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Getting started

Overview

‘g Caution
Boost.Numeric.Odeint is not an official boost library!

odeint is alibrary for solving initial value problems (1VP) of ordinary differential equations. Mathematically, these problems are
formulated as follows:

X'(t) = f(xt), x(0) = x0.

x and f can be vectors and the solution is some function x(t) fulfilling both equations above. In the following we will refer to X'(t)
also dxdt whichis also our notation for the derivative in the source code.

Ordinary differential equationsoccur nearly everywherein natural sciences. For example, the whole Newtonian mechanics are described
by second order differential equations. Be sure, you will find themin every discipline. They also occur if partial differential equations
(PDEs) are discretized. Then, asystem of coupled ordinary differential occurs, sometimes also referred as lattices ODEs.

Numerical approximations for the solution x(t) are calculated iteratively. The easiest algorithm is the Euler scheme, where starting
at x(0) one finds x(dt) = x(0) + dt f(x(0),0). Now one can use x(dt) and obtain x(2dt) in asimilar way and so on. The Euler method
isof order 1, that meansthe error at each step is~ dt?. Thisis, of course, not very satisfying, which iswhy the Euler method israrely
used for real life problems and serves just asillustrative example.

The main focus of odeint isto provide numerical methods implemented in away where the algorithm is completely independent on
the data structure used to represent the state x. In doing so, odeint is applicable for a broad variety of situations and it can be used
with many other libraries. Besides the usual case where the state is defined asa st d: : vect or or aboost : : array, we provide
native support for the following libraries:

* Boost.uBLAS

» Thrust, making odeint naturally running on CUDA devices

» gd_vector for compatibility with the many numerical function in the GSL
* Boost.Range

» Boost.Fusion (the state type can be a fusion vector)

» Boost.Units

* Intel Math Kernel Library for maximum performance

» VexCL for OpenCL

» Boost.Graph (still experimentally)

In odeint, the following algorithms are implemented:
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Table 1. Stepper Algorithms

Algorithm

Explicit
Euler

M odified

Midpoint

Runge-
Kutta 4

Cash-Karp

Dormand-
Prince 5

Fehlberg 78

Class

eul er

modi -
fied_md-
poi nt

runge kutt a4

nuphitacaharst

rugekitadpis

rute kitafei-
berg78

Concept

Dense Out-
put Stepper

Stepper

Stepper

Error Step-
per

Error Step-
per

Error Step-
per

System Order
Concept

System 1

System configur-
able (2)

System 4

System 5

System 5

System 8

Error Ess DenseOut-

timation put
No Yes
No No
No No
Yes (4) No
Yes (4) Yes
Yes (7) No

Internal
state

No

No

No

No

Yes

No

Remarks

Very
simple,
only  for
demonstrat-
ing purpose

UsedinBu-
lirsch-Stoer
implementa-
tion

Theclassic-
a Runge
Kutta
scheme,
good gener-
a scheme
without er-
ror control

Good gener-
a scheme
with error
estimation,
to be used
in con-
trolled_er-
ror_stepper

Standard
method
with error
control and
dense out-
put, to be
usedincon-
trolled_er-
ror_stepper
and in
dense_out-
put_con-
trolled_ex-
plicit_fsal.

Good high
order meth-
od with er-
ror estima-
tion, to be
usedincon-
trolled_er-

ror_stepper.
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Algorithm  Class Concept System Order Error Es DenseOut- Internal Remarks
Concept timation put state

A dams adans bash- Stepper System configur- No No Yes Multistep
Bashforth  forth able method

Adams absnmdton Stepper System configur- No No Yes Multistep
Moulton able method

A dams adans bash- Stepper System configur- No No Yes Combined
Bashforth fathnaton able multistep
Moulton method

Controlled ¢ o n - Controlled System depends Yes No depends Error con-

Runge- tdlaugekita Stepper trol for Er-

Kutta ror Stepper.
Requiresan
Error Step-
per from
above. Or-
der depends
on the giv-
en Error-
Stepper

Dense Out- dense out- Dense Out- System depends No Yes Yes Dense out-

put Runge- pt ruggktta put Stepper put for

Kutta Stepper and
Error Step-
per  from
above if
t h ey
provide
dense out-
put function-
aity (like
eul er and
rugekitadpi9
Order de
pends on
the given
stepper.

Bulirsch- b u - Controlled System variable Yes No No Stepper
Stoer lirsch sto-  Stepper with  step
er size and or-
der control.
Very good
if high preci-
sion is re-
quired.

render
httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Algorithm

Bulirsch-
Stoer Dense
Output

Implicit
Euler

Rosenbrock
4

Controlled
Rosenbrock
4

Dense Out-
put Rosen-
brock 4

Class

b u -
lirsch sto-
er_dense out

impli -
cit_euler

rosen-
br ock4

rosen-
brock4 _con-
troller

rosen-
bakd dreeat-
put

Concept

Dense Out-
put Stepper

Stepper

Error Step-
per

Controlled
Stepper

Dense Out-
put Stepper

Error Es
timation

System Order
Concept
Yes

System variable

Implicit 1 No
System

Implicit 4 Yes

System

Implicit 4 Yes

System

Implicit 4 Yes

System

DenseOut-
put

Yes

No

Yes

Yes

Yes

Internal
state

No

No

No

No

No

Remarks

Stepper
with  step
size and or-
der control
as well as
dense out-
put. Very
goodif high
precision
and dense
outputisre-
quired.

Basicimpli-
cit routine.
Requires
the Jacobi-
an. Works
only with
BootUBLAS
vectors as
state types.

Good for
stiff  sys
tems.
Works only
w it h
BootuBLAS
vectors  as
state types.

Rosenbrock
4 with error
control.
Works only
w it h
BootUBLAS
Vectors as
state types.

Controlled
Rosenbrock
4 with
dense out-
put. Works
only with
BootUBLAS
vectors as
state types.
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Algorithm  Class Concept System Order Error Es DenseOut- Internal Remarks
Concept timation put state
Symplectic synpl ect-  Stepper Symplectic 1 No No No Basic sym-
Euler ic_euler System plectic solv-
Simple er for separ-
Symplectic ab |l e
System Hamiltoni-
an system
Symplectic synpl ect-  Stepper Symplectic 4 No No No Symplectic
R K N icrndtadah System solver for
McLachlan 1 an Simple separable
Symplectic Hamiltoni-
System an system
with 6
stages and
order 4.
Symplectic synpl ect-  Stepper Symplectic 4 No No No Symplectic
R K N iclod@idak System solver with
McLachlan | an Simple 5 stagesand
Symplectic order 4, can
System be used
with arbit-
rary preci-
sion types.

Usage, Compilation, Headers

odeint is aheader-only library, no linking against pre-compiled code is required. It can be included by
#i ncl ude <boost/ nuneric/ odei nt. hpp>

which includes all headers of the library. All functions and classes from odeint live in the namespace
usi ng nanespace boost::nuneric::odeint;

It isalso possible to include only parts of the library. Thisis the recommended way since it saves alot of compilation time.

» #include <boost/nuneric/odeint/stepper/XYZ. hpp> - the include path for al steppers, XYZ is a placeholder for a
stepper.

» #incl ude <boost/nuneric/odeint/al gebra/ XYZ. hpp> - al algebras.

e #include <boost/nuneric/odeint/util/XYZ hpp>-theutility functionslikei s_r esi zeabl e, sanme_si ze, orresi ze.
» #include <boost/nuneric/odeint/integrate/ XYZ. hpp> - theintegrate routines.

» #incl ude <boost/nuneric/odeint/iterator/XYZ. hpp> - therange and iterator functions.

e #include <boost/numeric/odei nt/external /XYZ. hpp> - any bindersto external libraries.
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Short Example

Imaging, you want to numerically integrate a harmonic oscillator with friction. The equations of motion are given by X" = -x + yX.
Odeint only deals with first order ODEs that have no higher derivatives than x' involved. However, any higher order ODE can be
transformed to a system of first order ODEs by introducing the new variables g=x and p=x' such that w=(q,p). To apply numerical
integration one first has to design the right hand side of the equation w' = f(w) = (p,-q+yp):

/* The type of container used to hold the state vector */
typedef std::vector< double > state_type;

const doubl e gam = 0. 15;

/* The rhs of x' = f(x) */
voi d harnonic_oscillator( const state_type & , state_type &xdt , const double /* t */ )

dxdt [ 0]
dxdt[ 1]

x[1];
-x[0] - gantx[1];

Here we chose vect or <doubl e> asthe state type, but others are also possible, for example boost : : arr ay<doubl e, 2>. odeint
is designed in such a way that you can easily use your own state types. Next, the ODE is defined which is in this case a simple
function calculating f(x). The parameter signature of this function is crucia: the integration methods will always call them in the
formf (x, dxdt, t) (thereare exceptionsfor some special routines). So, even if thereis no explicit time dependence, one hasto
definet asafunction parameter.

Now, we have to define theinitial state from which the integration should start:

state_type x(2);
x[ 0] 1.0; // start at x=1.0, p=0.0
x[ 1] 0. 0;

For the integration itself we'll usethei nt egr at e function, which is a convenient way to get quick results. It is based on the error-
controlled r unge_kut t a54_cash_kar p stepper (5th order) and uses adaptive step-size.

size_t steps = integrate( harmonic_oscillator |,
x, 0.0, 10.0, 0.1);

Theintegrate function expects as parameters the rhs of the ode as defined above, theinitia state x, the start-and end-time of thein-
tegration as well as the initial time step=size. Note, that i nt egr at e uses an adaptive step-size during the integration steps so the
time points will not be equally spaced. The integration returns the number of steps that were applied and updates x which is set to
the approximate solution of the ODE at the end of integration.

It isalso possible to represent the ode system as a class. The rhs must then be implemented as a functor - a class with an overloaded
function call operator:
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/* The rhs of x' = f(x) defined as a class */
cl ass harmosc {

doubl e m gam

public:
harm osc( double gam) : magam gam { }

voi d operator() ( const state_type & , state_type &Ixdt , const double /* t */ )
{
dxdt [ 0]
dxdt[ 1]

x[1];
-x[0] - maganmx|1];

which can be used via

harm osc ho(0. 15);
steps = integrate( ho ,
x, 0.0, 10.0, 0.1 );

In order to observe the solution during the integration steps all you have to do is to provide a reasonable observer. An exampleis

struct push_back _state_and_tine

{
std::vector< state_type >& m states;
std::vector< double >& mtines;
push_back_state_and_tinme( std::vector< state_type > &states , std::vector< double > &ines )
mstates( states ) , mtinmes( tines ) { }
voi d operator()( const state type & , double t )
{
m st at es. push_back( x );
m times. push_back( t );
}
b

which stores the intermediate steps in a container. Note, the argument structure of the ()-operator: odeint calls the observer exactly
in thisway, providing the current state and time. Now, you only have to pass this container to the integration function:

vect or <state_type> x_vec;
vect or <doubl e> ti nes;

steps = integrate( harnonic_oscillator ,
x, 0.0, 10.0, 0.1 ,
push_back_state_and_time( x_vec , times ) );

/* output */
for( size_t i=0; i<=steps; i++)

{
}

cout << times[i] << '"\t' << x_vec[i][0] << "\t' << x_vec[i][1] << "\n';

That isal. You can use functional libraries like Boost.Lambda or Boost.Phoenix to ease the creation of observer functions.

Thefull cpp file for this example can be found here: harmonic_oscillator.cpp
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Tutorial

Harmonic oscillator
Define the ODE

First of al, you haveto specify the datatype that represents astate x of your system. Mathematically, thisusually isan n-dimensional
vector with real numbers or complex humbers as scalar objects. For odeint the most natural way isto usevect or < doubl e > or
vect or < conpl ex< doubl e > > to represent the system state. However, odeint can deal with other container types as well, e.g.
boost::array< double , N >, aslong asit fulfills some requirements defined below.

To integrate a differential equation numerically, one aso has to define the rhs of the equation X' = f(x). In odeint you supply this
function in terms of an object that implements the ()-operator with a certain parameter structure. Hence, the straightforward way
would beto just define afunction, e.g:

/* The type of container used to hold the state vector */
typedef std::vector< double > state_type;

const doubl e gam = 0. 15;
/* The rhs of x' = f(x) */
voi d harnonic_oscillator( const state_type & , state_type &ixdt , const double /* t */ )
{
dxdt [ 0]
dxdt [ 1]

x[1];
-x[0] - ganmtx[1];

The parameters of the function must follow the example above where x isthe current state, here a two-component vector containing
position g and momentum p of the oscillator, dxdt is the derivative X' and should be filled by the function with f(x), and t is the
current time. Note that in this examplet is not required to calculate f, however odeint expects the function signature to have exactly
three parameters (there are exception, discussed later).

A more sophisticated approach is to implement the system as a class where the rhs function is defined as the ()-operator of the class
with the same parameter structure as above:

/* The rhs of x' = f(x) defined as a class */
cl ass harmosc {

doubl e m gam

public:
harm osc( double gam) : mgam gam { }

voi d operator() ( const state_type & , state_type &dxdt , const double /* t */ )
{
dxdt [ 0]
dxdt [ 1]

X[ 1];
-x[0] - mogamx[1];

odeint can deal with instances of such classes instead of pure functions which allows for cleaner code.

Stepper Types

Numerical integration works iteratively, that means you start at a state x(t) and perform atime-step of length dt to obtain the approx-
imate state x(t+dt). There exist many different methods to perform such atime-step each of which has acertain order g. If the order
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of amethod is q than it is accurate up to term ~dt? that means the error in x made by such a step is ~dt?* ™. odeint provides several
steppers of different orders, see Stepper overview.

Some of steppersin the table above are special: Some need the Jacobian of the ODE, others are constructed for special ODE-systems
like Hamiltonian systems. We will show typical examplesand use-casesin thistutorial and which kind of steppers should be applied.

Integration with Constant Step Size

The basic stepper just performs one time-step and doesn't give you any information about the error that was made (except that you
know it isof order g+ 1). Such steppers are used with constant step size that should be chosen small enough to have reasonable small
errors. However, you should apply some sort of validity check of your results (like observing conserved quantities) because you
have no other control of the error. The following example defines a basic stepper based on the classical Runge-Kutta scheme of 4th
order. The declaration of the stepper requires the state type as template parameter. The integration can now be done by using the
integrate_const( Stepper, System state, start_time, end_time, step_size ) functionfrom odeint:

runge_kuttad< state_type > stepper;
i ntegrate_const( stepper , harnonic_oscillator , x , 0.0, 10.0 , 0.01 );

This call integrates the system defined by har noni c_osci | | at or using the RK4 method from t=0 to 10 with a step-size dt=0.01
and theinitial condition given in x. The result, x(t=10) is stored in x (in-place). Each stepper definesado_st ep method which can
also be used directly. So, you write down the above example as

const double dt = 0.01;
for( double t=0.0 ; t<10.0 ; t+= dt )
st epper.do_step( harmonic_oscillator , x , t , dt );

Tip
If you have a C++11 enabled compiler you can easily use lambdas to create the system function :

runge_kuttad< state_type > stepper;
integrate_const( stepper , []( const state_type & , state_type &Ixdt , double t ) {
dxdt[ 0] = x[1]; dxdt[1] = -x[0] - gamx[1]; }
, X, 0.0, 10.0, 0.01);

Integration with Adaptive Step Size

Toimprovethe numerical resultsand additionally minimize the computational effort, the application of astep size control isadvisable.
Step size control is realized via stepper algorithms that additionally provide an error estimation of the applied step. odeint provides
anumber of such Error Stepper sand we will show their usage onthe example of expl i cit _error_rk54_ck - a5th order Runge-
Kutta method with 4th order error estimation and coefficients introduced by Cash and Karp.

t ypedef runge_kutta_cash_kar p54< state_type > error_stepper_type;

Given the error stepper, one still needs an instance that checks the error and adjusts the step size accordingly. In odeint, thisis done
by ControlledSteppers. For ther unge_kut t a_cash_kar p54 stepper acontrol | ed_r unge_kut t a stepper exists which can be
used via

typedef controlled_runge_kutta< error_stepper_type > controll ed_stepper_type;
control |l ed_stepper_type control | ed_st epper;
i ntegrate_adaptive( controlled_stepper , harnonic_oscillator , x , 0.0, 10.0 , 0.01 );
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As above, thisintegrates the system defined by har noni ¢c_osci | | at or, but now using an adaptive step size method based on the
Runge-Kutta Cash-Karp 54 scheme from t=0 to 10 with an initial step size of dt=0.01 (will be adjusted) and the initial condition
givenin x. Theresult, x(t=10), will also be stored in x (in-place).

In the above example an error stepper is nested in a controlled stepper. Thisis a nice technique; however one drawback is that one
always needs to define both steppers. One could also write the instantiation of the controlled stepper into the call of the integrate
function but a complete knowledge of the underlying stepper typesiis still necessary. Another point is, that the error tolerances for
the step size control are not easily included into the controlled stepper. Both issues can be solved by using nake_control | ed:

i ntegrate_adaptive( make_control |l ed< error_stepper_type >( 1.0e-10 , 1.0e-6 )
harrmoni c_oscillator , x , 0.0, 10.0, 0.01)

make_cont r ol | ed can be used with many of the steppers of odeint. The first parameter is the absolute error tolerance eps_abs and
the second istherelative error tolerance eps_rel which isused during theintegration. The template parameter determinesfrom which
error stepper a controlled stepper should be instantiated. An alternative syntax of make_control | ed is

i ntegrate_adaptive( nmake_controlled( 1.0e-10 , 1.0e-6 , error_stepper_type() )
harnonic_oscillator , x , 0.0, 10.0, 0.01)

For the Runge-Kutta controller the error made during one step is compared with eps_abs+ eps rel * (a,* |X| + agyq * dt * |dxdt]|
). If the error is smaller than this value the current step is accepted, otherwise it is rejected and the step size is decreased. Note, that
the step sizeisalso increased if the error gets too small compared to the rhs of the above relation. The full instantiation of the con-
trol | ed_runge_kutta with al parametersistherefore

double abs _err = 1.0e-10 , rel _err = 1.0e-6 , a x = 1.0, a dxdt = 1.0;
control |l ed_stepper_type control | ed_stepper(

default _error_checker< double >( abs_err , rel _err , a x , a dxdt ) )
i ntegrate_adaptive( controlled_stepper , harmonic_oscillator , x , 0.0, 10.0 , 0.01)

When using neke_cont r ol | ed the parameter a, and a4 are used with their standard values of 1.

In the tables below, one can find al steppers which are working with make_cont r ol | ed and nake_dense_out put whichisthe
analog for the dense output steppers.

