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Boost.Octonions

Octonions

Overview

Octonions, like quaternions, are arelative of complex numbers.
Octonions see some use in theoretical physics.

In practical terms, an octonion is simply an octuple of real numbers (a,B3,y,8,€,{,n,08), which we can writeintheformo = a + fi
+ ) + Kk + e +q' +n' + & ,wherei,j andk are the same objects as for quaternions, ande' ,i',j' andk' are
distinct objects which play essentially the same kind of roleasi (orj or k).

Addition and amultiplication is defined on the set of octonions, which generalize their quaternionic counterparts. The main novelty
thistime is that the multiplication is not only not commutative, is now not even associative (i.e. there are octonions x, y and z
such that x(yz) # (xy)z).A way of remembering thingsis by using the following multiplication table:

1 i i - A o
1 i j i R A
i P =l & O=f ==K
j £ =k =IF = J5 Sk oseE =
k R L i N R i T -1
e e 4 - -k -1 i ] k
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il g ok e o= e ko=l i
ol 5 ¢ e -k - i -l

Octonions (and their kin) are described in far more details in this other document (with errata and addenda).

Some traditional constructs, such as the exponential, carry over without too much change into the realms of octonions, but other,
such as taking a square root, do not (the fact that the exponential has a closed form is aresult of the author, but the fact that the ex-
ponential exists at all for octonionsis known since quite along time ago).

Header File

Theinterface and implementation are both supplied by the header file octonion.hpp.
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Synopsis

namespace boost{ nanmespace

t enpl at e<t ypenane T>
tenpl at e<>
tenpl at e<>
tenpl at e<>

/'l operators

t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>
pl ex<T> const & rhs);
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>

cl ass
cl ass
cl ass
cl ass

oct oni
oct oni
oct oni
oct oni

oct oni

oct oni

terni on<T> const & rhs);

t enpl at e<t ypenane T>

t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>
pl ex<T> const & rhs);
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>

oct oni
oct oni
oct oni
oct oni
oct oni

oct oni

oct oni

terni on<T> const & rhs);

t enpl at e<t ypenane T>

t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>
pl ex<T> const & rhs);
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>

oct oni
oct oni
oct oni
oct oni
oct oni

oct oni

oct oni

terni on<T> const & rhs);

t enpl at e<t ypenane T>

t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>
pl ex<T> const & rhs);
t enpl at e<t ypenane T>
ni on<T> const & rhs);
t enpl at e<t ypenane T>

oct oni
oct oni
oct oni
oct oni
oct oni

oct oni

oct oni

terni on<T> const & rhs);

t enpl at e<t ypenane T>

t enpl at e<t ypenane T> oct oni
t enpl at e<t ypenane T> oct oni

oct oni

mat h{
oct oni
oct oni

oct oni
oct oni

on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>
on<T>

on<T>

on<T>
on<T>

on:

on<f | oat >;

on<doubl e>;

on<l ong doubl e>;

oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or
oper at or

oper at or

oper at or

+

/

(T const & | hs, octonion<T> const & rhs);
(octonion<T> const & I hs, T const & rhs);
(::std::conmpl ex<T> const & | hs, octoO

(octonion<T> const & |lhs, ::std::conid
(::boost::math::quaternion<T> const & |hs, octol
(octonion<T> const & | hs, ::boost::math::qual
(octonion<T> const & | hs, octonion<T> const & rhs);
(T const & | hs, octonion<T> const & rhs);
(octonion<T> const & I hs, T const & rhs);
(::std::conmpl ex<T> const & | hs, octoO

(octonion<T> const & |lhs, ::std::conid
(::boost::math::quaternion<T> const & | hs, octol
(octonion<T> const & | hs, ::boost::math::qual
(octonion<T> const & |l hs, octonion<T> const & rhs);
(T const & | hs, octonion<T> const & rhs);
(octonion<T> const & I hs, T const & rhs);
(::std::conmpl ex<T> const & | hs, octoO

(octonion<T> const & lhs, ::std::conid
(::boost::math::quaternion<T> const & |hs, octol
(octonion<T> const & | hs, ::boost::math::qual
(octonion<T> const & | hs, octonion<T> const & rhs);
(T const & | hs, octonion<T> const & rhs);
(octonion<T> const & I hs, T const & rhs);
(::std::conmpl ex<T> const & | hs, octoO

(octonion<T> const & lhs, ::std::conid
(::boost::math::quaternion<T> const & |hs, octol

(octonion<T> const & | hs, ::boost::math::qual

(octonion<T> const & | hs, octonion<T> const & rhs);

operator + (octonion<T> const & 0);

oper at or

(octoni on<T> const & 0);
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tenpl at e<typenane T> bool operator == (T const & |l hs, octonion<T> const & rhs);

tenpl at e<t ypenane T> bool operator == (octonion<T> const & Il hs, T const & rhs);

tenpl at e<typenane T> bool operator == (::std::conplex<T> const & | hs, octonion<T> const & rhs);
t enpl at e<t ypenane T> bool operator == (octonion<T> const & |lhs, ::std::conplex<T> const & rhs);
tenpl at e<typenane T> bool operator == (::boost::math::quaternion<T> const & | hs, octol

ni on<T> const & rhs);

t enpl at e<t ypenane T> bool operator == (octonion<T> const & | hs, ::boost::math::qual

terni on<T> const & rhs);

t enpl at e<t ypenane T> bool operator == (octonion<T> const & |hs, octonion<T> const & rhs);

t enpl at e<t ypenane T> bool operator
t enpl at e<t ypenane T> bool operator
t enpl at e<t ypenane T> bool operator
t enpl at e<t ypenane T> bool operator
t enpl at e<t ypenane T> bool operator
ni on<T> const & rhs);

(T const & | hs, octonion<T> const & rhs);

