n4 log n) (24.22)

Having solved the transportation problem and found the optimal flow F , the earth mover’s distance is:

EMD(S, C) =

∑
i∈S

∑
j∈C cijfij∑

i∈S

∑
j∈C fij

=

∑
i∈S

∑
j∈C cijfij∑

j∈C yj
(24.23)

In equation (24.19), the denominator is a normalization factor that prevents the favoring of signatures with
smaller total weights [6]. The ground distance cij is typically defined based on the specific problem. Thus, the
EMD is an extension of the idea of distance between single elements to “distance between sets of elements,
or distributions” [6].
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