Table 2. Generation functions make _controlled( abs error ,rel_error , stepper )

Stepper Result of make_controlled Remarks

runge_kutta_cash_kar p54 controlled_runge_kutta< aF1 ag4=1
runge_kutta_cash_karp54 , de-
fault_error_checker<...> >

runge_kutta_fehl berg78 controlled_runge_kutta< a=1 ayw1
runge_kutta_fehl berg78 , de-
fault_error_checker<...> >

runge_kutta_dopri5 controlled_runge_kutta< a,=1 agux=1
runge_kutta_dopri5 , default_er-
ror_checker<...> >

r osenbr ock4 rosenbrock4_control | ed< rosen- -
brock4 >
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Table 3. Generation functions make _dense output( abs error ,rel_error , stepper )

Stepper Result of make dense output Remarks

runge_kutta_ dopri5 dense_out put _runge_kutta< con- a,=1,agpu=1
trolled_runge_kuttacx<
runge_kutta dopri5, default_er-
ror_checker<...> > >

r osenbr ock4 rosenbrock4_dense_out put< -

rosenbrock4 controller< rosen-
brock4 > >

When using make_cont rol | ed or nake_dense_out put one should be aware which exact type is used and how the step size
control works.

The full sourcefile for this example can be found here: harmonic_oscillator.cpp

Solar system

Gravitation and energy conservation

The next example in this tutorial is a simulation of the outer solar system, consisting of the sun, Jupiter, Saturn, Uranus, Neptune
and Pluto.

Sun Pluto

Neptune

.". '\-.__" ,,_\
Jupiter Saturn Uranus
Each planet and of course the sun will be represented by mass points. The interaction force between each object is the gravitational

force which can be written as

Fi=-ymm(g-g)/|g-ql®
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where yis the gravitational constant, m; and my are the masses and ¢; and ¢ are the locations of the two objects. The equations of
motion are then

dgj / dt = p

dpi/dt=1/m % Fy

where p; is the momenta of object i. The equations of motion can a so be derived from the Hamiltonian
H=5p?/(2m)+ 5V(q . q)

with the interaction potential V/(g;,q;). The Hamiltonian equations give the equations of motion
dg; / dt = dH / dp;

dp; / dt = -dH / dg;

In time independent Hamiltonian system the energy and the phase space volume are conserved and special integration methods have
to be applied in order to ensure these conservation laws. The odeint library provides classes for separable Hamiltonian systems,
which can be written in theformH = > pi2 / (2m) + Hqy(q), where Hy(q) only depends on the coordinates. Although this functional
form might look a bit arbitrary, it covers nearly all classical mechanical systems with inertia and without dissipation, or where the
equations of motion can be writtenintheformdg; / dt = p;/ m; , dp; / dt = f(q; ).

S Note
A short physical note: While the two-body-problem is known to be integrable, that means it can be solved with
purely analytic techniques, already the three-body-problem is not solvable. This was found in the end of the 19th
century by H. Poincare which led to the whole new subject of Chaos Theory.

Define the system function

To implement this system we define a 3D point type which will represent the space as well as the velocity. Therefore, we use the
operators from Boost.Operators:
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/*the point type */

tenplate< class T, size_t DDm >

cl ass point
boost::additivel< point< T, Dm> ,
boost::additive2< point< T, Dm >, T,
boost::multiplicative2< point< T, Dm>, T
> > >

{
public:

const static size_t dim= D m
typedef T val ue_type;
t ypedef point< value_type , dim > point_type;

I

/'l constructors

I

/'l operators
private:

T mval [dim;
b
/...

/'l nore operators

The next step is to define a container type storing the values of g and p and to define system functions. As container type we use
boost::array

/1 we sinmulate 5 planets and the sun
const size_t n = 6;

t ypedef point< double , 3 > point_type;
t ypedef boost::array< point_type , n > container_type;
t ypedef boost::array< double , n > mass_type;

Thecont ai ner _t ype isdifferent from the state type of the ODE. The state type of the odeissimply apai r < cont ai ner _t ype
cont ai ner _t ype > since it needs the information about the coordinates and the momenta.

Next we define the system'’s equations. As we will use a stepper that accounts for the Hamiltonian (energy-preserving) character of
the system, we have to define the rhs different from the usual case where it isjust a single function. The stepper will make use of
the separable character, which means the system will be defined by two objects representing f(p) = -dH/dq and g(q) = dH/dp:

const doubl e gravitational _constant = 2.95912208286e- 4;

struct sol ar_system coor

{
const mass_type &m nasses;
sol ar _system coor( const mass_type &msses ) : m.nasses( masses ) { }
voi d operator()( const container_type & , container_type &Jqgdt ) const
{
for( size_t i=0; i<n ; ++i )
dadt[i] = p[i] / m.omasses[i];
}
|
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struct sol ar_system nmoment um

{
const nmass_type &m nesses;
sol ar _system nonentum const nmass_type &msses ) : m.nasses( masses ) { }
voi d operator()( const container_type & , container_type &pdt ) const
{
const size_t n = q.size();
for( size_t i=0; i<n ; ++i )
{
dpdt[i] = 0.0;
for( size t j=0; j<i ; ++ )
{
point _type diff =q[j] - q[i];
double d = abs( diff );
diff *= ( gravitational _constant * mmasses[i] * mmasses[j] / d/ d/ d)
dpdt[i] += diff;
dpdt[j] -= diff;
}
}
}
b

In general athree body-system is chaotic, hence we can not expect that arbitrary initial conditions of the system will lead to asolution
comparable with the solar system dynamics. That is we have to define proper initial conditions, which are taken from the book of
Hairer, Wannier, Lubich [4] .

Asmentioned above, we need to use some special integratorsin order to conserve phase space volume. Thereisawell known family
of suchintegrators, the so-called Runge-K utta-Nystroem solvers, which we apply hereintermsof asynpl ecti c_r kn_sb3a_nctl ach-
| an stepper:

typedef synpl ectic_rkn_sb3a_ntl achl an< contai ner_type > stepper_type
const double dt = 100. 0;

i nt egrate_const (
st epper_type()
make_pair( sol ar_systemcoor( masses ) , solar_system nonentun( nasses ) )
make_pair( boost::ref( q ) , boost::ref( p ) )
0.0 , 200000.0 , dt , stream ng_observer( cout ) )

These integration routine was used to produce the above sketch of the solar system. Note, that there are two particularities in this
example. First, the state of the symplectic stepper is not cont ai ner _t ype but a pair of cont ai ner _t ype. Hence, we must pass
such apair to the integrate function. Since, we want to pass them as references we can simply pack them into Boost.Ref. The second
point isthe observer, which is called with a state type, hence apair of cont ai ner _t ype. The reference wrapper is also passed, but
thisisnot aproblem at all:
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struct stream ng_observer

{
std::ostream mout;
stream ng_observer( std::ostream &ut ) : mout( out ) { }
tenpl ate< class State >
voi d operator()( const State & , double t ) const
{
contai ner_type & = x.first;
mout << t;
for( size t i=0; i<g.size() ; ++i ) mout << "\t" << g[i];
mout << "\n";
}
b

@ Tip

You can use C++11 lambda to create the observers

The full example can be found here: solar_system.cpp

Chaotic systems and Lyapunov exponents

In this example we present application of odeint to investigation of the properties of chaotic deterministic systems. In mathematical
terms chaotic refers to an exponential growth of perturbations d x. In order to observe this exponential growth one usually solves
the equations for the tangential dynamics which is again an ordinary differential equation. These equations are linear but time de-
pendent and can be obtained via

dox/dt= J(xX) ox

where J is the Jacobian of the system under consideration. & x can aso be interpreted as a perturbation of the original system. In
principle n of these perturbations exist, they form a hypercube and evolve in the time. The Lyapunov exponents are then defined as
logarithmic growth rates of the perturbations. If one Lyapunov exponent islarger then zero the nearby tragjectories diverge exponentially
hence they are chaotic. If the largest Lyapunov exponent is zero one is usually faced with periodic motion. In the case of alargest
Lyapunov exponent smaller then zero convergence to afixed point is expected. More information's about Lyapunov exponents and
nonlinear dynamical systems can be found in many textbooks, see for example: E. Ott "Chaos is Dynamical Systems', Cambridge.

To calculate the Lyapunov exponents numerically one usually solvesthe equations of motion for n perturbations and orthonormalizes
them every k steps. The Lyapunov exponent is the average of the logarithm of the stretching factor of each perturbation.

To demonstrate how one can use odeint to determine the Lyapunov exponents we choose the Lorenz system. It is one of the most
studied dynamical systemsin the nonlinear dynamics community. For the standard parameters it possesses a strange attractor with
non-integer dimension. The Lyapunov exponents take values of approximately 0.9, 0 and -12.

The implementation of the Lorenz system is

17

httpo://www.renderx.com/


../../../../../libs/numeric/odeint/examples/solar_system.cpp
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

const double sigma = 10.0;
const double R = 28.0;
const double b = 8.0/ 3.0;

t ypedef boost::array< double , 3 > lorenz_state_type;

void lorenz( const lorenz_state_type & , lorenz_state_type &Ixdt , double t )
{

dxdt[0] = sigma * ( x[1] - x[O0] );

dxdt[1] = R* x[0] - x[1] - x[0] * x[2];

dxdt[2] =-b * x[2] + x[0] * x[1];

We need alsoto integrate the set of the perturbations. Thisisdonein parallel tothe original system, hence within one system function.
Of course, we want to use the above definition of the Lorenz system, hence the definition of the system function including the Lorenz
system itself and the perturbation could look like:

const sizet n = 3;
const size_t numof_lyap = 3;
const size_t N = n + n*num.of _|yap;

typedef std::trl::array< double , N > state_type;
typedef std::trl::array< double , numof_Ilyap > |yap_type;

void lorenz_with_|yap( const state_type & , state_type &dxdt , double t )

{
lorenz( x , dxdt , t );
for( size_t =0 ; I<numof_lyap ; ++l )
{
const double *pert = x.begin() + 3 + 1 * 3;
doubl e *dpert = dxdt.begin() + 3 + 1 * 3;
dpert[0] = - sigma * pert[0] + 10.0 * pert[1];
dpert[1] = ( R- x[2] ) * pert[0O] - pert[1] - x[0O] * pert[2];
dpert[2] = x[1] * pert[O] + x[0] * pert[1] - b * pert[2];
}
}

The perturbations are stored linearly in the st at e_t ype behind the state of the Lorenz system. The problem of lorenz() and
lorenz_with_lyap() having different state types may be solved putting the L orenz system inside afunctor with templ atized arguments:

struct lorenz

{
tenpl ate< class Stateln , class StateQut , class Value >
voi d operator()( const Stateln & , StateQut &dxdt , Value t )
dxdt[0] = sigma * ( x[1] - x[O0] );
dxdt[1] = R* x[0] - x[1] - x[0] * x[2];
dxdt[2] = -b * x[2] + x[0] * x[1];
}
b

void lorenz_with_|lyap( const state_type & , state_type &xdt , double t )

lorenz()( x , dxdt , t );

Thisworksfineand | or enz_wi t h_I yap can be used for example via
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state_type x;

/1 initialize x

explicit_rkd4< state_type > rk4;

integrate_n_steps( rk4 , lorenz_with lyap , x, 0.0, 0.01 , 1000 );

This code snippet performs 1000 steps with constant step size 0.01.

A real world use case for the calculation of the Lyapunov exponents of Lorenz system would always include some transient steps,
just to ensure that the current state lies on the attractor, hence it would look like

state_type x;

/1 initialize x

explicit_rkd4< state_type > rk4;

integrate_n_steps( rk4 , lorenz , x , 0.0, 0.01 , 1000 );

The problem is now, that x isthe full state containing also the perturbationsand i nt egr at e_n_st eps does not know that it should
only use 3 elements. In detail, odeint and its steppers determine the length of the system under consideration by determining the

length of the state. In the classical solvers, e.g. from Numerical Recipes, the problem was solved by pointer to the state and an appro-
priate length, something similar to

void | orenz( double* x , double *dxdt , double t, void* parans )

{
}

int systemlength = 3;
rk4( x , systemlength , t , dt , lorenz );

But odeint supports a similar and much more sophisticated concept: Boost.Range. To make the steppers and the system ready to
work with Boost.Range the system has to by changed:

struct lorenz

{
tenpl ate< class State , class Deriv >
voi d operator()( const State &_ , Deriv &xdt_ , double t ) const
{
typenane boost::range_iterator< const State >::type x = boost::begin( x_ );
typenane boost::range_iterator< Deriv >::type dxdt = boost::begin( dxdt_ );
dxdt[0] = sigma * ( x[1] - x[0] );
dxdt[1] = R* x[0] - x[1] - x[0] * x[2];
dxdt[2] = -b * x[2] + x[0] * x[1];
}
b

Thisisin principle all. Now, we only haveto call i nt egrat e_n_st eps with arangeincluding only the first 3 components of x:

/1 perform 10000 transient steps
integrate_n_steps( rk4 , lorenz() , std::make_pair( x.begin() , x.bel
gin() +n) , 0.0, dt , 10000 );

Having integrated a sufficient number of transients steps we are now able to cal culate the Lyapunov exponents:

1. Initialize the perturbations. They are stored linearly behind the state of the Lorenz system. The perturbations are initialized such
that p; = d;j, where p j; isthe j-component of thei.-th perturbation and J; is the Kronecker symbol.

2. Integrate 100 steps of the full system with perturbations
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3. Orthonormalize the perturbation using Gram-Schmidt orthonormalization algorithm.

4. Repeat step 2 and 3. Every 10000 steps write the current Lyapunov exponent.

fill( x.begin()+n , x.end() , 0.0 );
for( size_t i=0; i<numof_lyap ; ++i ) x[n+tn*i+i] = 1.0;
fill( lyap.begin() , lyap.end() , 0.0 );

double t = 0.0;

size_t count 0;
while( true )
{
t = integrate_n_steps( rk4 , lorenz_with_Ilyap , x , t , dt , 100 );
gram schmi dt< numof _lyap >( x , lyap , n);
++count ;
if( !(count % 100000) )
{
cout << t;
for( size_t i=0 ; i<numof_lyap ; ++i ) cout << "\t" << |lyap[i] / t
cout << endl;
}
}

The full code can be found here: chaotic_system.cpp

Stiff systems

An important class of ordinary differential equations are so called stiff system which are characterized by two or more time scales
of different order. Examples of such systems are found in chemical systems where reaction rates of individual sub-reaction might
differ over large ranges, for example:

dS /dt=-101S,-100S

dsS,/dt=95

In order to efficiently solve stiff systems numerically the Jacobian
J=dfi/dx

is needed. Here is the definition of the above example
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t ypedef boost::nuneric::ublas::vector< double > vector_type;
t ypedef boost::nuneric::ublas::matrix< double > matrix_type;

struct stiff_system

{
voi d operator()( const vector_type & , vector_type &Ixdt , double /* t */ )
{
dxdt[ 0] =-101.0 * x[ 0] - 100.0 * x[ 1 1;
dxdt[ 1 ] =x[ 0 ];
}
b

struct stiff_systemjacobi

{
voi d operator()( const vector_type &/* x */ , matrix_type & , const double &/* t */ , vecl
tor_type &dfdt )

{
JOO, 0) =-101.0;
JOO, 1) =-100.0;
J 1, 0) =1.0;
J 1, 1) =0.0;
dfdt[0] = 0.0;
dfdt[1] = 0.0;

}

The state type hasto be aubl as: : vect or and the matrix type must by aubl as: : mat ri x since the stiff integrator only accepts
these types. However, you might want use non-stiff integrators on this system, too - we will do so later for demonstration. Therefore
we want to use the same function also with other state types, realized by templatizing the oper at or () :

t ypedef boost::numeric::ublas::vector< double > vector_type;
t ypedef boost::numeric::ublas::matrix< double > matrix_type;

struct stiff_system

{
tenpl ate< class State >
voi d operator()( const State & , State &dxdt , double t )
{
}
b
struct stiff_systemjacobi
{
tenpl ate< class State , class Matrix >
voi d operator()( const State & , Matrix & , const double & , State &dfdt )
{
}
b

Now you canusest i f f _syst emincombinationwithst d: : vect or or boost : : ar r ay. Inthe examplethe explicit time derivative
of f(x,t) isintroduced separately in the Jacobian. If df / dt = 0 simply fill df dt with zeros.

A well know solver for stiff systemsis the Rosenbrock method. It has a step size control and dense output facilities and can be used
like al the other steppers:
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vector_type x( 2, 1.0 );
size_t numof_steps = integrate_const( make_dense_out put < rosenbrock4< double > >( 1.0e-6 , 1.0e-
6)

nmake_pair( stiff_system) , stiff_systemjacobi() )

x, 0.0, 50.0, 0.01,
cout << phoenix::arg_nanmes::arg2 << " " << phoenix::arg_nanes::argl[{0] << "\n" );

During the integration 71 steps have been done. Comparing to aclassical Runge-Kutta solver thisisavery good result. For example
the Dormand-Prince 5 method with step size control and dense output yields 1531 steps.

vector_type x2( 2, 1.0 );
size_t num.of _steps2 = integrate_const( make_dense_out put < runge_kutta_dopri 5< veclO
tor_type > >( 1.0e-6 , 1.0e-6 ) |,

stiff_system) , x2 , 0.0, 50.0, 0.01 ,
cout << phoenix::arg_nanes::arg2 << " " << phoenix::arg_names::argl[0] << "\n" );

Note, that we have used Boost.Phoenix, agreat functional programming library, to create and compose the observer.

The full example can be found here: stiff_system.cpp

Complex state types

Thus far we have seen several examples defined for real values. odeint can handle complex state types, hence ODEs which are
defined on complex vector spaces, as well. An example is the Stuart-L andau oscillator

dw/dt=(1+in) W+ (1+ia)|WPw

where Wand i isacomplex variable. The definition of this ODE in C++ using complex< double > as a state type may look asfollows

t ypedef conpl ex< double > state_type;

struct stuart_| andau

{
doubl e meta;
doubl e m_al pha;
stuart_l andau( double eta = 1.0 , double alpha = 1.0 )
meta( eta ) , malpha( alpha ) { }
voi d operator()( const state_type & , state_type &xdt , double t ) const
{
const conpl ex< double > 1( 0.0, 1.0 );
dxdt = ( 1.0 + meta * | ) * X (1.0 + malpha * I ) * norm{ x ) * Xx;
}
s

One can aso use afunction instead of a functor to implement it

double eta = 1.0;
= 1.

doubl e al pha 0;
voi d stuart_| andau( const state type & , state_type &dxdt , double t )
{
const conpl ex< double > 1( 0.0, 1.0 );
dxdt[0] = ( 1.0 + meta * | ) * x[0] - ( 1.0 + malpha * |1 ) * norm x[0] ) * x[O0];
}
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We strongly recommend to use the first ansatz. In this case you have explicit control over the parameters of the system and are not
restricted to use global variables to parametrize the oscillator.