(octonion<T> const & Il hs, T const & rhs);
(::std::conplex<T> const & | hs, octonion<T> const & rhs);
(octonion<T> const & lhs, ::std::conplex<T> const & rhs);
(::boost::math::quaterni on<T> const & | hs, octol

t enpl at e<t ypenane T> bool operator != (octonion<T> const & |hs, ::boost::math::qual
terni on<T> const & rhs);
tenpl at e<t ypenane T> bool operator != (octonion<T> const & | hs, octonion<T> const & rhs);

tenpl ate<typenane T, typenane charT, class traits>
c.std::basic_istreamc<charT,traits> & operator >> (::std::basic_istream<charT,traits> & is, octol
ni on<T> & 0);

tenpl ate<typenane T, typenane charT, class traits>
:.std::basic_ostream<charT,traits> & operator << (::std::basic_ostream<charT,traits> & os, octol
ni on<T> const & 0);

/1 val ues

tenpl ate<typenane T> T real (octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> unreal (octoni on<T> const & 0);

t enpl at e<t ypenane T>
t enpl at e<t ypenane T>

sup(oct oni on<T> const & 0);
| 1( oct oni on<T>const & 0);

t enpl at e<t ypenane T> abs(oct oni on<T> const & 0);
t enpl at e<t ypenane T> nor n( oct oni on<T>const & 0);
t enpl at e<t ypenane T> octoni on<T> conj (octoni on<T> const & 0);

— = -

t enpl at e<t ypenane T> octoni on<T> sphericO

al (Tconst &rho, Tconst &theta, Tconst &phil, Tconst &phi2, Tconst &phi3, Tconst &phid, Tconst &phi5 Tconst &phi6);
t enpl at e<t ypenane T> octonion<T> nulti O

pd ar(Tconst &rhol, Tcost &thetal, Tcost &rho2 Tcost &theta2 Teost &rho3 Tcost &theta3 Tcost &rhod, Teonst &thetad);
t enpl at e<t ypenane T> octoni on<T> cylindricO

al(Tconst &r, Tconst &angle, Tconst &hl, Tconst &h2, Tconst &h3, Tconst &h4, Tconst &h5, T const & h6);

/1 transcendentals

t enpl at e<t ypenane T> octoni on<T> exp(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> cos(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> si n(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> tan(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> cosh(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> si nh(octoni on<T> const & 0);
t enpl at e<t ypenane T> octoni on<T> tanh(octoni on<T> const & 0);

t enpl at e<t ypenane T> octoni on<T> pow octoni on<T> const & 0, int n);

} } Il nanespaces
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Template Class octonion

nanmespace boost{ nanespace math {

t enpl at e<t ypenane T>
cl ass octoni on

costd::conid

{
public:
typedef T val ue_type
explicit octonion(T const & requested_a = T(), T const & requested_b = T(), T const & requesd
ted_c = T(), T const & requested_d = T(), T const & requested_e = T(), T const & requesOd
ted f = T(), T const & requested_g = T(), T const & requested_h = T())
explicit octonion(::std::conplex<T> const & z0, ::std::conplex<T> const & zl1 =
pl ex<T>(), ::std::conplex<T> const & z2 = ::std::conplex<T>(), ::std::conl
pl ex<T> const & z3 = ::std::conplex<T>());
explicit octonion(::boost::math::quaternion<T> const & qO0, ::boost::math::qual

terni on<T> const & ql =
tenpl at e<t ypenane X>
explicit octonion(octoni on<X> const & a_recopier)

- boost:: math:: quaternion<T>());

T real () const
oct oni on<T> unreal () const

R _conponent _1()
R _conponent _2()
R _conponent _3()
R _conponent _4()
R _conponent _5()
R _conponent _6()
R _conponent _7()
R _conponent _8()

const;
const;
const;
const;
const;
const;
const;
const;

A A=A

costd
costd
costd
costd::

conpl ex<T>
conpl ex<T>
conpl ex<T>
conpl ex<T>

C_conponent _1()
C_conponent _2()
C_conponent _3()
C_conponent _4()

const;
const;
const;
const;

. boost: : mat h: : quat er ni on<T>

: H conponent _1()
. boost: : mat h: : quat er ni on<T>

H conponent _2()

const;
const;

octoni on<T> & operator =
tenpl at e<t ypenane X>

(octonion<T> const & a_affecter)

octoni on<T> & operator = (octonion<X> const & a_affecter)

octoni on<T> & operator = (T const & a_affecter)

octoni on<T> & operator = (::std::conplex<T> const & a_affecter);

octoni on<T> & operator = (::boost::math::quaternion<T> const & a_affecter)
oct oni on<T> & operator += (T const & rhs);

octoni on<T> & operator +=
octoni on<T> & operator +=
tenpl at e<t ypenane X>

octoni on<T> & operator +=

(::std::conplex<T> const & rhs);
(::boost::math::quaterni on<T> const & rhs)

(octoni on<X> const & rhs)

octoni on<T> & operator -
octoni on<T> & operator -
octoni on<T> & operator -
tenpl at e<t ypenane X>

octoni on<T> & operat or

cstd::conmpl ex<T> const & rhs);

(T const & rhs);
(:
(::boost::math::quaterni on<T> const & rhs)

-= (octonion<X> const & rhs)

oct oni on<T> & oper at or
oct oni on<T> & oper at or

T const & rhs);
:.std::conpl ex<T> const & rhs);

*
*

(
(
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octoni on<T> & operator *= (::boost::math::quaternion<T> const & rhs);
tenpl at e<t ypenane X>
octoni on<T> & operator *= (octoni on<X> const & rhs);

oct oni on<T> & operator /
oct oni on<T> & operator /
oct oni on<T> & operator /
tenpl at e<t ypenane X>

octoni on<T> & operator /= (octoni on<X> const & rhs);

:std::conpl ex<T> const & rhs);
- boost: : mat h: : quat erni on<T> const & rhs);

(T const & rhs);
(:
(:

};

} } /1 nanespaces

Octonion Specializations

nanmespace boost{ nanmespace math{

tenpl at e<>
cl ass octoni on<f| oat >
{
publi c:
typedef float val ue_type;

explicit octonion(float const & requested_a = 0.0f, float const & requesOd
ted_b = 0.0f, float const &requested_c = 0.0f, float const & requested_d = 0.0f, float const & reld
quested_e = 0.0f, float const & requested_f = 0.0f, float const & requesO
ted_g = 0.0f, float const & requested_h = 0.0f);

explicit octonion(::std::conplex<float> const & z0, ::std::conil
pl ex<float> const & z1 = ::std::conmplex<float>(), ::std::conplex<float> const & z2 = ::std::conil
pl ex<float>(), ::std::conplex<float> const & z3 = ::std::conplex<float>());

explicit octonion(::boost::math::quaternion<float> const & g0, ::boost::nmath::qual
ternion<float> const & ql = ::boost::math::quaternion<float>());

explicit octonion(octonion<doubl e> const & a_recopier);
explicit octonion(octonion<long doubl e> const & a_recopier);

fl oat real () const;

oct oni on<f | oat > unreal () const;

fl oat R _conponent _1() const;
fl oat R _conponent _2() const;
fl oat R _conponent _3() const;
fl oat R _conponent _4() const;
fl oat R _conponent _5() const;
fl oat R _conponent _6() const;
fl oat R _conponent _7() const;
fl oat R _conponent _8() const;
::std::conpl ex<fl oat > C_conponent _1() const;
::std::conpl ex<fl oat > C_conponent _2() const;
::std::conpl ex<fl oat > C_conponent _3() const;
::std::conpl ex<fl oat > C_conponent _4() const;

. boost: : mat h: : quat erni on<fl oat> H_conponent_1() const;
. boost: : mat h: : quat erni on<fl oat> H_conponent_2() const;

oct oni on<fl oat > & operat or
tenpl at e<t ypenane X>
octoni on<fl oat> & operator = (octonion<X> const & a_affecter);

oct oni on<fl oat > & operat or (float const & a_affecter);

oct oni on<fl oat > & operat or (::std::conplex<float> const & a_affecter);

oct oni on<fl oat > & operat or (::boost::math::quaternion<float> const & a_affecter);

(octonion<float> const & a_affecter);
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octoni on<fl oat > &
octoni on<fl oat > &
octoni on<fl oat > &
t enpl at e<t ypenane
octoni on<fl oat > &

octoni on<fl oat > &
octoni on<fl oat > &
octoni on<fl oat > &
t enpl at e<t ypenane
octoni on<fl oat > &

octoni on<fl oat > &
octoni on<fl oat > &
octoni on<fl oat > &
t enpl at e<t ypenane
octoni on<fl oat > &

octoni on<fl oat > &
octoni on<fl oat > &
octoni on<fl oat > &
t enpl at e<t ypenane
octoni on<fl oat > &

oper at or
oper at or
oper at or
xX>

oper at or

oper at or
oper at or
oper at or
xX>

oper at or

oper at or
oper at or
oper at or
xX>

oper at or

oper at or
oper at or
oper at or
xX>

oper at or

+= (float const & rhs);

+= (::std::conplex<float> const & rhs);

+= (::boost::math::quaternion<float> const & rhs);
+= (octonion<X> const & rhs);

(float const & rhs);
(::std::conplex<float> const & rhs);
(::boost::math::quaternion<float> const & rhs);

(octoni on<X> const & rhs);

*= (float const & rhs);
(::std::conplex<float> const & rhs);
(::boost::math::quaternion<float> const & rhs);

(octoni on<X> const & rhs);

float const & rhs);
cstd::conpl ex<fl oat> const & rhs);
- boost:: mat h: : quat erni on<fl oat > const & rhs);

I=(
I=(
/= (

/= (octoni on<X> const & rhs);
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tenpl at e<>
cl ass oct oni on<doubl e>
{
public:
typedef doubl e val ue_type;

explicit octonion(double const & requested_a = 0.0, double const & requesl
ted_b = 0.0, double const & requested_c = 0.0, double const & requested_d = 0.0, double const & reld
gquested_e = 0.0, double const & requested_f = 0.0, double const & requesQ
ted_g = 0.0, double const & requested_h = 0.0);

explicit octonion(::std::conplex<double> const & z0, ::std::conl
pl ex<doubl e> const & z1 = ::std::conpl ex<doubl e>(), ::std::conpl ex<doubl e> const & z2 = ::std::conil
pl ex<doubl e>(), ::std::conplex<doubl e> const & z3 cstd:: conpl ex<doubl e>());

explicit octonion(::boost::math::quaternion<doubl e> const & g0, ::boost::math::qual
t er ni on<doubl e> const & gl = ::boost:: math:: quaternion<doubl e>());

explicit octonion(octonion<float> const & a_recopier);
explicit octonion(octonion<long double> const & a_recopier);
doubl e real () const;

oct oni on<doubl e>

unreal () const;

doubl e R _component _1() const;
doubl e R _conmponent _2() const;
doubl e R _component _3() const;
doubl e R _conmponent _4() const;
doubl e R _component _5() const;
doubl e R _conmponent _6() const;
doubl e R _conmponent _7() const;
doubl e R _conmponent _8() const;
. std:: conpl ex<doubl e> C_conponent _1() const;
. std:: conpl ex<doubl e> C_conponent _2() const;
. std:: conpl ex<doubl e> C_conponent _3() const;
. std:: conpl ex<doubl e> C_conponent _4() const;
. boost: : mat h: : quat er ni on<doubl e> H_conponent _1() const;
.. boost: : mat h: : quat er ni on<doubl e> H_conponent_2() const;

oct oni on<doubl e> & operat or
tenpl at e<t ypenane X>

(octoni on<doubl e> const & a_affecter);

oct oni on<doubl e> & operator = (octoni on<X> const & a_affecter);

oct oni on<doubl e> & operator = (double const & a_affecter);

oct oni on<doubl e> & operator = (::std::conpl ex<doubl e> const & a_affecter);

oct oni on<doubl e> & operator = (::boost:: math::quaterni on<doubl e> const & a_affecter);
oct oni on<doubl e> & operator += (double const & rhs);

oct oni on<doubl e> & operator += (::std::conpl ex<doubl e> const & rhs);

oct oni on<doubl e> & operator += (::boost:: math::quaterni on<doubl e> const & rhs);

tenpl at e<t ypenane X>
oct oni on<doubl e> & operat or

oct oni on<doubl e> & operat or
oct oni on<doubl e> & operat or
oct oni on<doubl e> & operat or
tenpl at e<t ypenane X>

oct oni on<doubl e> & operat or

oct oni on<doubl e> & operat or
oct oni on<doubl e> & operat or
oct oni on<doubl e> & operat or
tenpl at e<t ypenane X>

oct oni on<doubl e> & operat or

(octoni on<X> const & rhs);