When choosing the stepper type one has to account for the "unusual" state type: it is a single conpl ex<doubl e> opposed to the
vector types used in the previous examples. This means that no iterations over vector elements have to be performed inside the
stepper algorithm. You can enforce this by supplying additional template argumentsto the stepper including thevect or _space_al -
gebr a. Details on the usage of agebras can be found in the section Adapt your own state types.

state_type x = conpl ex< double > 1.0, 0.0 );
const double dt = 0.1;

typedef runge_kuttad4< state_type , double , state_type , double ,
vect or_space_al gebra > stepper_type;

i ntegrate_const( stepper_type() , stuart_landau( 2.0, 1.0) , x, 0.0, 10.0, dt , stream ng_obO
server( cout ) );

The full cpp file for the Stuart-Landau example can be found here stuart_landau.cpp

S Note
The fact that we have to configure a different algebrais solely due to the fact that we use a non-vector state type
and not to the usage of complex values. So for, e.g. vect or < conpl ex<doubl e> >, thiswould not be required.

Lattice systems

odeint can also be used to solve ordinary differential equations defined on lattices. A prominent example is the Fermi-Pasta-Ulam
system [8] . It isaHamiltonian system of nonlinear coupled harmonic oscillators. The Hamiltonian is

H=5p%2+ U2 (01~ G )2+ Bl4(Ge1-G )4

Remarkably, the Fermi-Pasta-Ulam system was the first numerical experiment to be implemented on a computer. It was studied at
Los Alamos in 1953 on one of the first computers (a MANIAC |) and it triggered a whole new tree of mathematical and physical
science.

Like the Solar System, the FPU is solved again by a symplectic solver, but in this case we can speed up the computation because
the g components trivially reduceto dg; / dt = p;. odeint is capable of doing this performance improvement. All you have to do isto
call the symplectic solver with an state function for the p components. Here is how this function looks like
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t ypedef vector< double > container_type

struct fpu

{

const double mbeta
fpu( const double beta = 1.0 ) : mbeta( beta ) { }

/1 system function defining the ODE
voi d operator()( const container_type & , container_type &pdt ) const
{
size_t n = q.size();
double tmp = q[0] - 0.0
double tnmp2 = tnmp + mbeta * tnp * tnp * tnp;
dpdt[ 0] = -tnp2;
for( size_t i=0; i<n-1; ++i )
{
tmp = qgli+1] - q[i];
tnp2 = tnp + mbeta * tnp * tnp * tnp;
dpdt[i] += tnp2;
dpdt[i+1] = -tnp2;
}
tnp = - q[n-1];
tnp2 = tnp + mbeta * tnp * tnp * tnp;
dpdt[n-1] += tnp2;
}

/1 cal cul ates the energy of the system
doubl e energy( const container_type & , const container_type & ) const

{
}

/1

/1 calculates the local energy of the system
voi d | ocal _energy( const container_type & , const container_type & , containl
er_type & ) const

{
}

/1

You can also useboost : : array< double , N > for the state type.

Now, you have to define your initial values and perform the integration:
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const size_t n = 64;
container_type q( n, 0.0) , p( n, 0.0);

for( size_t i=0; i<n ; ++i )

0. 0;
32.0 * sin( double( i + 1) / double( n+ 1) * MPI );

const double dt = 0.1;

typedef synplectic_rkn_sb3a_ntlachl an< contai ner _type > stepper_type;
fpu fpu_instance( 8.0 );

i ntegrate_const( stepper_type() , fpu_instance ,
nake_pair( boost::ref( q ) , boost::ref( p) )
0.0, 1000.0 , dt , stream ng_observer( cout , fpu_instance , 10 ) );

The observer uses areference to the system object to calculate the local energies:

struct stream ng_observer
{
std::ostreamt mout;
const fpu &m fpu;
size_t mwite_every;
size_t mcount;

stream ng_observer( std::ostream &ut , const fpu & |, size_t wite_every = 100 )
mout( out ) , mfpu( f ) , mwite_every( wite_every ) , mcount( 0 ) { }
tenpl ate< class State >
voi d operator()( const State & , double t )
{
if( ( mcount %mwite_every ) == 0 )
{
contai ner_type & = x.first;
cont ai ner _type & = X.second;
cont ai ner _type energy( q.size() );
m fpu.local _energy( q, p, energy );
for( size_t i=0; i<qg.size() ; ++i )
{
mout << t << "\t" << << "\t" << q[i] << "\t" << p[i] << "\t" << enO
ergy[i] << "\n";
}
mout << "\n";
clog <<t << "\t" << accumul ate( energy.begin() , energy.end() , 0.0 ) << "\n";

}

++m_count ;

The full cpp file for this FPU example can be found here fpu.cpp

Ensembles of oscillators

Another important high dimensional system of coupled ordinary differential equationsis an ensemble of N all-to-all coupled phase
oscillators[9] . It isdefined as

dg/dt=w+ e/N2jsin(qg-q)
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The natural frequencies ¢y of each oscillator follow some distribution and ¢ is the coupling strength. We choose here a Lorentzian
distribution for «y. Interestingly a phase transition can be observed if the coupling strength exceeds a critical value. Above thisvalue
synchronization sets in and some of the oscillators oscillate with the same frequency despite their different natural frequencies. The
transition is also called Kuramoto transition. Its behavior can be analyzed by employing the mean field of the phase

Z=Keé®%=1/Nge%

The definition of the system function is now abit more complex since we also need to store theindividual frequencies of each oscil-
lator.

t ypedef vector< doubl e > container_type;

pai r< double , double > calc_nean_field( const container_type & )

{
size_t n = x.size();
double cos_sum= 0.0 , sin_sum= 0.0;
for( size_t i=0; i<n ; ++i )
{
cos_sum += cos( x[i] );
sin_sum += sin( x[i] );
}
cos_sum /= double( n );
sin_sum /= double( n );
double K = sqrt( cos_sum* cos_sum + sin_sum* sin_sum);
doubl e Theta = atan2( sin_sum, cos_sum);
return nake_pair( K, Theta );
}

struct phase_ensenbl e

{
cont ai ner _type m onega;
doubl e m epsil on;

phase_ensenbl e( const size_t n , double g

= 1.0, double epsilon = 1.0 )
monega( n, 0.0 ) , mepsilon( epsilon)

{
}

create_frequencies( g );

voi d create_frequencies( double g )

{
boost: : nt 19937 rng;
boost: : cauchy_di stribution<> cauchy( 0.0 , g );
boost::variate_generator< boost::nt19937& boost::cauchy_distribul
tion<> > gen( rng , cauchy );
generate( m.onega. begin() , monega.end() , gen );

}
voi d set_epsilon( double epsilon ) { mepsilon = epsilon; }
doubl e get _epsilon( void ) const { return mepsilon; }

voi d operator()( const container_type & , container_type &xdt , double /* t */ ) const
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{
pai r< double , double > nean = calc_nean_field( x );
for( size_t i=0; i<x.size() ; ++i )
dxdt[i] = monegal[i] + mepsilon * mean.first * sin( mean.second - x[i] );
}

Note, that we have used Z to simplify the equations of motion. Next, we create an observer which computes the value of Z and we
record Z for different values of &.

struct statistics_observer

doubl e m K _rnean;
size_t mcount;

statistics_observer( void )
mK mean( 0.0 ) , mcount( 0 ) { }

tenpl ate< class State >
voi d operator()( const State & , double t )

{
pai r< double , double > nean = calc_nean_field( x );
m K_mean += nean.first;
++m_count ;
}
doubl e get _K nean( void ) const { rel
turn ( mcount '=0 ) ? mK nmean / double( mcount ) : 0.0 ; }

void reset( void ) { mK mean = 0.0; mcount = 0; }

Now, we do several integrations for different values of € and record Z. The result nicely confirms the analytical result of the phase
transition, i.e. in our example the standard deviation of the Lorentzian is 1 such that the transition will be observed at € = 2.
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const size_t n = 16384;
const double dt = 0.1;

contai ner_type x( n);

boost: : nt 19937 rng;
boost::uniformreal <> unif( 0.0, 2.0 * MPI );
boost: :variate_generator< boost::nt19937& boost::uniformreal<> > gen( rng , unif );

/1 gamma = 1, the phase transition occurs at epsilon = 2
phase_ensenbl e ensenble( n, 1.0 );
statistics_observer obs;

for( double epsilon = 0.0 ; epsilon < 5.0 ; epsilon += 0.1 )

{

ensenbl e. set _epsilon( epsilon );
obs.reset ();

/1 start with randominitial conditions
generate( x.begin() , x.end() , gen );

/1 calculate sone transients steps
i ntegrate_const( runge_kuttad4< container_type >() , boost::ref( enO
senble ) , x , 0.0, 10.0 , dt );

/1 integrate and conpute the statistics

i ntegrate_const( runge_kuttad4< container_type >() , boost::ref( enO
senble ) , x , 0.0, 100.0 , dt , boost::ref( obs ) );

cout << epsilon << "\t" << obs.get_K nean() << endl;

}

The full cpp file for this example can be found here phase_oscillator_ensemble.cpp

Using boost::units

odeint also workswell with Boost.Units - alibrary for compile time unit and dimension analysis. It works by decoding unit inform-
ation into the types of values. For a one-dimensional unit you can just use the Boost.Unit types as state type, deriv type and time
type and hand thevect or _space_al gebr a to the stepper definition and everything works just fine:

typedef units::quantity< si::time , double > tine_type;
typedef units::quantity< si::length , double > | ength_type;
typedef units::quantity< si::velocity , double > velocity_type;

typedef runge_kuttad4< |length_type , double , velocity_type , time_type ,
vect or_space_al gebra > stepper_type;

If you want to solve more-dimensional problemstheindividual entriestypically have different units. That meansthat thest at e_t ype
isnow possibly heterogeneous, meaning that every entry might have adifferent type. To solve this problem, compile-time sequences
from Boost.Fusion can be used.

To illustrate how odeint works with Boost.Units we use the harmonic oscillator as primary example. We start with defining all
guantities
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#i ncl ude <boost/ nuneric/ odei nt. hpp>
#i ncl ude <boost/ nuneric/ odei nt/ al gebra/ fusi on_al gebra. hpp>

#i ncl ude <boost/units/systens/si/length. hpp>

#i ncl ude <boost/units/systens/si/tinme. hpp>

#i ncl ude <boost/units/systens/si/velocity. hpp>

#i ncl ude <boost/units/systens/si/accel eration. hpp>
#i ncl ude <boost/units/systens/si/io.hpp>

#i

ncl ude <boost/ fusi on/ contai ner. hpp>

usi ng nanmespace std

usi ng nanmespace boost::nuneric::odeint;
nanespace fusion = boost::fusion
namespace units = boost::units
nanmespace si = boost::units::si

typedef units::quantity< si::tinme , double > tine_type

typedef units::quantity< si::length , double > length_type

typedef units::quantity< si::velocity , double > velocity_type

typedef units::quantity< si::acceleration , double > acceleration_type
typedef units::quantity< si::frequency , double > frequency_type

typedef fusion::vector< length_type , velocity type > state_type
t ypedef fusion::vector< velocity_type , acceleration_type > deriv_type

Note, that the st at e_t ype and thederi v_t ype are now a compile-time fusion sequences. deri v_t ype represents X' and is now
different from the state type asit has different unit definitions. Next, we define the ordinary differential equation whichiscompletely
equivalent to the example in Harmonic Oscillator:

struct oscill ator

{
frequency_type m onega;
oscillator( const frequency_type &nega = 1.0 * si::hertz ) : monmega( onmega ) { }
voi d operator()( const state_type & , deriv_type &xdt , time_type t ) const
{
fusion::at_c< 0 >( dxdt ) = fusion::at_c< 1 >( x )
fusion::at_c< 1 >( dxdt ) = - monega * monega * fusion::at_c< 0 >( x )
}
H

Next, we instantiate an appropriate stepper. We must explicitly parametrize the stepper with the st ate_t ype, deri v_t ype,
ti me_t ype. Furthermore, the iteration over vector elementsis now done by the f usi on_al gebr a which must also be given. For
more on the state types / algebras see chapter Adapt your own state types.

typedef runge_kutta_dopri5< state_type , double , deriv_type , time_type , fusion_algebra > stepO
per _type;

state_type x( 1.0 * si::meter , 0.0 * si::meter_per_second )
i ntegrate_const( nmake_dense output( 1.0e-6 , 1.0e-6 , stepper_type() ) , oscillatO

or( 2.0 * si::hertz ) , x, 0.0 * si::second , 100.0 * si::second , 0.1 * si::second , streanil
i ng_observer( cout ) );

It is quite easy but the compilation time might take very long. Furthermore, the observer is defined a bit different
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struct stream ng_observer

{
std::ostream mout;
stream ng_observer( std::ostream &ut ) : mout( out ) { }
struct wite_el ement
{
std::ostream &m out;
wite_elenent( std::ostream &ut ) : mout( out ) { };
template< class T >
voi d operator()( const T & ) const
{
mout << "\t" << t;
}
b
tenpl ate< class State , class Tine >
voi d operator()( const State & , const Time & ) const
{
mout << t;
fusion::for_each( x , wite_element( mout ) );
mout << "\n";
}
b

m Caution
Using Boost.Units works nicely but compilation can be very time and memory consuming. For example the unit

test for the usage of Boost.Units in odeint take up to 4 GB of memory at compilation.

The full cpp file for this example can be found here harmonic_oscillator_units.cpp.

Using matrices as state types

odeint works well with a variety of different state types. It is not restricted to pure vector-wise types, like vect or < doubl e >,
array< double , N > fusion::vector< double , double >,etc. butalsoworkswith types having a different topology
then simple vectors. Here, we show how odeint can be used with matrices as states type, in the next section we will show how can
be used to solve ODEs defined on complex networks.

By default, odeint can beused withubl as: : matri x< T > asstatetypefor matrices. A simple exampleisatwo-dimensional lattice
of coupled phase oscillators. Other matrix typeslikent | : : dense_mat ri x or blitz arrays and matrices can used as well but need
some kind of activation in order to work with odeint. This activation is described in following sections,

The definition of the systemis
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t ypedef boost::nuneric::ublas::matrix< double > state_type

struct two_di mensi onal _phase_l attice

{
t wo_di mensi onal _phase_| attice( double gama = 0.5 )
m ganmma( ganmma ) { }
voi d operator()( const state_type & , state_type &xdt , double /* t */ ) const
{
size_t sizel = x.sizel() , size2 = x.size2()
for( size_t i=1; i<sizel-1 ; ++i )
{
for( size_t j=1; j<size2-1 ; ++ )
{
dxdt( i , j ) =
coupling_func( x( i + 1, j ) - x(i ,j)) +
coupling_func( x( i - 1, j ) - x(i i) )+
coupling_func( x( i o+ 1) - x(i i) )+
coupling_func( x( i - 1) - x(i i) )
}
}
for( size_t i=0; i<x.sizel() ; ++i ) dxdt( i , 0 ) =dxdt( i , x.size2() -1 ) =0.0
for( size_t j=0; j<x.size2() ; ++ ) dxdt( O, j ) = dxdt( x.sizel() -1, j ) =0.0
}
doubl e coupling_func( double x ) const
{
return sin( x ) - mgamma * ( 1.0 - cos( x ) )
}
doubl e m gamms,;
s

In principlethisis all. Please note, that the above code is far from being optimal. Better performance can be achieved if every inter-
action is only calculated once and iterators for columns and rows are used. Below are some visualizations of the evolution of this
|attice equation.
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The full cpp for this example can be found here two_dimensional _phase_|attice.cpp.

Using arbitrary precision floating point types

Besides the classical floating point number likef | oat , doubl e, conpl ex< doubl e > you can also use arbitrary precision types,
like the types from gmp and mpfr. But you have to be careful about instantiating any numbers.

For gmp types you have to set the default precision before any number is instantiated. This can be done by calling npf _set _de-
fault _prec( precision ) asthefirst functionin your main program. Secondly, you can not use any global constant variables

since they will not be set with the default precision you have already set.

Hereisasimple example:
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typedef npf_cl ass val ue_type;
t ypedef boost::array< value_type , 3 > state_type;

struct lorenz

{

voi d operator()( const state_type & , state_type &xdt , value_type t ) const
{

const val ue_type sigma( 10.0 );

const value_type R( 28.0 );

const value_type b( value_type( 8.0 ) / value_type( 3.0 ) );

dxdt [ 0]
dxdt[ 1]
dxdt [ 2]

sigma * ( x[1] - x[0] );
R* x[0] - x[1] - x[0] * x[2];
b x[2] + x[0] * x[1];

which can be integrated:

const int precision = 1024;
npf _set _default_prec( precision );

state_type x = {{ value_type( 10.0 ) , value_type( 10.0 ) , value_type( 10.0 ) }};

cout . preci sion( 1000 );

i ntegrate_const( runge_kuttad4< state_type , value_type >() ,
O

lorenz() , x, value_type( 0.0) , value_type( 10.0) , value_ type( value type( 1.0 ) / value type( 10.0) ) ,
stream ng_observer( cout ) );

‘@ Caution
Thefull support of arbitrary precision types depends on the functionality they provide. For example, the types from

gmp are lacking of functions for calculating the power and arbitrary roots, hence they can not be used with the
controlled steppers. Indetail, for full supportthemin( x , y ),max( x , y ),powm x , y ) mustbecalable.

The full example can be found at lorenz_gmpxx.cpp.

Self expanding lattices

odeint supports changes of the state size during integration if a state _type is used which can be resized, like st d: : vect or. The
adjustment of the state's size hasto be done from outside and the stepper hasto beinstantiated with al ways_r esi zer asthetemplate
argument for ther esi zer _t ype. Inthisconfiguration, the stepper checksfor changesin the state size and adjust it'sinternal storage
accordingly.

We show this for a Hamiltonian system of nonlinear, disordered oscillators with nonlinear nearest neighbor coupling.