(doubl e const & rhs);

(::std::conpl ex<doubl e> const & rhs);
(::boost::math::quaterni on<doubl e> const & rhs);
(octoni on<X> const & rhs);

(doubl e const & rhs);

(::std::conpl ex<doubl e> const & rhs);
(::boost::math::quaterni on<doubl e> const & rhs);

(octoni on<X> const & rhs);
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oct oni on<doubl e> & operator /
oct oni on<doubl e> & operator /
oct oni on<doubl e> & operator /
tenpl at e<t ypenane X>

oct oni on<doubl e> & operat or

doubl e const & rhs)
. std:: conpl ex<doubl e> const & rhs);
. boost : : mat h: : quat er ni on<doubl e> const & rhs)

(
(
(

/= (octoni on<X> const & rhs)

};

tenpl at e<>
cl ass octoni on<l ong doubl e>

{
publi c:
typedef |ong doubl e val ue_type
explicit octoni on(l ong doubl e const & requested_a = 0.0L, |ong double const & requesl
ted_b = 0.0L, long double const & requested_c = 0.0L, |ong double const & requesO
ted_d = 0.0L, long double const & requested_e = 0.0L, |ong double const & requesO
ted_f = 0.0L, long double const & requested_g = 0.0L, |long double const & requested_h = 0.0L)
explicit octonion( ::std::conplex<long double> const & z0, ::std::cond
pl ex<l ong doubl e> const & z1 = ::std::conpl ex<long double>(), ::std::coni
pl ex<l ong doubl e> const & z2 = ::std::conpl ex<long double>(), ::std::coni

pl ex<l ong doubl e> const & z3 = ::std::conpl ex<long double>())

explicit octoni on( ::boost:: math::quaternion<l ong doubl e> const & g0, ::boost::nmath::qual
t er ni on<l ong doubl e> const & z1 = ::boost::math::quaternion<long double>())

explicit oct oni on( oct oni on<f| oat > const & a_recopier);

explicit oct oni on( oct oni on<doubl e> const & a_recopier)

| ong doubl e
oct oni on<l ong doubl e>

real () const
unreal () const

| ong doubl e R _conponent _1() const;
| ong doubl e R _conponent _2() const;
| ong doubl e R _conponent _3() const;
| ong doubl e R _conponent _4() const;
| ong doubl e R _conponent _5() const;
| ong doubl e R _conponent _6() const;
| ong doubl e R _conponent _7() const;
| ong doubl e R _conponent _8() const;
::std:: conpl ex<l ong doubl e> C_conponent _1() const;
::std:: conpl ex<l ong doubl e> C_conponent _2() const;
::std:: conpl ex<l ong doubl e> C_conponent _3() const;
::std:: conpl ex<l ong doubl e> C_conponent _4() const;
. boost: : mat h: : quat er ni on<l ong doubl e> H conponent _1() const;
. boost: : mat h: : quat er ni on<l ong doubl e> H conponent _2() const;

oct oni on<l ong doubl e> & operator =
tenpl at e<t ypenane X>
oct oni on<l ong doubl e> & operat or

(oct oni on<l ong doubl e> const & a_affecter)

(octonion<X> const & a_affecter)

oct oni on<l ong doubl e> & operat or (long double const & a_affecter)

oct oni on<l ong doubl e> & operat or (::std::conpl ex<l ong doubl e> const & a_affecter);

oct oni on<l ong doubl e> & operator = (::boost:: math::quaternion<long doubl e> const & a_affecter);

oct oni on<l ong doubl e> &
oct oni on<l ong doubl e> &
oct oni on<l ong doubl e> &
tenpl at e<t ypenane X>

oct oni on<l ong doubl e> &

operator += (
operator += (
oper at or (

| ong doubl e const & rhs);
:std:: conpl ex<l ong doubl e> const & rhs);
- boost : : mat h: : quat er ni on<l ong doubl e> const & rhs)

operator += (octoni on<X> const & rhs);

oct oni on<l ong doubl e> & operator -= (long doubl e const & rhs);
oct oni on<l ong doubl e> & operator -= (::std::conplex<long doubl e> const & rhs);
oct oni on<l ong doubl e> & operator -= (::boost::math::quaternion<long doubl e> const & rhs)
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tenpl at e<t ypenane X>
oct oni on<l ong doubl e> & operator -= (octonion<X> const & rhs);

oct oni on<l ong doubl e> & operator *= (long doubl e const & rhs);

oct oni on<l ong doubl e> & operator *= (::std::conplex<long double> const & rhs);

oct oni on<l ong doubl e> & operator *= (::boost:: nmath::quaternion<long doubl e> const & rhs);
tenpl at e<t ypenane X>

oct oni on<l ong doubl e> & operator *= (octoni on<X> const & rhs);

oct oni on<l ong doubl e> & operator /
oct oni on<l ong doubl e> & operator /
oct oni on<l ong doubl e> & operator /
tenpl at e<t ypenane X>

oct oni on<l ong doubl e> & operator /= (octonion<X> const & rhs);

| ong doubl e const & rhs);
:std:: conpl ex<l ong doubl e> const & rhs);
- boost:: mat h: : quat er ni on<l ong doubl e> const & rhs);

(
(
(

I

} } /1 nanespaces

Octonion Member Typedefs

value_type

Template version:
typedef T val ue_type;
Float specialization version:
t ypedef float val ue_type;
Double speciaization version:
t ypedef doubl e val ue_type;
Long double specialization version:
t ypedef |ong doubl e val ue_type;
These provide easy acces to the type the template is built upon.

Octonion Member Functions
Constructors
Template version:

explicit octonion(T const & requested_a = T(), T const & requested_b = T(), T const & requesl
ted ¢ = T(), T const & requested_d = T(), T const & requested e = T(), T const & requesOd
ted f = T(), T const & requested_g = T(), T const & requested_h = T());

explicit octonion(::std::conplex<T> const & z0, ::std::conplex<T> const & z1 = ::std::conil
pl ex<T>(), ::std::conplex<T> const & z2 = ::std::conplex<T>(), ::std::coni

pl ex<T> const & z3 = ::std::conplex<T>());

explicit octonion(::boost::math::quaternion<T> const & q0, ::boost::math::quald

terni on<T> const & gl = ::boost::math::quaternion<T>());

t enpl at e<t ypenane X>
explicit octonion(octonion<X> const & a_recopier);

10
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Float specialization version:

explicit octonion(float const & requested_a = 0.0f, float const & requesOd

ted_b = 0.0f, float const & requested_c = 0.0f, float const & requested_d = 0.0f, float const & reld
guested_e = 0.0f, float const & requested_f = 0.0f, float const & requesO

ted_g = 0.0f, float const & requested_h = 0.0f)

explicit octonion(::std::conplex<float> const & z0, ::std::conplex<float> const & z1 = ::std::conil
pl ex<float>(), ::std::conplex<float> const & z2 = ::std::conplex<float>(), ::std::coni

pl ex<fl oat> const & z3 = ::std::conplex<float>());

explicit octonion(::boost::math::quaternion<float> const & g0, ::boost::math::qual
ternion<float> const & ql = ::boost::math::quaternion<float>())

explicit octonion(octoni on<doubl e> const & a_recopier)
explicit octonion(octonion<long doubl e> const & a_recopier)

Double speciaization version:

explicit octonion(double const & requested_a = 0.0, double const & requesO

ted_b = 0.0, double const & requested_c = 0.0, double const & requested_d = 0.0, double const & reld
quested_e = 0.0, double const & requested_f = 0.0, double const & requesO

ted_g = 0.0, double const & requested_h = 0.0)

explicit octonion(::std::conplex<double> const & z0, ::std::coni]

pl ex<doubl e> const & z1 = ::std::conpl ex<doubl e>(), ::std::conplex<doubl e> const & z2 = ::std:: coni
pl ex<doubl e>(), ::std::conpl ex<doubl e> const & z3 = ::std::conpl ex<doubl e>())

explicit octonion(::boost::math::quaternion<doubl e> const & g0, ::boost::nmath::qual

t er ni on<doubl e> const & ql = ::boost:: math:: quaterni on<doubl e>())

explicit octonion(octonion<float> const & a_recopier)
explicit octonion(octonion<long double> const & a_recopier)

Long double specialization version:

explicit octonion(long double const & requested_a = 0.0L, |ong double const & requesO

ted_b = 0.0L, long double const & requested_c 0.0L, long double const & requesO

ted_d = 0.0L, long double const & requested_e = 0.0L, |ong double const & requesO

ted_f = 0.0L, long double const & requested_g = 0.0L, |ong double const & requested_h = 0.0L)

explicit octonion( ::std::conplex<long double> const & z0, ::std::cond]

pl ex<l ong doubl e> const & z1 = ::std::conpl ex<l ong double>(), ::std::cond]

pl ex<l ong doubl e> const & z2 = ::std::conpl ex<l ong double>(), ::std::cond]

pl ex<l ong doubl e> const & z3 = ::std::conpl ex<l ong doubl e>())

explicit octonion(::boost:: math::quaternion<long double> const & qO, ::boost::math::quald
t er ni on<l ong doubl e> const & ql = ::boost::math:: quaterni on<l ong double>())

explicit octonion(octonion<float> const & a_recopier)
explicit octonion(octoni on<doubl e> const & a_recopier)

A default constructor is provided for each form, which initializes each component to the default values for their type (i.e. zero for
floating numbers). This constructor can also accept oneto eight base type arguments. A constructor isalso provided to build octonions
from one to four complex numbers sharing the same base type, and another taking one or two quaternions sharing the same base
type. The unspecialized template also sports a templarized copy constructor, while the specialized forms have copy constructors
from the other two specializations, which are explicit when arisk of precision loss exists. For the unspecialized form, the base type's
constructors must not throw.

Destructors and untemplated copy constructors (from the same type) are provided by the compiler. Converting copy constructors
make use of atemplated helper function in a"detail" subnamespace.

11
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Other member functions

Real and Unreal Parts

T real () const ;
octoni on<T> wunreal () const;

Like complex number, octonions do have a meaningful notion of "real part”, but unlike them there is no meaningful notion of
"imaginary part”. Instead thereis an "unreal part" which itself isaoctonion, and usually nothing simpler (as opposed to the complex
number case). These are returned by the first two functions.

Individual Real Components

R _component _1() const;
R _component _2() const;
R _component _3() const;
R _component _4() const;
R _component _5() const;
R _component _6() const;
R _component _7() const;
R _component _8() const;

e

A octonion having eight real components, these are returned by these eight functions. Hence real and R_component_1 return the
same value.

Individual Complex Components

::std:: conmpl ex<T> C_conponent _1() const;
c:std:: conmpl ex<T> C_conponent _2() const;
::std:: conmpl ex<T> C_conponent _3() const;
c:std:: conmpl ex<T> C_conponent _4() const;

A octonion likewise hasfour complex components. Actually, octonions areindeed a (left) vector field over the complexes, but beware,
asforany octoniono = a + Bi + ) + & + ' + Jd' + nj' + &' wedsohaeo = (a + fi) + (y+ d)j + (¢
+ {i)e' + (n - 6)j' (notethe minus sign in the last factor). What the C_component_n functions return, however, are the
complexes which could be used to build the octonion using the constructor, and not the components of the octonion on the basis

(L j, e, J").

Individual Quaternion Components

- boost: : mat h: : quat er ni on<T> H_conponent _1() const;
- boost: : mat h: : quat er ni on<T> H_conponent _2() const;

Likewise, for any octoniono = a + B + j + &k + ee' + 4' + nj' + &' wedsohaeo = (a + f + ) + k) +
(e+ d + nj - 6)e',thoughthereisno meaningful vector-space-like structure based on the quaternions. What the H_compon-
ent_n functions return are the quaternions which could be used to build the octonion using the constructor.