The system function is implemented in terms of a class that also provides functions for calculating the energy. Note, that this class
stores the random potential internally which is not resized, but rather a start index is kept which should be changed whenever the
states' size change.
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t ypedef vector< double > coord_type;
typedef pair< coord_type , coord_type > state_type;

struct conpacton_lattice

{
const int mnmax_N,
const doubl e m bet a;
int mpot_start _index;
vector < doubl e > m pot;

conpacton_lattice( int max_N , double beta , int pot_start_index )
mmax_N( max_N) , mbeta( beta ) , mpot_start_index( pot_start_index ) , mpot( max_N)
{
srand( time( NULL ) );
/1 fill random potential with iid values from[O0, 1]
boost: : nt 19937 rng;
boost::uniformreal<> unif( 0.0, 1.0 );
boost: :variate_generator< boost::nt19937& boost::uniformreal<> > gen( rng , unif );
generate( mpot.begin() , mpot.end() , gen );
}
voi d operator()( const coord_type & , coord_type &dpdt )
{
/1 calculate dpdt = -dH/ dq of this hamiltonian system
/1l dp_i/dt = - Vi * q_i"3 - beta*(q_i - q_{i-1})"3 + beta*(q_{i+1} - q_i)"3
const int N = q.size();
double diff = q[0] - g[N1];
for( int i=0; i<N; ++i )
{
dpdt[i] = - mpot[mpot_start_index+i] * q[i]*q[i]l*q[i] -
mbeta * diff*diff*diff;
diff =qf(i+1) %N - q[i];
dpdt[i] += mbeta * diff*diff*diff;
}
}
voi d energy_distribution( const coord_type & , const coord_type & , coord_type &energies )
{
/'l conputes the energy per lattice site normalized by total energy
const size_t N = q.size();
doubl e en = 0. 0;
for( size_t i=0; i<N; i++)
{
const double diff =q[(i+1) %N - q[i];
energies[i] = p[i]*p[i]/2.0
+ mpot[mpot_start_index+i|*q[i]*q[i]*q[i]l*q[i]/4.0
+ mbeta/4.0 * diff*diff*diff*diff;
en += energies[i];
}
en = 1.0/ en;
for( size_t i=0; i<N; i++)
{
energies[i] *= en;
}
}

doubl e energy( const coord_type &) , const coord_type & )
{
/1 calculates the total energy of the excitation
const size_t N = q.size();

double en = 0.0;
for( size_t i=0; i<N; i++)
{
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const double diff =q[(i+1) %N - q[i];

en += p[i]*p[i]/2.0
+ mpot[ mpot _start_index+i|*q[i]*q[i]*q[i]l*q[i] / 4.0
+ mbeta/4.0 * diff*diff*diff*diff;

}
return en;
}
voi d change_pot _start( const int delta )
{
m pot _start _i ndex += delta;
}

The total size we allow is 1024 and we start with an initial state size of 60.

//start with 60 sites

const int N start = 60;

coord_type gq( N.start , 0.0 );

g.-reserve( max_N );

coord_type p( N.start , 0.0 );

p.reserve( max_N );

/1 start with uniform nomentum distribution over 20 sites
fill( p.begin()+20 , p.end()-20 , 1.0/sqrt(20.0) );

coord_type distr( N.start , 0.0 );
distr.reserve( max_N );

/'l create the system
conpacton_l attice lattice( max_N , beta , (max_N-N_start)/2 );

//create the stepper, note that we use an al ways_resi zer because state size mght change during O
st eps
t ypedef synplectic_rkn_sb3a_ntl achl an< coord_type , coord_type , double , coord_type , col
ord_type , double |,

range_al gebra , default_operations , always_resizer > haniltonian_stepper;
ham | t oni an_st epper st epper;
ham | t oni an_stepper::state_type state = make_pair( q , p );

The lattice gets resized whenever the energy distribution comes close to the borders di str[10] > 1E- 150, distr[dis-
tr.size()-10] > 1E-150. If weincrease to the left, g and p have to be rotated because their resize function always appends at
the end. Additionally, the start index of the potential changesin this case.
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double t = 0.0;
const doubl e dt
const int steps

0.1;
10000;

I

for( int step = step < steps ; ++step )
{
stepper.do_step( boost::ref(lattice) , state , t , dt );
|attice.energy_distribution( state.first , state.second , distr );
if( distr[10] > 1E-150 )
{
do_resize( state.first , state.second , distr , state.first.size()+20 );
rotate( state.first.begin() , state.first.end()-20 , state.first.end() );
rotate( state.second. begin() , state.second.end()-20 , state.second.end() );
| attice. change_pot _start( -20 );
cout <<t << ": resized left to " << distr.size() << ", energy =" << lattice.end
ergy( state.first , state.second ) << endl;
}
if( distr[distr.size()-10] > 1E-150 )
{
do_resize( state.first , state.second , distr , state.first.size()+20 );
cout <<t << ": resized right to " << distr.size() << ", energy =" << lattice.end
ergy( state.first , state.second ) << endl;
}
t += dt;
}

Thedo_resi ze function simply callsvector.resizeof g,panddistr.

voi d do_resize( coord_type & , coord_type & , coord_type &distr , const int N)

{
g-resize( N);
p.resize( N);
distr.resize( N);
}

The full example can be found in resizing_lattice.cpp

Using CUDA (or OpenMP, TBB, ...) via Thrust

Modern graphic cards (graphic processing units - GPUs) can be used to speed up the performance of time consuming algorithms by
means of massive parallelization. They are designed to execute many operations in parallel. odeint can utilize the power of GPUs
by means of CUDA and Thrust, which isa STL-like interface for the native CUDA API.

2 I mportant
Thrust also supports parallelization using OpenMP and Intel Threading Building Blocks (TBB). You can switch
between CUDA, OpenMP and TBB parallelizations by asimple compiler switch. Hence, this also provides an easy
way to get basic OpenM P parallelization into odeint. The examples discussed bel ow are focused on GPU paralleliz-
ation, though.

To use odeint with CUDA afew points have to be taken into account. First of al, the problem hasto bewell chosen. It makes absol utely
no sense to try to parallelize the code for a three dimensional system, it is simply too small and not worth the effort. One single
function call (kernel execution) on the GPU is slow but you can do the operation on a huge set of data with only one call. We have
experienced that the vector size over which is parallelized should be of the order of 10° to make full use of the GPU. Secondly, you
have to use Thrust's algorithms and functors when implementing the rhs the ODE. This might be tricky since it involves some kind
of functional programming knowledge.

Typical applicationsfor CUDA and odeint arelarge systems, like lattices or discretizations of PDE, and parameter studies. Weintroduce
now three examples which show how the power of GPUs can be used in combination with odeint.
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2 Im portant
Thefull power of CUDA isonly availablefor really large systemswhere the number of coupled ordinary differential
equations is of order N= 10° or larger. For smaller systems the CPU is usually much faster. You can aso integrate
an ensemble of different uncoupled ODEs in parallel as shown in the last example.

Phase oscillator ensemble
Thefirst example is the phase oscillator ensemble from the previous section:
dg/dt= w+ e/NZsin( g - @)

It has aphase transition at € = 2 in the limit of infinite numbers of oscillators N. In the case of finite N this transition is smeared out
but till clearly visible.

Thrust and CUDA are perfectly suited for such kinds of problems where one needs alarge number of particles (oscillators). We start
by defining the state typewhichisat hr ust : : devi ce_vect or . The content of thisvector lives on the GPU. If you are not familiar
with this we recommend reading the Getting started section on the Thrust website.

//change this to float if your device does not support doubl e conputation
t ypedef doubl e val ue_type;

// change this to host_vector< ... > of you want to run on CPU
typedef thrust::device_vector< value_type > state_type;
/1 typedef thrust::host_vector< value_type > state_type;

Thrust follows a functional programming approach. If you want to perform a calculation on the GPU you usually have to call a
global functionliket hrust : : for _each,t hrust: : reduce, ... with an appropriatelocal functor which performsthe basic operation.
Anexampleis

struct add_two

{
template< class T >
__host ___ device_
void operator()( T & ) const
{
t +=T( 2 );
}
s
/1

thrust::for_each( x.begin() , x.end() , add_two() );

This code generically adds two to every element in the container x.

For the purpose of integrating the phase oscillator ensemble we need

* to calculate the system function, hence ther.h.s. of the ODE.

« thisinvolves computing the mean field of the oscillator example, i.e. the values of Rand 6

Themean fieldiscalculated in aclassmean_fi el d_cal cul at or
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struct nean_field_cal cul ator

{
struct sin_functor : public thrust::unary_function< value_type , value_type >
{
__host __ __device__
val ue_type operator()( value_type x) const
{
return sin( x );
}
b
struct cos_functor : public thrust::unary_function< value_type , value_type >
{
__host __ __device__
val ue_type operator()( value_type x) const
{
return cos( x );
}
b
static std::pair< value_type , value_type > get_nean( const state_type & )
{
val ue_type sin_sum = thrust::reduce(
thrust::make_transform.iterator( x.begin() , sin_functor() )
thrust::make_transformiterator( x.end() , sin_functor() ) );
val ue_type cos_sum = thrust::reduce(
thrust::make_transform.iterator( x.begin() , cos_functor() )
thrust::make_transformiterator( x.end() , cos_functor() ) );
cos_sum /= value_type( x.size() );
sin_sum /= val ue_type( x.size() );
val ue_type K = sqgrt( cos_sum* cos_sum + sin_sum?* sin_sum);
val ue_type Theta = atan2( sin_sum, cos_sum);
return std::nmake_pair( K, Theta );
}
b

Inside this class two member structures si n_f unct or and cos_f unct or are defined. They compute the sine and the cosine of a
value and they are used within a transform iterator to calculate the sum of sin(g) and cos(¢,). The classifiers __host __ and
__devi ce__ are CUDA specific and define a function or operator which can be executed on the GPU as well as on the CPU. The
line

val ue_type sin_sum = thrust::reduce(
thrust::make_transformiterator( x.begin() , sin_functor() ) ,
thrust::make_transformiterator( x.end() , sin_functor() ) );

performs the cal culation of this sine-sum on the GPU (or on the CPU, depending on your thrust configuration).

The system function is defined via
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cl ass phase_oscill ator_ensenbl e

{
public:

struct sys_functor

{

value_type mK , mTheta , mepsilon

sys_functor( value_type K, value_type Theta , val ue_type epsilon )
mK( K) , mTheta( Theta ) , mepsilon( epsilon ) { }

tenpl ate< class Tuple >
__host __ __device__
voi d operator()( Tuple t )

{
thrust::get<2>(t) = thrust::get<l>(t) + mepsiO
lon * mK * sin( mTheta - thrust::get<0>(t) );
}
b

/1

voi d operator() ( const state_type & , state_type &Jxdt , const value_type dt ) const

{

std::pair< value_type , value_type > nean_field = nean_field_calculator::get_nean( x )

thrust::for_each(
thrust::make_zip_iterator( thrust::make_tuple( x.begin() , monega. bed
gin() , dxdt.begin() ) )
thrust::make_zip_iteratOd
or( thrust::make_tuple( x.end() , monega.end() , dxdt.end()) )
sys_functor( nmean_field.first , mean_field. second , mepsilon )

),

/1

Thisclassis used withinthe do_st ep and i nt egr at e method. It defines a member structure sys_f unct or for ther.h.s. of each
individual oscillator and the oper at or () for the use in the steppers and integrators of odeint. The functor computes first the mean
field of @ and secondly calculates the whole r.h.s. of the ODE using this mean field. Note, how nicely t hrust : : t upl e and
thrust::zip_iterator play together.

Now, we are ready to put everything together. All we have to do for making odeint ready for using the GPU is to parametrize the
stepper with the appropriate thrust algebra/operations:

typedef runge_kuttad< state_type , value_type , state_type , value_type , thrust_al O
gebra , thrust_operations > stepper_type

You can also use a controlled or dense output stepper, e.g.

typedef runge_kutta_dopri5< state_type , value_type , state_type , value_type , thrust_al O
gebra , thrust_operations > stepper_type

Then, it is straightforward to integrate the phase ensembl e by creating an instance of the rhs class and using an integration function:

phase_oscill ator_ensenbl e ensenble( N, 1.0 )
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size_t stepsl = integrate_const( nake_controlled( 1.0e-6 , 1.0e-6 , stepOd
per _type() ) , boost::ref( ensenble ) , x , 0.0, t_transients , dt );

Wehavetouseboost : : ref hereinorder to passtherhs classasreference and not by value. Thisensuresthat the natural frequencies
of each oscillator are not copied when calling i nt egr at e_const . In the full example the performance and results of the Runge-
Kutta-4 and the Dopri5 solver are compared.

The full example can be found at phase_oscillator_example.cu.

Large oscillator chains

The next example is alarge, one-dimensional chain of nearest-neighbor coupled phase oscillators with the following equations of
motion:

d@/dt=ax+ sin( @eq- &)+ SIN( G- Ger)

In principle we can use all the techniques from the previous phase oscillator ensemble example, but we have to take special care
about the coupling of the oscillators. To efficiently implement the coupling you can use a very elegant way employing Thrust's per-
mutation iterator. A permutation iterator behaves like anormal iterator on avector but it does not iterate along the usual order of the
elements. It rather iterates along some permutation of the elements defined by some index map. To realize the nearest neighbor
coupling we create one permutation iterator which travels one step behind a usual iterator and another permutation iterator which
travels one step in front. The full system classis:
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// change this to host_vector< ... > if you want to run on CPU
typedef thrust::device_vector< value_type > state_type
typedef thrust::device_vector< size_t > index_vector_type
//typedef thrust::host_vector< value_type > state_type
/ltypedef thrust::host_vector< size_ t > index_vector_type

cl ass phase_oscillators

{
public:
struct sys_functor
{
tenpl ate< class Tuple >
__host __ __device__
void operator()( Tuple t ) // this functor works on tuples of val ues
{
/1 first, unpack the tuple into value, neighbors and onega
const value_type phi = thrust::get<0>(t)
const value_type phi_left = thrust::get<l>(t); // left neighbor
const val ue_type phi_right = thrust::get<2>(t); // right neighbor
const val ue_type onega = thrust::get<3>(t)
/1 the dynanical equation
thrust::get<4>(t) = onmega + sin( phi_right - phi ) + sin( phi - phi_left )
}
s
phase_oscillators( const state_type &onega )
m onega( onega ) , m N onega.size() ) , mprev( onmega.size() ) , mnext( onega.size() )
{
/1 build indices pointing to left and right nei ghbours
thrust::counting_iterator<size_t> c( 0 );
thrust::copy( ¢, ¢ctmN1 , mprev.begin()+1)
mprev(0] =0; // mprev={0, 0, 1, 2,3, ..., N1}
thrust::copy( c+1 , c+tm N, mnext.begin() );
mnext[mN1] = mN21;, // mnext ={ 1, 2, 3, ..., N1, N1}
}
voi d operator() ( const state_type & , state_type &dxdt , const val ue_type dt )
{
thrust::for_each(
thrust::make_zip_iterator(
t hrust:: make_t upl e(
X. begi n()
thrust::make_pernutation_iterator( x.begin() , mprev.begin() )
thrust::make_pernutation_iterator( x.begin() , mnext.begin() )
m_onega. begi n()
dxdt . begi n()
) ).
thrust::make_zip_iterator(
t hrust:: make_t upl e(
x. end()
thrust::nake_pernutation_iterator( x.begin() , mprev.end() )
thrust::nake_pernutation_iterator( x.begin() , mnext.end() )
m_onega. end()
dxdt.end()) )
sys_functor()
)
}
private:
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const state_type &m onega;
const size_t mN

i ndex_vector_type mprev;
i ndex_vector_type mnext;

Note, how easy you can obtain the value for the left and right neighboring oscillator in the system functor using the permutation
iterators. But, the call of thet hrust : : f or _each function looks relatively complicated. Every term of the r.h.s. of the ODE isre-
sembled by one iterator packed in exactly the same way asit is unpacked in the functor above.

Now we put everything together. We create random initial conditions and decreasing frequencies such that we should get synchron-
ization. We copy the frequencies and theinitial conditions onto the device and finally initialize and perform the integration. As result
we simply write out the current state, hence the phase of each oscillator.

/1l create initial conditions and onmegas on host:
vector< val ue_type > x_host( N);
vector< val ue_type > onega_host( N );

for( size_t i=0; i<N; ++i )
{
x_host[i] = 2.0 * pi * drand48();
onega_host[i] = ( N- i ) * epsilon; // decreasing frequencies

}

/1l copy to device
state_type x = x_host;
state_type omega = onega_host;

/'l create stepper
runge_kuttad< state_type , value_type , state_type , value_type , thrust_al gebra , thrust_operal
tions > stepper;

/'l create phase oscillator systemfunction
phase_oscillators sys( onmega );

/1l integrate
integrate_const( stepper , sys, x, 0.0, 10.0 , dt );

thrust::copy( x.begin() , x.end() , std::ostreamiterator< value_type >( std::cout , "\n" ) );
std::cout << std::endl;

The full example can be found at phase_oscillator_chain.cu.

Parameter studies

Another important use case for Thrust and CUDA are parameter studies of relatively small systems. Consider for example the three-
dimensional Lorenz system from the chaotic systems example in the previous section which has three parameters. If you want to
study the behavior of this system for different parameters you usually have to integrate the system for many parameter values. Using
thrust and odeint you can do thisintegration in parallel, hence you integrate a whole ensemble of Lorenz systems where each indi-
vidual realization has a different parameter value.

In the following we will show how you can use Thrust to integrate the above mentioned ensemble of Lorenz systems. We will vary
only the parameter 3 but it is straightforward to vary other parameters or even two or all three parameters. Furthermore, we will use
the largest Lyapunov exponent to quantify the behavior of the system (chaoticity).

We start by defining the range of the parameterswe want to study. The state_typeisagainat hr ust : : devi ce_vect or < val ue_t ype
>,
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vector< val ue_type > beta_host( N );
const value_type beta_nmn = 0.0, beta_max = 56.0;
for( size_t i=0; i<N; ++i )
beta_host[i] = beta_mn + value_type( i ) * ( beta_max - beta_mn ) / value_type( N- 1 );

state_type beta = beta_host;

The next thing we have to implement is the Lorenz system without perturbations. Later, a system with perturbations is also imple-
mented in order to calculate the Lyapunov exponent. We will use an ansatz where each device function calculates one particular
realization of the Lorenz ensemble

struct |orenz_system

{
struct | orenz_functor
{
template< class T >
__host__ __device__
void operator()( Tt ) const
{
/' unpack the paraneter we want to vary and the Lorenz vari abl es
value_type R =thrust::get< 3 >( t );
value_type x = thrust::get< 0 >( t );
value_type y = thrust::get< 1 >( t );
value_type z = thrust::get< 2 >( t );
thrust::get< 4 >( t ) =sigm * (y - X );
thrust::get< 5 >t ) =R* x -y - x * z
thrust::get< 6 >(t ) =-b* z +x * vy ;
}
H
| orenz_system size_t N, const state_type &beta )
MmN N) , mbeta( beta ) { }
tenpl ate< class State , class Deriv >
void operator()( <const State & , Deriv &Ixdt , value_type t ) const
{
thrust::for_each(
thrust::make_zip_iterator( thrust::mke_tuple(
boost::begin( x ) ,
boost::begin( x ) + mN ,
boost::begin( x ) + 2 * mN,
m bet a. begi n() ,
boost: : begi n( dxdt ) ,
boost:: begin( dxdt ) + mN,
boost::begin( dxdt ) + 2 * mN ) ) ,
thrust::make_zip_iterator( thrust::mke_tuple(
boost::begin( x ) + mN ,
boost::begin( x ) + 2 * mN,
boost::begin( x ) + 3 * mN,
m bet a. begi n() ,
boost:: begin( dxdt ) + mN,
boost::begin( dxdt ) + 2 * mN,
boost::begin( dxdt ) + 3 * mN ) ) ,
lorenz_functor() );
}
size_t mN
const state_type &m beta;
H
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Asstate_typeathrust::device vector or aBoost.Rangeof adevi ce_vect or isused. The length of the state is 3N where
N isthe number of systems. The system is encoded into this vector such that all x components come first, then every y components
and finally every z components. Implementing the device function is then a ssimple task, you only have to decompose the tuple ori-
ginating from the zip iterators.