12

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Octonions

Octonion Member Operators

Assignment Operators

(octonion<T> const & a_affecter);

octoni on<T> & oper at or
t enpl at e<t ypenane X>

octoni on<T> & oper at or
octoni on<T> & oper at or
octoni on<T> & oper at or
octoni on<T> & oper at or

(octonion<X> const & a_affecter);

(T const & a_affecter);

(::std::conpl ex<T> const & a_affecter);
(::boost::math::quaterni on<T> const & a_affecter);

These perform the expected assignment, with type modification if necessary (for instance, assigning from a base type will set the
real part to that value, and all other components to zero). For the unspecialized form, the base type's assignment operators must not
throw.

Other Member Operators

oct oni on<T> & operator += (T const & rhs)

oct oni on<T> & operator += (::std::conplex<T> const & rhs);

oct oni on<T> & operator += (::boost::math::quaternion<T> const & rhs);
t enpl at e<t ypenane X>

oct oni on<T> & operator += (octoni on<X> const & rhs);

These perform the mathematical operation ( *t hi s) +r hs and store the result in *t hi s. The unspecialized form has exception
guards, which the specialized forms do not, so as to insure exception safety. For the unspecialized form, the base type's assignment
operators must not throw.

oct oni on<T> & oper at or
oct oni on<T> & oper at or
oct oni on<T> & oper at or
t enpl at e<t ypenane X>

oct oni on<T> & operator -= (octonion<X> const & rhs);

(T const & rhs)
(::std::conpl ex<T> const & rhs);
(::boost::math::quaternion<T> const & rhs);

These perform the mathematical operation (*t hi s) - r hs and store the result in *t hi s. The unspecialized form has exception
guards, which the specialized forms do not, so as to insure exception safety. For the unspecialized form, the base type's assignment
operators must not throw.

octoni on<T> & operator *= (T const & rhs)

octoni on<T> & operator *= (::std::conplex<T> const & rhs);

octoni on<T> & operator *= (::boost::math::quaternion<T> const & rhs);
t enpl at e<t ypenane X>

octoni on<T> & operator *= (octoni on<X> const & rhs);

These perform the mathematical operation (*t hi s) *r hs in thisorder (order isimportant as multiplication is not commutative for
octonions) and storetheresult in *t hi s. The unspecialized form has exception guards, which the specialized forms do not, so asto
insure exception safety. For the unspecialized form, the base type's assignment operators must not throw. Also, for clarity's sake,
you should always group the factorsin amultiplication by groups of two, asthe multiplication is not even associative on the octonions
(though there are of course cases where this does not matter, it usually does).

oct oni on<T> & operator /
oct oni on<T> & operator /
oct oni on<T> & operator /
t enpl at e<t ypenane X>

oct oni on<T> & operator /= (octoni on<X> const & rhs);

(T const & rhs)
(::std::conpl ex<T> const & rhs);
(::boost::math::quaterni on<T> const & rhs);

These perform the mathematical operation (*t hi s) *i nver se_of (r hs) inthisorder (order isimportant as multiplication is not
commutative for octonions) and storetheresultin *t hi s. The unspecialized form has exception guards, which the specialized forms
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do not, so asto insure exception safety. For the unspecialized form, the base type's assignment operators must not throw. As for the
multiplication, remember to group any two factors using parenthesis.

Octonion Non-Member Operators
Unary Plus and Minus Operators

t enpl at e<t ypenane T> octoni on<T> operator + (octoni on<T> const & 0);

This unary operator simply returns o.
t enpl at e<t ypenanme T> octoni on<T> operator - (octonion<T> const & 0);

This unary operator returns the opposite of o.

Binary Addition Operators

t enpl at e<t ypename T> octoni on<T> operator + (T const & | hs, octonion<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> oper at or (octonion<T> const & | hs, T const & rhs);

t enpl at e<t ypename T> octoni on<T> operator + (::std::conplex<T> const & |l hs, octoO

ni on<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator + (octonion<T> const & lhs, ::std::cond

pl ex<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator + (::boost::nath::quaternion<T> const & | hs, octol
ni on<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator + (octonion<T> const & |lhs, ::boost::math::qual
terni on<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator + (octonion<T> const & | hs, octonion<T> const & rhs);

+

These operatorsreturn oct oni on<T>(| hs) += rhs.

Binary Subtraction Operators

t enpl at e<t ypename T> octoni on<T> operator - (T const & | hs, octonion<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator - (octonion<T> const & lhs, T const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator - (::std::conplex<T> const & | hs, octol

ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator - (octonion<T> const & lhs, ::std::coni]

pl ex<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator - (::boost::math::quaterni on<T> const & | hs, octol
ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator - (octonion<T> const & | hs, ::boost::math::quald
terni on<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator - (octonion<T> const & | hs, octonion<T> const & rhs);

These operatorsreturn oct oni on<T>(| hs) -= rhs.
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Binary Multiplication Operators

t enpl at e<t ypenane T> octoni on<T> operator * (T const & | hs, octonion<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (octonion<T> const & |l hs, T const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (::std::conplex<T> const & | hs, octol

ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (octonion<T> const & |l hs, ::std::coni]

pl ex<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (::boost::math::quaterni on<T> const & | hs, octol
ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (octoni on<T> const & | hs, ::boost::math::quald
terni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator * (octoni on<T> const & | hs, octonion<T> const & rhs);

These operatorsreturn oct oni on<T>(1 hs) *= rhs.

Binary Division Operators

t enpl at e<t ypenane T> octoni on<T> operator / (T const & | hs, octonion<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator / (octonion<T> const & |l hs, T const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator / (::std::conplex<T> const & | hs, octol

ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator / (octonion<T> const & lhs, ::std::coni]

pl ex<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator / (::boost::math::quaterni on<T> const & | hs, octol
ni on<T> const & rhs);

t enpl at e<t ypenane T> octoni on<T> operator / (octoni on<T> const & | hs, ::boost::math::quald
terni on<T> const & rhs);

t enpl at e<t ypename T> octoni on<T> operator / (octonion<T> const & | hs, octonion<T> const & rhs);

These operators return oct oni on<T>(| hs) /= rhs. Itisof course still an error to divide by zero...