Besides the system without perturbations we furthermore need to cal culate the system including linearized equations governing the
time evolution of small perturbations. Using the method from abovethisis straightforward, with asmall difficulty that Thrust'stuples
have amaximal arity of 10. But thisis only a small problem since we can create a zip iterator packed with zip iterators. So the top
level zip iterator contains one zip iterator for the state, one normal iterator for the parameter, and one zip iterator for the derivative.
Accessing the elements of this tuple in the system function is then straightforward, you unpack the tuple with t hr ust : : get <>().
We will not show the code here, it isto large. It can be found here and is easy to understand.

Furthermore, we need an observer which determines the norm of the perturbations, normalizes them and averages the logarithm of
the norm. The device functor which is used within this observer is defined

struct |yap_functor

{
template< class T >
__host__ __device__
void operator()( Tt ) const
{
val ue_type &x = thrust::get< 0 >( t );
val ue_type &y = thrust::get< 1 >( t );
val ue_type &z = thrust::get< 2 >( t );
val ue_type norm= sqrt( dx * dx + dy * dy + dz * dz );
dx /= norm
dy /= norm
dz /= norm
thrust::get< 3 >( t ) += log( norm);
}
}s

Note, that this functor manipulates the state, i.e. the perturbations.

Now we complete the whole code to calculate the Lyapunov exponents. First, we have to define a state vector. This vector contains
6N entries, the state x,y,z and its perturbations dx,dy,dz. We initialize them such that x=y=z=10, dx=1, and dy=dz=0. We define a
stepper type, acontrolled Runge-Kutta Dormand-Prince 5 stepper. We start with someintegration to overcomethe transient behavior.
For this, we do not involve the perturbation and run the algorithm only on the state x,y,z without any observer. Note, how Boost.Range
isused for partia integration of the state vector without perturbations (the first half of the whole state). After the transient, the full
system with perturbations is integrated and the Lyapunov exponents are calculated and written to st dout .
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state_type x( 6 * N)

/'l initialize x,y,z
thrust::fill( x.begin() , x.begin() + 3 * N, 10.0)

/1 initial dx
thrust::fill( x.begin() + 3 * N, x.begin() +4 * N, 1.0)

/'l initialize dy,dz
thrust::fill( x.begin() + 4 * N, x.end() , 0.0)

/'l create error stepper, can be used wi th make_control |l ed or nake_dense_out put
typedef runge_kutta_dopri5< state_type , value_type , state_type , value_type , thrust_al O
gebra , thrust_operations > stepper_type

| orenz_systemlorenz( N, beta );
| orenz_perturbation_system|orenz_perturbation( N, beta )
| yap_observer obs( N, 1)

/'l calculate transients
i ntegrate_adaptive( make_controlled( 1.0e-6 , 1.0e-6 , stepO
per _type() ) , lorenz , std::make_pair( x.begin() , x.begin() +3* N) , 0.0, 10.0 , dt )

/'l cal cul ate the Lyapunov exponents -- the nain | oop
double t = 0.0
while( t < 10000.0 )

{
i ntegrate_adaptive( make_controlled( 1.0e-6 , 1.0e-6 , stepper_type() ) , lorenz_perturbal
tion, x, t , t+ 1.0, 0.1)
t += 1.0
obs( x , t );
}
vector< value_type > lyap( N)
obs.fill _lyap( lyap )
for( size_t i=0; i<N; ++i )

cout << beta_host[i] << "\t" << lyap[i] << "\n";

The full example can be found at lorenz_parameters.cu.

Using OpenCL viaVexCL

In the previous section the usage of odeint in combination with Thrust was shown. In this section we show how one can use OpenCL
with odeint. The point of odeint is not to implement its own low-level data structures and algorithms, but to use high level libraries
doing this task. Here, we will use the VexCL framework to use OpenCL. VexCL isanice library for general computations and it
uses heavily expression templates. With the help of VexCL it is possible to write very compact and expressive application.

S Note
vexcl needs C++11 features! So you have to compile with C++11 support enabled.

To use VexCL one needs to include one additional header which includes the data-types and algorithms from vexcl and the adaption
to odeint. Adaption to odeint means here only to adapt the resizing functionality of VexCL to odeint.

#i ncl ude <boost/nuneric/ odei nt/external/vexcl/vexcl _resize. hpp>
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To demonstrate the use of VexCL we integrate an ensemble of Lorenz system. The example is very similar to the parameter study
of the Lorenz system in the previous section except that we do not compute the Lyapunov exponents. Again, we vary the parameter
R of the Lorenz system an solve awhole ensemble of Lorenz systemsin parallel (each with adifferent parameter R). First, we define
the state type and a vector type

t ypedef vex::vector< double > vect or _type;
typedef vex::multivector< double, 3 > state_type;

Thevect or _t ype isused to represent the parameter R. The st at e_t ype isamulti-vector of three sub vectors and is used to rep-
resent. The first component of this multi-vector represent all x components of the Lorenz system, whilethe second all y components
and the third all z components. The components of this vector can be obtained via

auto & = X(0);
auto & = X(1);
auto & = X(2);

As already mentioned VexCL supports expression templates and we will use them to implement the system function for the Lorenz
ensemble:

const double sigma = 10.0;
const double b = 8.0/ 3.0;

struct sys_func

{
const vector_type &R
sys_func( const vector_type & R) : RO _R) { }
voi d operator()( const state_type & , state_type &xdt , double t ) const
dxdt(0) = -sigma * ( x(0) - x(1) );
dxdt (1) = R* x(0) - x(1) - x(0) * x(2);
dxdt(2) = - b * x(2) + x(0) * x(1);
}
|

It's very easy, isn't it? These three little lines do all the computations for you. There is no need to write your own OpenCL kernels.
VexCL does everything for you. Next we have to write the main application. We initialize the vector of parameters (R) and theinitial
state. Since VexCL supportsodeint we can already usethevect or _space_al gebr aincombinationwiththedef aul t _oper ati ons
for the stepper and we are done:

46

httpo://www.renderx.com/


https://github.com/ddemidov/vexcl
https://github.com/ddemidov/vexcl
https://github.com/ddemidov/vexcl
https://github.com/ddemidov/vexcl
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

/1 setup the opencl context
vex: : Context ctx( vex::Filter:: Type(CL_DEVICE TYPE GPU) );
std::cout << ctx << std::endl;

/'l set up nunber of system tinme step and integration tine

const size_t n = 1024 * 1024,

const double dt = 0.01;

const double t_max = 100.0;

/1 initialize R

double Rmn =0.1, Rmx =50.0, dR=( Rmax - Rmin ) / double( n- 1);
std::vector<double> x( n* 3 ) , r( n);

for( size_t i=0; i<n; ++i ) r[i] = Rmn + dR * double( i );
vector_type R( ctx.queue() , r );

/'l initialize the state of the | orenz ensenble
state_type X(ctx.queue(), n);

X(0) = 10.0;
X(1) = 10.0;
X(2) = 10.0;

/1 create a stepper

runge_kutta4<
state_type , double , state_type , double ,
odei nt::vector_space_al gebra , odeint::default_operations
> stepper;

/'l solve the system
i ntegrate_const( stepper , sys func( R) , X, 0.0, t_max , dt );

All examples

The following table gives an overview over all examples.
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Table 4. Examples Overview

File

bind_member_functions.cpp

bind_member_functions_cppll.cpp

bulirsch_stoer.cpp

chaotic_system.cpp

elliptic_functions.cpp

fpu.cpp

generation_functions.cpp

harmonic_oscillator.cpp

harmonic_oscillator_units.cpp

heun.cpp

list_lattice.cpp

lorenz_point.cpp

my_vector.cpp

phase oscillator_ensemble.cpp

resizing_lattice.cpp

simpleld.cpp

solar_system.cpp

stepper_details.cpp

stiff_system.cpp

Brief Description

This examples shows how member functions can be used as
system functions in odeint.

This examples shows how member functions can be used as
system functionsin odeint with st d: : bi nd in C++11.

Shows the usage of the Bulirsch-Stoer method.

The chaotic system examples integrates the Lorenz system and
calculates the Lyapunov exponents.

Example calculating the elliptic functions using Bulirsch-Stoer
and Runge-Kutta-Dopri5 Steppers with dense output.

The Fermi-Pasta-Ulam (FPU) example shows how odeint can
be used to integrate lattice systems.

Shows skeletal code on how to implement own factory functions.

The harmonic oscillator examples gives a brief introduction to
odeint and shows the usage of the classical Runge-Kutta-solvers.

This examples shows how Boost.Units can be used with odeint.

The Heun example shows how an custom Runge-K utta stepper
can be created with odeint generic Runge-Kutta method.

Example of aphaselatticeintegrationusingst d: : | i st asstate
type.

Alternative way of integrating lorenz by using a self defined
point3d data type as state type.

Simple example showing how to get odeint to work with a self-
defined vector type.

The phase oscillator ensemble example shows how globally
coupled oscillators can be analyzed and how statistical measures
can be computed during integration.

Showsthe strength of odeint's memory management by simulat-
ing a Hamiltonian system on an expanding lattice.

Integrating a simple, one-dimensional ODE showing the usage
of integrate- and generate-functions.

The solar system example shows the usage of the symplectic
solvers.

Trivial example showing the usability of the severa stepper
classes.

The stiff system example shows the usage of the stiff solvers
using the Jacobian of the system function.
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File

stochastic_euler.cpp

stuart_landau.cpp

two_dimensional_phase lattice.cpp

van_der_pol_stiff.cpp

gmpxx/lorenz_gmpxx.cpp

mtl/gauss_packet.cpp

mtl/implicit_euler_mtl.cpp

thrust/phase_oscillator_ensemble.cu

thrust/phase_oscillator_chain.cu

thrust/lorenz_parameters.cu

thrust/rel axation.cu

ublasg/lorenz_ublas.cpp

vexcl/lorenz_ensemble.cpp

2d_lattice/spreading.cpp

quadmath/black _hole.cpp

Brief Description

Implementation of a custom stepper - the stochastic euler - for
solving stochastic differential equations.

The Stuart-L andau exampl e shows how odeint can be used with
complex state types.

The 2D phase oscillator exampl e shows how atwo-dimensional
lattice works with odeint and how matrix types can be used as
state typesin odeint.

This stiff system example again shows the usage of the stiff
solvers by integrating the van der Pol oscillator.

This examplesintegrates the Lorenz system by means of an ar-
bitrary precision type.

The MTL-Gauss-packet example shows how the MTL can be
easily used with odeint.

This examples shows the usage of the MTL implicit Euler
method with a sparse matrix type.

The Thrust phase oscillator ensemble example shows how
globally coupled oscillators can be analyzed with Thrust and
CUDA, employing the power of modern graphic devices.

The Thrust phase oscillator chain example shows how chains
of nearest neighbor coupled oscillators can be integrated with
Thrust and odeint.

The Lorenz parameters examples show how ensembl es of ordin-
ary differential equations can be solved by means of Thrust to
study the dependence of an ODE on some parameters.

Another examples for the usage of Thrust.

This example shows how the ublas vector types can be used
with odeint.

This example shows how theVexCL - aframework for OpenCL
computation - can be used with odeint.

This examples shows how avector< vector< T > > can
be used a state type for odeint and how a resizing mechanism
of this state can be implemented.

This examples shows how gcc libquadmath can be used with
odeint. It provides a high precision floating point type whichis
adapted to odeint in this example.
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odeint in detall
Steppers

Solving ordinary differential equation numerically isusually doneiteratively, that isagiven state of an ordinary differential equation
isiterated forward x(t) -> x(t+dt) -> x(t+ 2dt). The steppersin odeint perform one single step. The most general stepper typeisdescribed
by the Stepper concept. The stepper concepts of odeint are described in detail in section Concepts, here we briefly present the
mathematical and numerical details of the steppers. The Stepper has two versions of the do_st ep method, one with an in-place
transform of the current state and one with an out-of-place transform:

do_step( sys , inout , t , dt )
do_step( sys, in, t , out , dt )

The first parameter is always the system function - a function describing the ODE. In the first version the second parameter is the
step which is here updated in-place and the third and the fourth parameters are the time and step size (the time step). After acall to
do_st ep thestatei nout isupdated and now represents an approximate solution of the ODE at time t+dt. In the second version the
second argument is the state of the ODE at time t, the third argument is t, the fourth argument is the approximate solution at time
t+dt which isfilled by do_st ep and the fifth argument is the time step. Note that these functions do not change thetimet .

System functions

Up to now, we have nothing said about the system function. This function depends on the stepper. For the explicit Runge-Kutta
steppers this function can be asimple callable object hence a simple (global) C-function or afunctor. The parameter syntax issys(
x , dxdt , t ) anditisassumed that it calculates dx/dt = f(x,t). The function structure in most cases looks like:

void sys( const state_type & /*x*/ , state_type & /*dxdt*/ , const double /*t*/ )
{

}

I

Other types of system functions might represent Hamiltonian systems or systemswhich a so compute the Jacobian needed inimplicit
steppers. For information which stepper uses which system function see the stepper table bel ow. It might be possible that odeint will
introduce new system types in near future. Since the system function is strongly related to the stepper type, such an introduction of
anew stepper might result in a new type of system function.

Explicit steppers

A first specialization are the explicit steppers. Explicit meansthat the new state of the ode can be computed explicitly from the current
state without solving implicit equations. Such steppers have in common that they evaluate the system at timet such that the result
of f(x,t) can be passed to the stepper. In odeint, the explicit stepper have two additional methods

do_step( sys , inout , dxdtin , t , dt )
do_step( sys , in, dxdtin, t , out , dt )

Here, the additional parameter is the value of the function f at state x and time t. An example is the Runge-K utta stepper of fourth
order:

runge_kuttad< state_type > rk;

rk.do_step( sysl , inout , t , dt ); /'l In-place transformation of inout
rk.do_step( sys2 , inout , t , dt ); /1 call with different system K
rk.do_step( sysl , in, t , out , dt ); /] Qut-of-place transformation
rk.do_step( sysl , inout , dxdtin , t , dt ); /'l 1n-place tranformation of inout
rk.do_step( sysl , in , dxdtin , t , out , dt ); /] Qut-of-place transformation

50

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Numeric.Odeint

In fact, you do not need to call these two methods. You can aways use the simpler do_step( sys , inout , t , dt ),but
sometimes the derivative of the state is needed externally to do some external computations or to perform some statistical analysis.

A special class of the explicit steppers are the FSAL (first-same-as-last) steppers, where the last evaluation of the system function
isalso the first evaluation of the following step. For such steppersthe do_st ep method are slightly different:

do_step( sys , inout , dxdtinout , t , dt )
do_step( sys , in, dxdtin , out , dxdtout , t , dt )

This method takes the derivative at timet and also stores the derivative at time t+dt. Calling these functions subsequently iterating
along the solution one saves one function call by passing the result for dxdt into the next function call. However, when using FSAL
steppers without supplying derivatives:

do_step( sys , inout , t , dt )

the stepper internally satisfiesthe FSAL property which meansit remembersthe last dxdt and usesit for the next step. An example
for aFSAL stepper isthe Runge-Kutta-Dopri5 stepper. The FSAL trick is sometimes also referred as the Fehlberg trick. An example
how the FSAL steppers can be used is

runge_kutta_dopri5< state_type > rk;
rk.do_step( sysl , in, t , out , dt );
rk.do_step( sys2 , in, t , out , dt ); // DONT do this, sysl is assuned

rk.do_step( sys2 , in2 , t , out , dt );
rk.do_step( sys2 , in3, t , out , dt ); /1 DONT do this, in2 is assuned

rk.do_step( sysl , inout , dxdtinout , t , dt );
rk.do_step( sys2 , inout , dxdtinout , t , dt ); /1 Ck, internal derivative is not O
used, dxdtinout is updated

rk.do_step( sysl , in , dxdtin , t , out , dxdtout , dt );
rk.do_step( sys2 , in, dxdtin, t , out , dxdtout , dt ); // Ok, internal derivative is not used

‘m Caution
The FSAL-steppers save the derivative at time t+dt internally if they are called viado_step( sys , in , out

, t , dt ).Thefirstcal of do_st ep will initialize dxdt and for al following callsit is assumed that the same
system and the same state are used. If you use the FSAL stepper within the integrate functions thisis taken care of
automatically. Seethe Using steppers section for more details or |ook into the table below to see which stepper have
aninternal state.

Symplectic solvers

Asmentioned above symplectic solversare used for Hamiltonian systems. Symplectic solvers conserve the phase space volume exactly
and if the Hamiltonian system is energy conservative they also conserve the energy approximately. A special class of symplectic
systems are separable systems which can be written in the form dqdt/dt = f1(p), dpdt/dt = f2(q), where (q,p) are the state of system.
The space of (q,p) issometimesreferred as the phase space and g and p are said the be the phase space variabl es. Symplectic systems
in this specia form occur widely in nature. For example the complete classical mechanics as written down by Newton, Lagrange
and Hamilton can be formulated in this framework. The separability of the system depends on the specific choice of coordinates.

Symplectic systems can be solved by odeint by means of the symplectic_euler stepper and a symplectic Runge-Kutta-Nystrom
method of fourth order. These steppers assume that the system is autonomous, hence the time will not explicitly occur. Further they
fulfill in principle the default Stepper concept, but they expect the system to be a pair of callable objects. The first entry of this pair
calculates f1(p) while the second calculates f2(q). The syntax issys. fi rst (p, dqdt) andsys. second( g, dpdt ) , wherethefirst
and second part can be again simple C-functions of functors. An exampleis the harmonic oscillator:
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typedef boost::array< double , 1 > vector_type

struct harmosc_f1

{
voi d operator()( const vector_type & , vector_type &dqdt )
{
dqdt[0] = p[0O];
}
b
struct harm.osc_f2
{
voi d operator()( const vector_type & , vector_type &dpdt )
{
dpdt[0] = -q[0]
}
b

The state of such an ODE consist now also of two parts, the part for g (also called the coordinates) and the part for p (the momenta).
The full example for the harmonic oscillator is now:

pair< vector_type , vector_type > X;

x.first[0] = 1.0; x.second[0] = 0.0;

synpl ectic_rkn_sb3a_ntl achl an< vector_type > rkn

rkn.do_step( make_pair( harmosc_f1() , harmosc_f2() ) , x , t , dt )

If you like to represent the system with one class you can easily bind two public method:

struct harm.osc

void f1( const vector_type & , vector_type &dqdt ) const

dqdt[ 0] = p[O];
}

void f2( const vector_type & , vector_type &pdt ) const

dpdt[0] = -q[0];
}
b
harm osc h
rkn. do_step( nmake pair( boost::bind( &armosc::f1, h, 1, 2) , boost::bind( &armosc::f2, h, 1, 2) ),
X, t , dt );

Many Hamiltonian system can be written as dg/dt=p, dp/dt=f(q) which is computationally much easier than the full separable system.
Very often, it is also possible to transform the original equations of motion to bring the system in this simplified form. This kind of
system can be used in the symplectic solvers, by ssimply passing f(p) to the do_st ep method, again f(p) will be represented by a
simple C-function or afunctor. Here, the above example of the harmonic oscillator can be written as

pai r< vector_type , vector_type > x

x.first[0] = 1.0; x.second[0] = 0.0;

synpl ecti c_rkn_sb3a_ntl achl an< vector_type > rkn
rkn.do_step( harmosc_f1() , x , t , dt )

In this example the function har m osc_f 1 is exactly the same function as in the above examples.
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Note, that the state of the ODE must not be constructed explicitly viapai r < vector _type , vector_type > x.Onecanaso
use a combination of make_pai r and r ef . Furthermore, a convenience version of do_st ep exists which takes q and p without
combining them into a pair:

rkn. do_step( harmosc_f1() , make_pair( boost::ref( q ) , boost::ref( p) ) , t , dt );
rkn.do_step( harmosc_f1() , q, p, t , dt );
rkn. do_step( make_pair( harmosc_f1() , harmosc_f2() ) , q, p, t , dt );

Implicit solvers

‘@ Caution
This section is not up-to-date.