Binary Equality Operators

t enpl at e<t ypename T> bool operator == (T const & | hs, octonion<T> const & rhs);

t enpl at e<t ypename T> bool operator == (octonion<T> const & lhs, T const & rhs);

t enpl at e<t ypename T> bool operator == (::std::conplex<T> const & | hs, octonion<T> const & rhs);
t enpl at e<t ypename T> bool operator == (octoni on<T> const & I hs, ::std::conplex<T> const & rhs);
t enpl at e<t ypename T> bool operator == (::boost::math::quaternion<T> const & |hs, octol

ni on<T> const & rhs);

t enpl at e<t ypename T> bool operator == (octoni on<T> const & | hs, ::boost::math::quald

terni on<T> const & rhs);

t enpl at e<t ypenanme T> bool operator == (octoni on<T> const & |hs, octonion<T> const & rhs);

Thesereturn trueif and only if the four components of oct oni on<T>( | hs) areequal to their counterpartsinoct oni on<T>(r hs).
Aswith any floating-type entity, thisis essentially meaningless.
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Binary Inequality Operators

tenpl at e<t ypenane T> bool operator != (T const & |hs, octonion<T> const & rhs);
t enpl at e<t ypenane T> bool operator != (octonion<T> const & |l hs, T const & rhs);
t enpl at e<t ypenane T> bool operator != (::std::conplex<T> const & | hs, octonion<T> const & rhs);
t enpl at e<t ypenane T> bool operator != (octonion<T> const & |lhs, ::std::conplex<T> const & rhs);

t enpl at e<t ypenane T> bool operator !
ni on<T> const & rhs);

t enpl at e<t ypenane T> bool operator !
terni on<T> const & rhs);

t enpl at e<t ypenane T> bool operator !

(::boost::math::quaterni on<T> const & | hs, octol

(octoni on<T> const & |hs, ::boost::math::qual

(octoni on<T> const & | hs, octonion<T> const & rhs);

Thesereturn trueif and only if oct oni on<T>(1 hs) == oct oni on<T>(r hs) isfase. Aswith any floating-type entity, thisis es-
sentially meaningless.

Stream Extractor

tenpl at e<typenane T, typenane charT, class traits>
c:std::basic_istreanmccharT,traits> & operator >> (::std::basic_istream<charT,traits> & is, octol
ni on<T> & 0);

Extracts an octonion o. We accept any format which seemsreasonable. However, sincethisleadsto agreat many ambiguities, decisions
were made to lift these. In case of doubt, stick to lists of reals.

The input values must be convertible to T. If bad input is encountered, callsi s. setstate(ios::fail bit) (which may throw
ios::failure (27.45.3)).

Returnsi s.

Stream Inserter

tenpl ate<typenane T, typenane charT, class traits>
;.std::basic_ostream<charT,traits> & operator << (::std::basic_ostream<charT,traits> & os, octol
ni on<T> const & 0);

Inserts the octonion o onto the stream os asif it were implemented as follows:

tenpl at e<typenane T, typenanme charT, class traits>
c:std::basic_ostream<charT,traits> & operator << ( ::std::basic_ostream<charT,traits> & os,
oct oni on<T> const & 0)

{
c:std::basic_ostringstreanxcharT, traits> s;
s.flags(os.flags());
s.imbue(os.getloc());
s. precision(os. precision());
s << '(' << o.R_conponent_1() << ',)'
<< 0. R_conponent_2() << ',
<< 0.R_conmponent _3() << ','
<< 0.R_conponent _4() << ','
<< 0. R_conponent _5() << '’
<< 0. R_conponent_6() << ',
<< 0.R_conmponent _7() << ','
<< 0. R_conponent_8() << ')';
return os << s.str();
}
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Octonion Value Operations
Real and Unreal

tenpl at e<typenane T> T real (octoni on<T> const & 0);
t enpl at e<t ypenane T> oct oni on<T> unreal (oct oni on<T> const & 0);

Thesereturno. real () ando. unreal () respectively.
conj
t enpl at e<t ypename T> octoni on<T> conj (oct oni on<T> const & 0);
This returns the conjugate of the octonion.
sup
tenpl ate<typenane T> T  sup(octoni on<T> const & 0);

This return the sup norm (the greatest among abs( 0. R_conponent _1()) ... abs(o. R_conponent _8())) of the octonion.

1
tenpl ate<typename T> T | 1(octonion<T> const & 0);

Thisreturn the |1 norm (abs( 0. R_conponent _1()) +. .. +abs( 0. R_conponent _8())) of the octonion.

abs
tenpl ate<typenane T> T  abs(octoni on<T> const & 0);

This return the magnitude (Euclidian norm) of the octonion.

norm
t enpl at e<typenanme T> T normoctoni on<T>const & 0);

This return the (Cayley) norm of the octonion. The term "norm" might be confusing, as most people associate it with the Euclidian
norm (and quadratic functionals). For thisversion of (the mathematical objects known as) octonions, the Euclidian norm (also known
as magnitude) is the square root of the Cayley norm.

Octonion Creation Functions

t enpl at e<t ypenane T> octoni on<T> sphericQ

al(Tconst &rho, Tconst &theta, Tconst &phil, Tconst &phi2, Tconst &phi3, Tconst &phid, Tconst &phi5 Tconst &phi6);
t enpl at e<t ypenane T> octonion<T> nulti O

pd ar(Tconst &rhol, Tcost &thetal Tceost &rho2 Tceost &theta2 Teost &rho3 Tceost &theta3 Teost &rhod, Teonst &thetad);
t enpl at e<t ypenane T> octoni on<T> cylindricO

al(Tconst &r, Tconst &angle, Tconst &hl, Tconst &h2, Tconst &h3, Tconst &h4, Tconst &h5, T const & h6);

These build octonionsin away similar to the way polar builds complex numbers, asthereis no strict equivalent to polar coordinates
for octonions.
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spheri cal isasimple transposition of pol ar, it takes as inputs a (positive) magnitude and a point on the hypersphere, given by
three angles. The first of these, theta has a natural range of -pi to +pi, and the other two have natural ranges of -pi/2 to +pi/2 (asis
the case with the usual spherical coordinatesin R3). Due to the many symmetries and periodicities, nothing untoward happensif the
magnitude is negative or the angles are outside their natural ranges. The expected degeneracies (a magnitude of zero ignores the
angles settings...) do happen however.

cylindrical islikewise asimple transposition of the usual cylindrical coordinates in R%, which in turn is another derivative of
planar polar coordinates. Thefirst two inputs are the polar coordinates of the first C component of the octonion. The third and fourth
inputs are placed into the third and fourth R components of the octonion, respectively.

mul ti pol ar isyet another smple generalization of polar coordinates. This time, both C components of the octonion are given in
polar coordinates.