For some kind of systems the stability properties of the classical Runge-Kutta are not sufficient, especialy if the system is said to
be stiff. A stiff system possesses two or more time scales of very different order. Solvers for tiff systems are usually implicit,
meaning that they solve equations like x(t+dt) = x(t) + dt * f(x(t+1)). This particular scheme is the implicit Euler method. Implicit
methods usually solve the system of equations by aroot finding algorithm like the Newton method and therefore need to know the
Jacobian of the system Jj; = df; / dx;.

For implicit solvers the system is again a pair, where the first component computes f(x,t) and the second the Jacobian. The syntax is
sys.first( x , dxdt , t ) andsys.second( x , J , t ).Fortheimplicit solverthestate_type isubl as: : vect or
and the Jacobian is represented by ubl as: : matri x.

2 Im portant
Implicit solvers only work with ublas::vector as state type. At the moment, no other state types are supported.

Multistep methods

Another large class of solvers are multi-step method. They save asmall part of the history of the solution and compute the next step
with the help of this history. Since multi-step methods know a part of their history they do not need to compute the system function
very often, usualy it is only computed once. This makes multi-step methods preferableif acall of the system function is expensive.
Examples are ODEs defined on networks, where the computation of theinteraction isusually where expensive (and might be of order
O(N"2)).

Multi-step methods differ from the normal steppers. They save a part of their history and this part has to be explicitly calculated and
initialized. In the following example an Adams-Bashforth-stepper with a history of 5 stepsis instantiated and initialized;

adanms_bashforth_noulton< 5 , state_type > abm
abminitialize( sys , inout , t , dt );
abm do_step( sys , inout , t , dt );

Theinitialization uses a fourth-order Runge-Kutta stepper and after the call of i ni ti al i ze the state of i nout has changed to the
current state, such that it can be immediately used by passing it to following calls of do_st ep. You can aso use you own steppers
to initialize the internal state of the Adams-Bashforth-Stepper:

abminitialize( runge_kutta_fehl berg78< state type >() , sys , inout , t , dt );

Many multi-step methods are also explicit steppers, hence the parameter of do_st ep method do not differ from the explicit steppers.
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m Caution
The multi-step methods have someinternal variableswhich depend on the explicit solution. Hence after any external

changes of your state (e.g. size) or system the initialize function has to be called again to adjust the internal state of
the stepper. If you use the integrate functions this will be taken into account. See the Using steppers section for
more details.

Controlled steppers

Many of the above introduced steppers possess the possibility to use adaptive step-size control. Adaptive step size integration works
in principle as follows:

1. The error of one step is calculated. Thisis usually done by performing two steps with different orders. The difference between
these two stepsis then used as a measure for the error. Stepper which can calculate the error are Error Stepper and they form an
own class with an separate concept.

2. Thiseror is compared against some predefined error tolerances. Are the tolerance violated the step is reject and the step-sizeis
decreases. Otherwise the step is accepted and possibly the step-size is increased.

The class of controlled steppers has their own concept in odeint - the Controlled Stepper concept. They are usually constructed from
the underlying error steppers. An example is the controller for the explicit Runge-Kutta steppers. The Runge-Kutta steppers enter
the controller as a template argument. Additionally one can pass the Runge-Kutta stepper to the constructor, but this step is not ne-
cessary; the stepper is default-constructed if possible.

Different step size controlling mechanism exist. They all have in common that they somehow compare predefined error tolerance
against the error and that they might reject or accept astep. If astep isrejected the step sizeis usually decreased and the step is made
again with the reduced step size. This procedureisrepeated until the step is accepted. Thisalgorithm isimplemented in theintegration
functions.

A classical way to decide whether a step is rejected or accepted isto calculate
val = |[ | erri |/ (aps* &a ™ (x| X | + g | | dxdt | ]|
€5 ad £ are the absolute and the relative error tolerances, and || x || is a norm, typically ||x||=(Z x2)Y2 or the maximum norm.

The step isrejected if val is greater then 1, otherwise it is accepted. For details of the used norms and error tolerance see the table
bel ow.

For thecont rol | ed_r unge_kut t a stepper the new step size isthen calculated via
val > 1: dtygy = Ateyerent Max( 0.9 pow(val ,-1/(0Og-1)),0.2)

val < 0.5 dt,ay = Ateyrrent MN( 0.9 pow(val ,-1/0g),5)

else: dinay = dteyrrent

Here, Ogand O are the order of the stepper and the error stepper. These formulas aso contain some safety factors, avoiding that
the step size is reduced or increased to much. For details of the implementations of the controlled steppers in odeint see the table
below.
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Table 5. Adaptive step size algorithms

Stepper Tolerance formula Norm Step size adaption
controlled_runge_kutta val=|||eri|/(&pst Ea*  |IX] = max(x) val > 1: dtpgy = Ateyrrent MaX(
(ax| % | + agyq | | dxdt )] 0.9 pow(val ,-1/(0Og-1))
,0.2)

val < 05 : dtyey = Gtgyrrent
min( 0.9 pow( val , -1/ Og) ,
5)

else: dtnay = Oleyrrent

rosenbrock4_control ler val = || err/ (&ps+ &g max(  |IX|=(5 x2)Y? fac= max(1/6, mn(5, pow(
[ % || xoldi|)) [l val ,1/4)/09)

fac2=max(1/6,min(5, dt
old / dtcurrent pOW( Va|2 / Valold
,1/4)/0.9)

val > 1: dtygy = dteyrrent / fAC

val < 1: dthey = dteyrrent /
max( fac , fac2)

bulirsch_stoer tol=1/2 - Aty = Otog™2

To ease to generation of the controlled stepper, generation functions exist which take the absolute and relative error tolerances and
apredefined error stepper and construct from this knowledge an appropriate controlled stepper. The generation functions are explained
in detail in Generation functions.

Dense output steppers

A fourth class of stepper exists which are the so called dense output steppers. Dense-output steppers might take larger stepsand in-
terpol ate the sol ution between two consecutive points. Thisinterpolated points have usually the same order asthe order of the stepper.
Dense-output steppers are often composite stepper which take the underlying method as a template parameter. An example is the
dense_out put _runge_kut t a stepper which takes a Runge-K utta stepper with dense-output facilities asargument. Not all Runge-
Kutta steppers provide dense-output calcul ation; at the moment only the Dormand-Prince 5 stepper provides dense output. An example
is

dense_out put _runge_kutta< controll ed_runge_kutta< runge_kutta dopri5< state_type > > > dense;
dense.initialize( in, t , dt );
pai r< double , double > tinmes = dense.do_step( sys );

Dense output stepper have their own concept. The main difference to usua steppersisthat they manage the state and time internally.
If you call do_st ep, only the ODE is passed as argument. Furthermore do_st ep return the last time interval: t and t +dt , hence
you can interpol ate the sol ution between these two times points. Another differenceisthat they must beinitialized withi ni ti al i ze,
otherwise the internal state of the stepper is default constructed which might produce funny errors or bugs.

The construction of the dense output stepper looks alittle bit nasty, sincein the case of thedense_out put _r unge_kut t a stepper
acontrolled stepper and an error stepper haveto be nested. To simplify the generation of the dense output stepper generation functions
exist:
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t ypedef boost::nuneric::odeint::result_of::mke_dense_output<
runge_kutta_dopri 5< state_type > >::type dense_stepper_type;

dense_st epper _type dense2 = nake_dense_output( 1.0e-6 , 1.0e-

6 , runge_kutta_dopri5< state_type >() );

Thisstatement isalso lengthy; it demonstrateshow make_dense_out put canbeusedwithther esul t _of protocol. The parameters
to make_dense_out put are the absolute error tolerance, the relative error tolerance and the stepper. This explicitly assumes that
the underlying stepper is a controlled stepper and that this stepper has an absolute and a relative error tolerance. For details about
the generation functions see Generation functions. The generation functions have been designed for easy use with the integrate
functions:

i ntegrate_const( nake_dense_output( 1.0e-6 , 1.0e-
6 , runge_kutta_doprib5< state_type >() ) , sys , inout , t_start , t_end , dt );

Using steppers
This section contains some general information about the usage of the steppersin odeint.
Steppersare copied by value

The stepper in odeint are always copied by values. They are copied for the creation of the controlled steppers or the dense output
steppers aswell asin the integrate functions.

Steppers might have ainternal state

m Caution
Some of the features described in this section are not yet implemented

Some steppers require to store some information about the state of the ODE between two steps. Examples are the multi-step methods
which store a part of the solution during the evolution of the ODE, or the FSAL steppers which store the last derivative at time t+dt,
to be used in the next step. In both cases the steppers expect that consecutive calls of do_st ep are from the same solution and the
same ODE. In this case it is absolutely necessary that you call do_st ep with the same system function and the same state, see also
the examples for the FSAL steppers above.

Stepper with an internal state support two additional methods: r eset which resetsthe stateandi ni ti al i ze which initializes the
interna state. The parametersof i ni ti al i ze depend on the specific stepper. For example the Adams-Bashforth-Moulton stepper
providestwo initialize methods: i ni ti al i ze( system, inout , t , dt ) whichinitiaizestheinterna stateswith the help
of the Runge-Kutta4 stepper, andi nitial i ze( stepper , system, inout , t , dt ) whichinitializeswith the help of
st epper . For the case of the FSAL steppers,initializeisinitialize( sys , in, t ) whichsmplycaculatesther.h.s.
of the ODE and assignsits value to the internal derivative.

All these steppershavein common, that they initidly fill their interna state by themselves. Hence you are not required to cal initialize.
See how thisworksfor the Adams-Bashforth-Moulton stepper: in the example weinstantiate afourth order Adams-Bashforth-Moulton
stepper, meaning that it will store 4 internal derivatives of the solution at times(t-dt, t-2*dt, t-3*dt, t-4*dt).
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adans_bashforth_noulton< 4 , state_type > stepper;
stepper.do_step( sys , x , t , dt ); /1 make one step with the classical Runge-Kutta stepper 0O
and initialize the first internal state

/1 the internal array is now [x(t-dt)]

stepper.do_step( sys , x , t , dt ); /1 make one step with the classical Runge-Kutta stepper 0O
and initialize the second internal state
/1 the internal state array is now [x(t-dt), x(t-2*dt)]

stepper.do_step( sys , x , t , dt ); /1 make one step with the classical Runge-Kutta stepper O
and initialize the third internal state

/1 the internal state array is now [x(t-dt), x(t-
2*dt), x(t-3*dt)]

stepper.do_step( sys , x , t , dt ); /1 make one step with the classical Runge-Kutta stepper O
and initialize the fourth internal state

/1 the internal state array is now [x(t-dt), x(t-
2*dt), x(t-3*dt), x(t-4*dt)]

stepper.do_step( sys , x , t , dt ); /1 make one step with Adam Bashforth-Multon, the internd
al array of states is now rotated

In the stepper table at the bottom of this page one can see which stepper have an internal state and hence provide ther eset and
i nitialize methods.

Stepper might beresizable

Nearly all steppersin odeint need to store someintermediate results of thetypest at e_t ype or deri v_t ype. To do so odeint need
some memory management for the internal temporaries. As this memory management is typically related to adjusting the size of
vector-like types, it is called resizing in odeint. So, most steppersin odeint provide an additional template parameter which controls
the size adjustment of the internal variables - the resizer. In detail odeint provides three policy classes (resizers) al ways_r esi zer,
initially_resizer,andnever_resizer.Furthermore, all stepper have amethod adj ust _si ze which takes a parameter rep-
resenting a state type and which manually adjusts the size of the internal variables matching the size of the given instance. Before
performing the actual resizing odeint always checks if the sizes of the state and the internal variable differ and only resizesif they
are different.

E Note
You only have to worry about memory allocation when using dynamically sized vector types. If your statetypeis
heap alocated, like boost : : arr ay, no memory alocation is required whatsoever.

By default the resizing parameter isiniti al | y_resi zer, meaning that the first call to do_st ep performs the resizing, hence
memory allocation. If you have changed the size of your system and your state you have to call adj ust _si ze by hand in this case.
The second resizer isthe al ways_r esi zer which triesto resize the internal variables at every call of do_st ep. Typical use cases
for thiskind of resizer are self expanding lattices like shown in the tutorial ( Self expanding lattices) or partial differential equations
with an adaptive grid. Here, no calls of adj ust _si ze are required, the steppers manage everything themselves. The third class of
resizeristhenever _r esi zer which meansthat theinternal variables are never adjusted automatically and aways have to be adjusted
by hand .

There is a second mechanism which influences the resizing and which controls if astate typeis at least resizeable - a meta-function
i s_resi zeabl e. This meta-function returns a static Boolean value if any type is resizable. For example it will return t r ue for
std::vector< T >bhutfal seforboost::array< T >.By default and for unknown typesi s_r esi zeabl e returnsf al se, so
if you have your own type you need to specialize this meta-function. For more details on the resizing mechanism see the section
Adapt your own state types.

Which steppers should be used in which situation

odeint provides a quite large number of different steppers such that the user is left with the question of which stepper fits his needs.
Our persona recommendations are:
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runge_kutta_dopri 5 is maybe the best default stepper. It has step size control as well as dense-output functionality. Simple
create a dense-output stepper by make_dense_out put( 1.0e-6 , 1.0e-5 , runge_kutta dopri5< state_type >()

).
runge_kut t a4 isagood stepper for constant step sizes. It is widely used and very well known. If you need to create artificial
time series this stepper should be the first choice.

‘runge_kutta fehlberg78' is similar to the 'runge_kuttad' with the advantage that it has higher precision. It can aso be used with
step size control.

adans_bashf ort h_noul t on isvery well suited for ODEs where the r.h.s. is expensive (in terms of computation time). It will
calculate the system function only once during each step.
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Stepper overview
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Table 6. Stepper Algorithms

Algorithm

Explicit
Euler

M odified

Midpoint

Runge-
Kutta 4

Cash-Karp

Dormand-
Prince 5

Fehlberg 78

Class

eul er

modi -
fied_md-
poi nt

runge kutt a4

nuphitacaharst

rugekitadpis

rute kitafei-
berg78

Concept

Dense Out-
put Stepper

Stepper

Stepper

Error Step-
per

Error Step-
per

Error Step-
per

System Order
Concept

System 1

System configur-
able (2)

System 4

System 5

System 5

System 8

Error Ess DenseOut-

timation put
No Yes
No No
No No
Yes (4) No
Yes (4) Yes
Yes (7) No

Internal
state

No

No

No

No

Yes

No

Remarks

Very
simple,
only  for
demonstrat-
ing purpose

UsedinBu-
lirsch-Stoer
implementa-
tion

Theclassic-
a Runge
Kutta
scheme,
good gener-
a scheme
without er-
ror control

Good gener-
a scheme
with error
estimation,
to be used
in con-
trolled_er-
ror_stepper

Standard
method
with error
control and
dense out-
put, to be
usedincon-
trolled_er-
ror_stepper
and in
dense_out-
put_con-
trolled_ex-
plicit_fsal.

Good high
order meth-
od with er-
ror estima-
tion, to be
usedincon-
trolled_er-

ror_stepper.
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Algorithm

Adams
Bashforth

Adams
Moulton

Adams
Bashforth
Moulton

Controlled
Runge-
Kutta

Dense Out-
put Runge-
Kutta

Bulirsch-
Stoer

Class

adans_bash-

forth

adas nadton

adans_bash-
forth nadton

con -
trdl edruekita

dense_out -
put_ruge kita

b u -
lirsch sto-
er

Concept

Stepper

Stepper

Stepper

Controlled
Stepper

Dense Out-
put Stepper

Controlled
Stepper

System Order

Concept

System

System

System

System

System

System

configur-
able

configur-
able

configur-
able

depends

depends

variable

Error

Es DenseOut-

timation put

No

No

No

Yes

No

Yes

No

No

No

No

Yes

No

Internal
state

Yes

Yes

Yes

depends

Yes

No

Remarks

Multistep
method

Multistep
method

Combined
multistep
method

Error con-
trol for Er-
ror Stepper.
Requiresan
Error Step-
per from
above. Or-
der depends
on the giv-
en Error-
Stepper

Dense out-
put for
Stepper and
Error Step-
per  from
above if
t h ey
provide
dense out-
put function-
aity (like
eul er and
rugekitadpi9
Order de
pends on
the given
stepper.

Stepper
with  step
size and or-
der control.
Very good
if high preci-
sion is re-
quired.
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Algorithm

Bulirsch-
Stoer Dense
Output

Implicit
Euler

Rosenbrock
4

Controlled
Rosenbrock
4

Dense Out-
put Rosen-
brock 4

Class

b u -
lirsch sto-
er_dense out

impli -
cit_euler

rosen-
br ock4

rosen-
brock4 _con-
troller

rosen-
bakd dreeat-
put

Concept

Dense Out-
put Stepper

Stepper

Error Step-
per

Controlled
Stepper

Dense Out-
put Stepper

Error Es
timation

System Order
Concept
Yes

System variable

Implicit 1 No
System

Implicit 4 Yes

System

Implicit 4 Yes

System

Implicit 4 Yes

System

DenseOut-
put

Yes

No

Yes

Yes

Yes

Internal
state

No

No

No

No

No

Remarks

Stepper
with  step
size and or-
der control
as well as
dense out-
put. Very
goodif high
precision
and dense
outputisre-
quired.

Basicimpli-
cit routine.
Requires
the Jacobi-
an. Works
only with
BootUBLAS
vectors as
state types.

Good for
stiff  sys
tems.
Works only
w it h
BootuBLAS
vectors  as
state types.

Rosenbrock
4 with error
control.
Works only
w it h
BootUBLAS
Vectors as
state types.