In this version of our implementation of octonions, there is no analogue of the complex value operation arg as the situation is
somewhat more complicated.

Octonions Transcendentals

Thereisnol og or sqrt provided for octonions in thisimplementation, and pow s likewise restricted to integral powers of the ex-
ponent. There are several reasonsto this: on the one hand, the equivalent of analytic continuation for octonions ("branch cuts') remains
to beinvestigated thoroughly (by me, at any rate...), and we wish to avoid the nonsense introduced in the standard by exponentiations
of complexes by complexes (which iswell defined, but not in the standard...). Talking of nonsense, saying that pow( 0, 0) is"imple-
mentation defined” isjust plain brain-dead...

We do, however provide several transcendentals, chief among which is the exponential. That it allows for a "closed formula" is a
result of the author (the existence and definition of the exponential, on the octonions among others, on the other hand, is afew cen-
turies old). Basically, any converging power series with real coefficients which allows for a closed formulain C can be transposed
to O. More transcendental s of thistype could be added in afurther revision upon request. It should be noted that it is these functions
which force the dependency upon the boost/math/special_functions/sinc.hpp and the boost/math/special_functions/sinhc.hpp headers.

exp

t enpl at e<t ypenane T>
oct oni on<T> exp(oct oni on<T> const & 0);

Computes the exponentia of the octonion.

COS

t enpl at e<t ypenane T>
oct oni on<T> cos(octoni on<T> const & 0);

Computes the cosine of the octonion
sin

t enpl at e<t ypenane T>
oct oni on<T> si n(oct oni on<T> const & 0);

Computes the sine of the octonion.

tan

t enpl at e<t ypenane T>
oct oni on<T> tan(octoni on<T> const & 0);
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Computes the tangent of the octonion.

cosh

t enpl at e<t ypenane T>
oct oni on<T> cosh(octoni on<T> const & 0);

Computes the hyperbolic cosine of the octonion.
sinh

t enpl at e<t ypenane T>
oct oni on<T> si nh(octoni on<T> const & 0);

Computes the hyperbolic sine of the octonion.

tanh

t enpl at e<t ypenane T>
oct oni on<T> tanh(octoni on<T> const & 0);

Computes the hyperbolic tangent of the octonion.

pow

t enpl at e<t ypenane T>
oct oni on<T> pow  octoni on<T> const & o, int n);

Computes the n-th power of the octonion g.

Test Program

The octonion_test.cpp test program tests octonions specialisations for float, double and long double (sample output).

If you define the symbol BOOST_OCTONION_TEST_VERBOSE, you will get additiona output (verbose output); this will only
be helpfull if you enable message output at the same time, of course (by uncommenting the relevant line in the test or by adding --
log_level=messages to your command line,...). In that case, and if you are running interactively, you may in addition define the
symbol BOOST_INTERACTIVE_TEST_INPUT_ITERATOR tointeractively test theinput operator with input of your choicefrom
the standard input (instead of hard-coding it in the test).
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History

» 1.5.8- 17/12/2005: Converted documentation to Quickbook Format.

» 1.5.7 - 25/02/2003: transitionned to the unit test framework; <boost/config.hpp> now included by the library header (rather than
the test files), via <boost/math/quaternion.hpp>.

» 1.5.6 - 15/10/2002: Gce2.95.x and stlport on linux compatibility by Alkis Evlogimenos (alkis@routescience.com).
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e 1.5.5-27/09/2002: Microsoft VCPP 7 compatibility, by Michagl Stevens (michael @acfr.usyd.edu.au); requires the /Za compiler
option.

» 1.5.4 - 19/09/2002: fixed problem with multiple inclusion (in different trandlation units); attempt at an improved compatibility
with Microsoft compilers, by Michael Stevens (michael @acfr.usyd.edu.au) and Fredrik Blomqvist; other compatibility fixes.

» 1.5.3-01/02/2002: bugfix and Gcc 2.95.3 compatibility by Douglas Gregor (gregod@cs.rpi.edu).
e 1.5.2-07/07/2001: introduced namespace math.

» 1.5.1-07/06/2001: (end of Boost review) now includes <boost/math/special_functions/sinc.hpp> and <boost/math/special_func-
tions/sinhc.hpp> instead of <boost/specia_functions.hpp>; corrected bug in sin (Daryle Walker); removed check for self-assignment
(Gary Powel); made converting functions explicit (Gary Powel); added overflow guards for division operators and abs (Peter
Schmitteckert); added sup and |1; used Vesa Karvonen's CPP metaprograming technique to simplify code.

» 1.5.0- 23/03/2001: boostification, inlining of all operators except input, output and pow, fixed exception safety of some members
(template version).

» 1.4.0- 09/01/2001: added tan and tanh.

* 1.3.1-08/01/2001: cosmetic fixes.

» 1.3.0- 12/07/2000: pow now uses Maarten Hilferink's (mhilferink@tip.nl) agorithm.
» 1.2.0- 25/05/2000: fixed the division operators and output; changed many signatures.
» 1.1.0- 23/05/2000: changed sinc into sinc_pi; added sin, cos, sinh, cosh.

» 1.0.0- 10/08/1999: first public version.

To Do

* Improve testing.
» Rewrite input operatore using Spirit (creates a dependency).

 Put in place an Expression Template mechanism (perhaps borrowing from uBlas).
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