Controlled
Rosenbrock
4 with
dense out-
put. Works
only with
BootUBLAS
vectors as
state types.
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Algorithm  Class Concept System Order Error Es DenseOut- Internal Remarks
Concept timation put state
Symplectic synpl ect-  Stepper Symplectic 1 No No No Basic sym-
Euler ic_euler System plectic solv-
Simple er for separ-
Symplectic ab |l e
System Hamiltoni-
an system
Symplectic synpl ect-  Stepper Symplectic 4 No No No Symplectic
R K N icrndtadah System solver for
McLachlan 1 an Simple separable
Symplectic Hamiltoni-
System an system
with 6
stages and
order 4.
Symplectic synpl ect-  Stepper Symplectic 4 No No No Symplectic
R K N iclod@idak System solver with
McLachlan | an Simple 5 stagesand
Symplectic order 4, can
System be used
with arbit-
rary preci-
sion types.

Custom steppers

Finally, one can also write new steppers which are fully compatible with odeint. They only have to fulfill one or severa of the
stepper Concepts of odeint.

We will illustrate how to write your own stepper with the example of the stochastic Euler method. This method is suited to solve
stochastic differential equations (SDEs). A SDE has the form

dx/dt = f(x) + g(x) &(t)

where ¢ is Gaussian white noise with zero mean and a standard deviation oft). f(x) is said to be the deterministic part while g(x) &
is the noisy part. In case g(X) is independent of x the SDE is said to have additive noise. It is not possible to solve SDE with the
classical solversfor ODEs since the noisy part of the SDE hasto be scaled differently then the deterministic part with respect to the
time step. But there exist many solvers for SDES. A classical and easy method is the stochastic Euler solver. It works by iterating

X(t+At) = x(t) + Atf(x(t)) + AtY2 g(x) &(t)
where &(t) is an independent normal distributed random variable.

Now we will implement this method. We will call the stepper st ochast i ¢c_eul er . It models the Stepper concept. For simplicity,
we fix the state typeto bean array< doubl e , N > The class definition looks like
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tenpl ate< size_t N > class stochastic_eul er

{

public:
typedef boost::array< double , N > state_type;
t ypedef boost::array< double , N > deriv_type;
t ypedef doubl e val ue_type;
t ypedef double tine_type;
t ypedef unsigned short order_type;
t ypedef boost::nuneric::odeint::stepper_tag stepper_category;
static order_type order( void ) { return 1; }
I

b

The types are needed in order to fulfill the stepper concept. As internal state and deriv type we use simple arrays in the stochastic
Euler, they are needed for the temporaries. The stepper has the order one which isreturned from the or der () function.

The system functions needs to calculate the deterministic and the stochastic part of our stochastic differential equation. So it might
be suitable that the system functionisapair of functions. Thefirst element of the pair computes the deterministic part and the second
the stochastic one. Then, the second part also needs to cal cul ate the random numbers in order to simulate the stochastic process. We
can now implement the do_st ep method

tenpl ate< size_t N > class stochastic_eul er

{
public:
/1
tenpl at e< cl ass System >
void do_step( Systemsystem, state type & , time_type t , tinme_type dt ) const
{
deriv_type det , stoch ;
systemfirst( x , det );
system second( x , stoch );
for( size_t i=0; i<x.size() ; ++i )
x[i] +=dt * det[i] + sqrt( dt ) * stoch[i];
}
s

Thisisall. It isquite smple and the stochastic Euler stepper implement hereisquite general . Of courseit can be enhanced, for example
» use of operations and algebras as well as the resizing mechanism for maximal flexibility and portability

» useof boost : : ref for the system functions

» useof boost : : range for the state typein the do_st ep method

Now, lets look how we use the new stepper. A nice example is the Ornstein-Uhlenbeck process. It consists of a simple Brownian
motion overlapped with an relaxation process. Its SDE reads

dxdt=-x+ ¢&

where & is Gaussian white noise with standard deviation a. Implementing the Ornstein-Uhlenbeck processis quite simple. We need
two functions or functors - one for the deterministic and one for the stochastic part:
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const static size.t N=1
typedef boost::array< double , N > state_type

struct ornstein_det

{
voi d operator()( const state_type & , state_type &Ixdt ) const
{
dxdt[ 0] = -x[0]
}

I

struct ornstein_stoch

{
boost:: nt 19937 mrng;
boost: : normal _di stribution<> mdi st
ornstein_stoch( double sigma ) : mrng() , mdist( 0.0, sigm ) { }
voi d operator()( const state_type & , state_type &dIxdt )
{
dxdt[0] = mdist( mrng );
}
b

In the stochastic part we have used the Mersenne twister for the random number generation and a Gaussian white noise generator
nor nmal _di stri buti on with standard deviation . Now, we can use the stochastic Euler stepper with the integrate functions:

double dt = 0. 1;

state_type x = {{ 1.0 }}

i ntegrate_const( stochastic_euler< N>() , make_pair( ornstein_det() , ornstein_stoch( 1.0 ) )
x , 0.0, 10.0 , dt , stream ng_observer() )

Note, how we have used the make_pai r function for the generation of the system function.

Custom Runge-Kutta steppers

odeint provides a C++ template meta-algorithm for constructing arbitrary Runge-Kutta schemes !, Some schemes are predefined in
odeint, for example the classical Runge-Kutta of fourth order, or the Runge-Kutta-Cash-Karp 54 and the Runge-K utta-Fehlberg 78
method. You can use this meta algorithm to construct you own solvers. This has the advantage that you can make full use of odeint's
algebra and operation system.

Consider for example the method of Heun, defined by the following Butcher tableau:

cl =0
c2 =1/3, a21 = 1/3
c3 =2/3, a31 = 0, a32 = 2/3

bl 1/ 4, b2 0 , b3 =23/4

Implementing this method is very easy. First you have to define the constants:

Im. Mulansky, K. Ahnert, Template-Metaprogramming applied to numerical problems, arxiv:1110.3233
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tenpl ate< cl ass Val ue = double >

struct heun_al

heun_al( void )

{

}
};

(*this)[0]

boost: :array< Value , 1 > {

static_cast< Value >( 1 ) / static_cast< Value >( 3 )

tenpl ate< cl ass Val ue = double >

struct heun_a2

{

heun_a2( void )

{

(*this)[0]
(*this)[1]

boost::array< Value , 2 >

static_cast< Value >( 0 );
static_cast< Value >( 2 ) / static_cast< Value >( 3 )

tenpl ate< cl ass Val ue = double >

struct heun_b

{

heun_b( void )

{

};

(*this)[0]
(*this)[1]
(*this)[2]

boost::array< Value , 3 >

static_cast<Value>( 1 ) / static_cast<Value>( 4 )
static_cast<Value>( 0 )
static_cast<Value>( 3 ) / static_cast<Value>( 4 )

tenpl ate< cl ass Val ue = double >

struct heun_c

{

heun_c( void )

{

(*this)[0]
(*this)[1]
(*this)[2]

boost::array< Value , 3 >

static_cast< Value >( 0 );
static_cast< Value >( 1 ) / static_cast< Value >( 3 )
>(2) [/

static_cast< Val ue

static_cast< Value >( 3 );

While this might look cumbersome, packing all parameters into atemplatized class which is not immediately evaluated has the ad-
vantage that you can changetheval ue_t ype of your stepper to any type you like - presumably arbitrary precision types. One could

also instantiate the coefficients directly

const
const
const
const

boost : :
boost : :
boost : :
boost : :

array<
array<
array<
array<

doubl e
doubl e
doubl e
doubl e

WWN -

V V. V V

But then you are nailed down to use doubles.

heun_al = {{ 1.0/ 3.0 }};

heun_a2 = {{ 0.0, 2.0/ 3.0 }};

heun_b = {{ 1.0/ 4.0, 0.0, 3.0/ 4.0 }}
heun_c = {{ 0.0, 1.0/ 3.0, 2.0/ 3.0 }};

Next, you need to define your stepper, note that the Heun method has 3 stages and produces approximations of order 3:
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tenpl at e<
class State ,
cl ass Value = double ,
class Deriv = State |,
class Time = Val ue ,
cl ass Al gebra = boost::nuneric::odeint::range_al gebra ,
cl ass Operations = boost::numeric::odeint::default_operations ,
cl ass Resizer = boost::nuneric::odeint::initially_resizer
>
class heun : public
boost::nuneric::odeint::explicit_generic_rk< 3 , 3, State , Value , Deriv , Tinme ,
Al gebra , Operations , Resizer >

{
public:

typedef boost::nuneric::odeint::explicit_generic_rk< 3, 3, State , Value , Deriv , Time ,
Al gebra , Qperations , Resizer > stepd
per_base_type;

typedef typenane stepper_base_type::state_type state_type;

typedef typenane stepper_base_type::wapped_state_type w apped_state_type;
typedef typenane stepper_base_type::val ue_type val ue_type;

typedef typenane stepper_base_type::deriv_type deriv_type;

typedef typenane stepper_base_type::wapped_deriv_type w apped_deriv_type;
typedef typenane stepper_base_type::tinme_type tine_type;

typedef typenane stepper_base_type::al gebra_type al gebra_type;

t ypedef typenane stepper_base_type::operations_type operations_type;
typedef typenane stepper_base_type::resizer_type resizer_type;

typedef typenane stepper_base_type::stepper_type stepper_type;

heun( const al gebra_type &al gebra = al gebra_type() )
st epper _base_t ype(
fusion: : make_vector(
heun_al<Val ue>()
heun_a2<Val ue>() )
heun_b<Val ue>() , heun_c<Value>() , algebra)

{1}

That'sit. Now, we have a new stepper method and we can use it, for example with the Lorenz system:

t ypedef boost::array< double , 3 > state_type;
heun< state_type > h;
state_type x = {{ 10.0 , 10.0 , 10.0 }};

integrate _const( h , lorenz() , x, 0.0, 100.0 , 0.01 ,
stream ng_observer( std::cout ) );

Generation functions

In the Tutorial we have learned how we can use the generation functions make_cont r ol | ed and neke_dense_out put to create
controlled and dense output stepper from a simple stepper or an error stepper. The syntax of these two functionsis very simple:

auto stepperl
aut o stepper?2

make_controlled( 1.0e-6 , 1.0e-6 , stepper_type() );
make_dense_output( 1.0e-6 , 1.0e-6 , stepper_type() );

Thefirst two parameters are the absolute and the relative error tolerances and the third parameter is the stepper. In C++03 you can
infer the type fromther esul t _of mechanism:
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boost::nuneric::odeint::result_of::nmake_controll ed< stepper_type >::type stepper3 = nmake_conO
trolled( 1.0e-6 , 1.0e-6 , stepper_type() );

boost::nuneric::odeint::result_of::nmake_dense_out put< stepper_type >::type stepld

per4 = nake_dense_output( 1.0e-6 , 1.0e-6 , stepper_type() );

To useyour own stepperswiththemake_cont r ol | ed or make_dense_out put you need to speciaizetwo classtemplates. Suppose
your steppers are called cust om st epper, cust om control | er and cust om dense_out put . Then, thefirst class you need to
specializeisboost : : nuneri c: : get _control | er, ametafunction returning the type of the controller:

namespace boost { nanmespace nuneric { namespace odeint {

tenpl at e<>
struct get_controller< custom stepper >

{

t ypedef custom controller type;
H
P}

The second oneisafactory classboost : : nuneri c: : odei nt:: control | er _fact ory which constructs the controller from the
tolerances and the stepper. In our dummy implementation this classis

nanespace boost { nanespace nuneric { namespace odeint {

tenpl at e<>
struct controller_factory< custom stepper , customcontroller >

{
customcontroll er operator()( double abs_tol , double rel _tol , const custom stepper & ) const
{
return customcontroller();
}
b
}ro}

Thisisall to usethe make_cont r ol | ed mechanism. Now you can use your controller via
auto stepper5 = nake_controlled( 1.0e-6 , 1.0e-6 , customstepper() );

For thedense output_stepper everything workssimilar. Hereyou haveto specializeboost : : nuneri c: : odei nt: : get _dense_out -
put and boost:: numeric:: odeint::dense_out put_factory. These two classes have the same syntax as their relatives
get _controller andcontrol l er_factory.

All controllers and dense-output steppers in odeint can be used with these mechanisms. In the table below you will find, which
steppersis constructed from make_cont r ol | ed or make_dense_out put if applied on a stepper from odeint:
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Table 7. Generation functions make _controlled( abs error ,rel_error , stepper )

Stepper Result of make controlled Remarks

runge_kutta cash_kar p54 controlled_runge_kutta< aF1 ayy4=1
runge_kutta_cash_karp54 , de-
fault_error_checker<...> >

runge_kutta_f ehl berg78 controlled_runge_kutta< aF1 agy4=1
runge_kutta_fehl berg78 , de-
fault_error_checker<...> >

runge_kutta_dopri5s controlled_runge_kutta< a,=1 agx=1
runge_kutta_dopri5 , default_er-
ror_checker<...> >

r osenbr ock4 rosenbrock4_control | ed< rosen- -
brock4 >

Table 8. Generation functions make_dense output( abs error ,rel_error , stepper )

Stepper Result of make_dense output Remarks

runge_kutta_dopri5 dense_out put _runge_kutta< con- a,=1, agx=1
trolled_runge_kuttac<
runge_kutta_dopri5 , default_er-
ror_checker<...> > >

r osenbr ock4 rosenbrock4_dense_out put< -
rosenbrock4_control |l er< rosen-
brock4 > >

Integrate functions

Integrate functions perform the time evolution of a given ODE from some starting time t; to a given end time t; and starting at state
Xo by subsequent calls of a given stepper'sdo_st ep function. Additionally, the user can provide an __observer to analyze the state
during time evolution. There arefive different integrate functions which have different strategies on when to call the observer function
during integration. All of the integrate functions except i nt egr at e_n_st eps can be called with any stepper following one of the
stepper concepts: Stepper , Error Stepper , Controlled Stepper , Dense Output Stepper. Depending on the abilities of the stepper, the
integrate functions make use of step-size control or dense outpui.

Equidistant observer calls

If observer calls at equidistant time intervals dt are needed, thei nt egr at e_const or i nt egrat e_n_st eps function should be
used. We start with explaining i nt egr at e_const :

integrate_const( stepper , system, xO, tO0O, t1 , dt )
integrate_const( stepper , system, x0, tO, t1 , dt , observer )

These integrate the ODE given by syst emwith subsequent steps from st epper . Integration start at t 0 and x0 and ends at some t'
= g+ ndtwithnsuchthat t; - dt < t' <= t;. x0 is changed to the approximative solution x(t') at the end of integration. If provided,
theobser ver isinvoked at timesty, ty + dt, ty+ 2dt, ... ,t'. i nt egr at e_const returns the number of steps performed during the
integration. Notethat if you are using asimple Stepper or Error Stepper and want to make exactly n stepsyou should prefer thei n-

t egr at e_n_st eps function below.
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 If st epper isaStepper or Error Stepper then dt isalso the step size used for integration and the observer is called just after every
step.

 If st epper isaControlled Stepper then dt istheinitia step size. The actual step size will change dueto error control during time
evolution. However, if an observer is provided the step size will be adjusted such that the algorithm always calculates x(t) at t =
tp + ndt and calls the observer at that point. Note that the use of Controlled Stepper is reasonable here only if dt is considerably
larger than typical step sizes used by the stepper.

» If st epper isaDense Output Stepper then dt istheinitial step size. The actual step size will be adjusted during integration due
to error control. If an observer is provided dense output is used to calculate x(t) at t = tp + ndt.

Integrate a given number of steps

This function is very similar to i nt egr at e_const above. The only difference is that it does not take the end time as parameter,
but rather the number of steps. The integration is then performed until thetimet 0+n*dt .

integrate_n_steps( stepper , system, x0, tO, dt , n)
integrate_n_steps( stepper , system, x0, tO, dt , n , observer )

Integrates the ODE given by syst emwith subsequent steps from st epper starting at xg and t,. If provided, obser ver is called
after every step and at the beginning with t 0, similar as above. The approximate result for x(ty+ ndt) isstored in x0. Thisfunction
returnstheendtimet 0 + n*dt.

Observer calls at each step

If the observer should be called at each time step then thei nt egr at e_adapt i ve function should be used. Note that in the case of
Controlled Stepper or Dense Output Stepper this leads to non-equidistant observer calls as the step size changes.

i ntegrate_adaptive( stepper , system, x0, tO, t1 , dt )
i ntegrate_adaptive( stepper , system, x0, tO, t1 , dt , observer )

Integrates the ODE given by syst emwith subsequent steps from st epper . Integration start at t 0 and x0 and ends at t;. x0 is
changed to the approximative solution x(t;) at the end of integration. If provided, theobser ver iscalled after each step (and before
thefirst step at t 0). i nt egr at e_adapt i ve returns the number of steps performed during the integration.

 If st epper isa Stepper or Error Stepper then dt is the step size used for integration and i nt egr at e_adapt i ve behaves like
i ntegrate_const except that for the last step the step size is reduced to ensure we end exactly at t 1. If provided, the observer
iscalled at each step.

» If st epper isaControlled Stepper then dt istheinitial step size. The actual step size is changed according to error control of
the stepper. For the last step, the step size will be reduced to ensure we end exactly at t 1. If provided, the observer is called after
each time step (and before the first step at t 0).

« If stepper is a Dense Output Stepper then dt istheinitial step sizeand i nt egr at e_adapt i ve behaves just like for Controlled
Stepper above. No dense output is used.

Observer calls at given time points

If the observer should be called at some user given time pointsthei nt egr at e_t i mes function should be used. The times for ob-
server calls are provided as a sequence of time values. The sequence is either defined viatwo iterators pointing to begin and end of
the sequence or in terms of a Boost.Range object.

integrate_tines( stepper , system, x0 , times_start , tinmes_end , dt , observer )
integrate_tinmes( stepper , system, x0 , time_range , dt , observer )

Integrates the ODE given by syst emwith subsequent steps from st epper . Integration startsat *t i mes_st art and ends exactly
at*(times_end- 1) .x0 containsthe approximate solution at the end point of integration. This function requires an observer which
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isinvoked at thesubsequenttimes*ti mes_start ++untilti mes_start == ti mes_end. If calledwithaBoost.Ranget i ne_r ange
the function behaves the same with ti mes_start = boost::begin( time_range ) andtines_end = boost:: end(
time_range ).integrate_times returnsthe number of steps performed during the integration.

» If st epper isaStepper or Error Stepper dt isthe step size used for integration. However, whenever atime point from the sequence
is approached the step size dt will be reduced to obtain the state x(t) exactly at the time point.

» If st epper isaControlled Stepper then dt istheinitial step size. The actual step sizeis adjusted during integration according to
error control. However, if atime point from the sequence is approached the step size is reduced to obtain the state x(t) exactly at
the time point.

 If st epper isaDense Output Stepper then dt istheinitia step size. The actual step sizeis adjusted during integration according
to error control. Dense output is used to obtain the states x(t) at the time points from the sequence.

Convenience integrate function

Additionally to the sophisticated integrate function above odeint also provides a simple i nt egr at e routine which uses a dense
output stepper based onr unge_kut t a_dopri 5 with standard error bounds 10°® for the steps.

integrate( system, x0 , tO, t1 , dt )
integrate( system, x0, t0O, t1 , dt , observer )

This function behaves exactly like i nt egr at e_adapt i ve above but no stepper has to be provided. It also returns the number of
steps performed during the integration.

State types, algebras and operations

In odeint the stepper algorithms are implemented independently of the underlying fundamental mathematical operations. This is
realized by giving the user full control over the state type and the mathematical operations for this state type. Technically, thisis
done by introducing three concepts: StateType, Algebra, Operations. Most of the steppersin odeint expect three classtypesfulfilling
these concepts astemplate parameters. Note that these concepts are not fully independent of each other but rather avalid combination
must be provided in order to make the stepperswork. In the following we will give some examples on reasonable state_type-algebra-
operations combinations. For the most common state types, like vect or <doubl e> or ar r ay<doubl e, N> the default values
range_algebra and default_operations are perfectly fine and odeint can be used as is without worrying about algebra/operations at
all.

2 I mportant
state type, agebraand operations are not independent, a valid combination must be provided to make odeint work
properly

Moreover, as odeint handles the memory required for intermediate temporary objects itself, it aso needs knowledge about how to
create state_type objects and maybe how to allocate memory (resizing). All in al, the following things have to be taken care of when
odeint is used with non-standard state types:

* construction/destruction
* resizing (if possible/required)
* agebraic operations

Again, odeint already provides basic interfaces for most of the usual statetypes. Soif you useast d: : vect or, or aboost : : arr ay
as state type no additional work is required, they just work out of the box.

71

httpo://www.renderx.com/


http://www.boost.org/doc/libs/release/libs/range/index.html
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Construction/Resizing

We distinguish between two basic state types: fixed sized and dynamically sized. For fixed size state types the default constructor
state_type() aready allocatesthe required memory, prominent exampleisboost : : array<T, N>. Dynamically sized types have
to be resized to make sure enough memory is allocated, the standard constructor does not take care of the resizing. Examplesfor this
arethe STL containerslikevect or <doubl e>.

The most easy way of getting your own state typeto work with odeint isto use afixed size state, base cal culations on therange_algebra
and provide the following functionality:

Name Expression Type Semantics
Construct State State x() voi d Creates an instance of St at e

and allocates memory.

Begin of the sequence boost::begin(x) Iterator Returns an iterator pointing to
the begin of the sequence

End of the sequence boost::end(x) Iterator Returns an iterator pointing to
the end of the sequence

O Warning
If your state type does not allocate memory by default construction, you must define it as resizeable and provide
resize functionality (see below). Otherwise segmentation faults will occur.

So fixed sized arrays supported by Boost.Range immediately work with odeint. For dynamically sized arrays one hasto additionally
supply theresizefunctionality. First, the state hasto betagged asresizeable by speciaizing thestructi s_r esi zeabl e which consists
of one typedef and one bool value:

Name Expression Type Semantics
Resizahility i s _resize- boost::true_type or Determinesresizeability of the
abl e<State>: :type boost::fal se_type State type, returns

boost::true_type if the
stateisresizeable.

Resizability i s _resi ze- bool Same as above, but with bool
abl e<St at e>: : val ue value.

Defining t ype to bet rue_t ype and val ue ast r ue tells odeint that your state is resizeable. By default, odeint now expects the
support of boost : : si ze(x) andax. resi ze( boost::size(y) ) member function for resizing:

Name Expression Type Semantics

Get size boost::size( x ) si ze_type Returns the current size of x.

Resize X.resize( boost::size( void Resizes x to have the same
y)) sizeasy.

Using the container interface

Asafirst example we take the most simple case and implement our own vector my_vect or whichwill provide acontainer interface.
This makes Boost. Range working out-of-box. We add alittle functionality to our vector which makesit allocate some default capacity
by construction. Thisis helpful when using resizing as then aresize can be assured to not require a new allocation.
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tenplate< int MAX_N >
cl ass ny_vector

{
typedef std::vector< double > vector;
public:
typedef vector::iterator iterator;
typedef vector::const_iterator const_iterator;
public:
ny_vector( const size_t N)
mv( N)
{
myv.reserve( MAX N );
}
my_vector ()
mv()
{
myv.reserve( MAX N );
}
/1 ... [ inplenent container interface ]

The only thing that has to be done other than defining is thus declaring my_vector as resizeable;

/1 define nmy_vector as resizeable
namespace boost { nanmespace nuneric { namespace odeint {

tenpl ate<si ze_t N>
struct is_resizeable< ny_vector<N> >

{

t ypedef boost::true_type type;

static const bool value = type::val ue;
H
P}

If wewouldn't specidizethei s_r esi zeabl e template, the code would still compile but odeint would not adjust the size of temporary
internal instances of my_vector and hence try to fill zero-sized vectors resulting in segmentation faults! The full example can be
found in my_vector.cpp

std::list

If your state type does work with Boost.Range, but handles resizing differently you are required to specialize two implementations
used by odeint to check a state's size and to resize:

Name Expression Type Semantics
Check size same_size_ i m- bool Returns true if the size of x
pl <X ate Sate>:sane_si ze(x equalsthe size of y.
v Y)
Resize resize_i m- voi d Resizes x to have the same
pl <State, State>::res- sizeasy.
ize(x , vy)
73
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Asan examplewe will useastd: : | i st asstatetypein odeint. Because st d: : | i st isnot supported by boost : : si ze we have
to replace the same_size and resize implementation to get list to work with odeint. The following code shows the required template
specializations:

typedef std::list< double > state_type
namespace boost { nanmespace nuneric { namespace odeint {

tenpl ate< >
struct is_resizeable< state_type >
{ Il declare resizeability
t ypedef boost::true_type type
const static bool value = type::val ue

}

tenpl ate< >
struct sane_size_inpl < state_type , state_type >
{ Il define how to check size
static bool sane_size( const state_type &l
const state_type &2 )
{

}

return vl.size() == v2.size();
H

tenpl ate< >
struct resize_inpl< state_type , state_type >
{ Il define how to resize
static void resize( state_type &l
const state_type &2 )

{
vl.resize( v2.size() )
}
b
Pro}

With these definitions odeint knows how to resize st d: : | i st sand so they can be used as state types. A complete example can be
found in list_lattice.cpp.

Algebras and Operations

To provide maximum flexibility odeint isimplemented in a highly modularized way. This meansit is possible to change the under-
lying mathematical operations without touching the integration algorithms. The fundamental mathematical operations are those of
avector space, that is addition of st at e_t ypes and multiplication of st at e_t ypeswith ascalar (ti me_t ype). In odeint thisis
realized intwo concepts: Algebraand Operations. The standard way how thisworksis by the range algebrawhich providesfunctions
that apply a specific operation to each of the individual elements of a container based on the Boost.Range library. If your state type
is not supported by Boost.Range there are several possibilities to tell odeint how to do algebraic operations:

* Implement boost : : begi n and boost : : end for your state type so it works with Boost.Range.

 Implement vector-vector addition operator + and scalar-vector multiplication operator * and usethe non-standard vect or _space_al -
gebra.

 Implement your own algebra that implements the required functions.
GSL Vector

In the following example we will try to use the gsl _vect or type from GSL (GNU Scientific Library) as state type in odeint. We
will realize this by implementing a wrapper around the gsl_vector that takes care of construction/destruction. Also, Boost.Range is
extended such that it works with gsl _vect or saswell which required also the implementation of anew gs! _i t erat or .
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S Note
odeint already includes all the code presented here, see gsl_wrapper.hpp, sogs! _vect or scan be used straight out-
of-box. The following description is just for educational purpose.

The GSL isaC library, so gsl _vect or has neither constructor, nor destructor or any begi n or end function, no iterators at all. So
to make it work with odeint plenty of things have to be implemented. Note that al of the work shown here is already included in
odeint, so using gs! _vect or sin odeint doesn't require any further adjustments. We present it here just as an educational example.
We start with defining appropriate constructors and destructors. Thisis done by speciaizing thest at e_wr apper forgsl _vector.
State wrappers are used by the steppers internally to create and manage temporary instances of state types:

t enpl at e<>
struct state_w apper< gsl_vector* >

{
t ypedef doubl e val ue_type;

typedef gsl _vector* state_type;
typedef state_w apper< gsl_vector* > state_w apper_type;
state_type myv;

state_wr apper( )

{
}

myv = gsl_vector_alloc( 1 );

state_wr apper( const state_w apper_type &x )

{
resize( mv , x.mv );
gsl _vector_nencpy( mv , x.mv );

~st at e_wr apper ()

{
}

gsl _vector_free( mv );

Thisst at e_wr apper specialization tells odeint how gsl_vectors are created, copied and destroyed. Next we need resizing, thisis
required because gsl_vectors are dynamically sized objects:
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tenpl at e<>
struct is_resizeabl e< gsl_vector* >
{
typedef boost::true_type type;
const static bool value = type::val ue

I

tenpl ate <>
struct same_size_inpl < gsl _vector* , gsl_vector* >

{
static bool sanme_size( const gsl_vector* x , const gsl_vector* y )
{
return Xx->size == y->sjze
}
b

tenpl ate <>
struct resize_inpl< gsl_vector* , gsl_vector* >

{
static void resize( gsl_vector* x , const gsl_vector* y )
{
gsl _vector _free( x );
x = gsl _vector_alloc( y->size );
}
b
Up to now, we defined creation/destruction and resizing, but gsl_vectors also don't support iterators, so we first implement a gdl
iterator:
/ *
* defines an iterator for gsl_vector
*/

cl ass gsl _vector_iterator
public boost::iterator_facade< gsl_vector_iterator , double
boost: : random access_traversal _tag >

{
public
gsl _vector _iterator( void ): mp(0) , mstride( 0 ) { }
explicit gsl_vector_iterator( gsl_vector *p ) : mp( p->data ) , mstride( p->stride ) { }
friend gsl _vector_iterator end_iterator( gsl_vector * );
private :
friend class boost::iterator_core_access
friend class const_gsl _vector_iterator;
void increment( void ) { mp += mstride; }
voi d decrement( void ) { mp -= mstride; }
voi d advance( ptrdiff_t n) { mp += n*mstride; }
bool equal ( const gsl_vector_iterator &other ) const { return this->mp == other.mp; }
bool equal ( const const_gsl_vector_iterator &other ) const;
doubl e& dereference( void ) const { return *mp; }
doubl e *m p;
size_t mstride
H

A similar class exists for the const version of the iterator. Then we have afunction returning the end iterator (similarly for const
again):
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gsl _vector _iterator end_iterator( gsl_vector *x )

{
gsl _vector _iterator iter( x );
iter. mp += iter.mstride * x->size;
return iter;

}

Finally, the bindings for Boost.Range are added:

/'l tenpl at e<>
inline gsl_vector_iterator range_begin( gsl_vector *x )

{
}

return gsl_vector_iterator( x );

/'l tenpl ate<>
inline gsl_vector_iterator range_end( gsl_vector *x )

{
}

return end iterator( x );

Again with similar definitions for the const versions. This eventually makes odeint work with gsl vectors as state types. The full
code for these bindingsis found in gsl_wrapper.hpp. It might look rather complicated but keep in mind that gsl isa pre-compiled C
library.

Vector Space Algebra

As seen above, the standard way of performing algebraic operations on container-like state types in odeint is to iterate through the
elements of the container and perform the operations element-wise on the underlying value type. Thisis realized by means of the
range_al gebr a that uses Boost.Range for obtaining iterators of the state types. However, there are other ways to implement the
algebrai c operations on containers, one of which is defining the addition/multiplication operators for the containers directly and then
using thevect or _space_al gebr a. If you use this algebra, the following operators have to be defined for the state type:

Name Expression Type Semantics

Addition X +y state_type Calculates the vector sum
X+y'.

Assign addition X +=y state_type Performs x+y in place.

Scalar multiplication a* x state_type Performs multiplication of

vector X with scalar a.

Assign scalar multiplication X *= a state_type Performs in-place multiplica-
tion of vector x with scalar a.

Defining these operators makes your state type work with any basic Runge-Kutta stepper. However, if you want to use step-size
control, some more functionality isrequired. Specifically, operations like max;( |err;| / (alpha* |5]) ) have to be performed. err and
sare state types, alphaisascalar. Asyou can see, we need element wise absolute value and division as well as an reduce operation
to get the maximum value. So for controlled steppers the following things have to be implemented:
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Name Expression Type Semantics
Division x /'y state_type Cdculates the element-wise
division 'x/y'
Absolute value abs( x ) state_type Element wise absolute value
Reduce vect or_space_reduce_im val ue_type Performs the oper at i on for
pl< state_type > :re- subsequently each element of
duce( state , operation st at e and returnsthe aggreg-
, init ) atevalue. E.g.
init = operator( init
, State[O0] );
init = operator( init
, state[1l] )
Boost.Ublas

As an example for the employment of the vect or _space_al gebr a we will adopt ubl as: : vect or from Boost.uBLAS to work
asastatetypein odeint. Thisis particularly easy because ubl as: : vect or supports vector-vector addition and scalar-vector multi-
plication described above aswell asboost : : si ze. It also has aresize member function so all that has to be done in this caseisto
declare resizability:

t ypedef boost::nuneric::ublas::vector< double > state_type;
nanespace boost { nanespace nuneric { namespace odeint {

tenpl at e<>
struct is_resizeable< state_type >

{

typedef boost::true_type type;

const static bool value = type::val ue;
3
P}

Now ublas::vector can be used as state type for smple Runge-Kutta steppersin odeint by specifying thevect or _space_al gebra
as algebrain the template parameter list of the stepper. The following code shows the corresponding definitions:

int main()
{

state_type x(3);

x[0] = 10.0; x[1] =5.0; x[2] =0.0;

typedef runge_kuttad< state_type , double , state_type , double , vector_space_al gebra > stepO
per;

i ntegrate_const( stepper() , lorenz , x ,

0.0, 10.0, 0.1);

Note again, that we haven't supported the requirements for controlled steppers, but only for simple Runge-Kutta methods. You can
find the full examplein lorenz_ublas.cpp.
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Point type

Here we show how to implement the required operators on a state type. As example we define a new class poi nt 3D representing a
three-dimensional vector with componentsx,y,z and define addition and scalar multiplication operatorsfor it. We use Boost.Operators
to reduce the amount of code to be written. The class for the point type looks as follows:

cl ass point3D :
boost::additivel< point3D,
boost::additive2< point3D , double ,
boost::nultiplicative2< point3D , double > > >

{
public:
double x , y , z;
poi nt 3D( )
o x(0.0) , y( 0.0) , z( 0.0)
{}
poi nt 3D( const doubl e val )
x( val ) , y( val ) , z( val )
{}
poi nt 3D( const double _x , const double _y , const double _z )
x(C x) o y(y) ., z( _z)
{}
poi nt 3D& oper at or +=( const poi nt3D &p )
{
X += p.X; y += p.y;, z += p.z;
return *this;
}
poi nt 3D& oper ator*=( const double a )
{
X *=a, y*=a z*=a;
return *this;
}
s

By deriving from Boost.Operators classes we don't have to define outer class operators like oper at or +( poi nt 3D , poi nt 3D
) because that is taken care of by the operators library. Note that for simple Runge-Kutta schemes (like r unge_kut t a4) only the
+ and * operators are required. If, however, a controlled stepper is used one also needs to specify the division operator / because
calculation of the error term involves an element wise division of the state types. Additionally, controlled steppers require an abs
function cal culating the element-wise absolute value for the state type:

/1 only required for steppers with error control
poi nt 3D operator/( const point3D &1 , const point3D &p2 )

{
return point3D( pl.x/p2.x , pl.y/p2.y , pl.z/pl.z );
}
poi nt 3D abs( const point3D &p )
{
return point3D( std::abs(p.x) , std::abs(p.y) , std::abs(p.z) );
}

Finally, we have to add a specidization for r educe implementing areduction over the state type:
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nanespace boost { nanespace nuneric { namespace odeint {

/1 specialization of vector_space_reduce, only required for steppers with error contro
tenpl at e<>

struct vector_space_reduce< point3D >

{
tenpl ate< class Value , class Op >
Val ue operator() ( const point3D & , Op op , Value init )
{
init =op( init , p.x);
//std::cout << init << "
init =op( init , p.y);
//std::cout << init << "
init =op( init , p.z);
//std::cout << init << std::endl;
return init;
}
}s
P}

Again, note that the two last steps were only required if you want to use controlled steppers. For simple steppers definition of the
simple+= and * = operators are sufficient. Having defined such a point type, we can easily perform theintegration on aL orenz system
by using thevect or _space_al gebr a again:

const doubl e sigma = 10.0;
const double R = 28.0;
const double b = 8.0/ 3.0;

void lorenz( const point3D & , point3D &xdt , const double t )

{
dxdt.x = sigma * ( X.y - X.X );
dxdt.y = R* X.x - X.y - X.X * X.Zz;
dxdt.z = -b * x.z + X. X * X.y;
}
usi ng namespace boost:: nuneric::odeint;
int main()
{
point3D x( 10.0 , 5.0, 5.0 );
/1 point type defines it's own operators -> use vector_space_al gebra !
t ypedef runge_kutta_dopri 5< point3D , double , point3D,
doubl e , vector_space_al gebra > stepper;
int steps = integrate_adaptive( nake_controll ed<stepper>( 1E-10 , 1E-10 ) , lorenz , x ,
0.0, 10.0, 0.1);
std::cout << x << std::endl;
std::cout << "steps: " << steps << std::endl;
}

The whole example can be found in lorenz_point.cpp
gsl_vector, gsl_matrix, ublas::matrix, blitz::matrix, thrust
Adapt your own operations

to be continued

* thrust

e gs_complex
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e min, max, pow

Using boost::ref

In odeint all system functions and observers are passed by value. For example, if you call ado_st ep method of a particular stepper
or the integration functions, your system and your stepper will be passed by value:

rk4.do_step( sys , x , t , dt ); /'l pass sys by val ue

This behavior is suitable for most systems, especialy if your system does not contain any data or only afew parameters. However,
in some cases you might contain some large amount of data with you system function and passing them by value is hot desired since
the data would be copied.

In such cases you can easily useboost : : ref (anditsrelative boost : : cr ef ) which passesits argument by reference (or constant
reference). odeint will unpack the arguments and no copying at all of your system object will take place:

rk4.do_step( boost::ref( sys ) , x , t , dt ); /| pass sys as references

The same mechanism can be used for the observersin the integrate functions.
Tip

If youareusing C++11you canasousestd: :ref andstd: :cref

Using boost::range

Most steppers in odeint also accept the state give as a range. A range is sequence of values modeled by a range concept. See
Boost.Range for an overview over existing concepts and examples of ranges. This means that the st at e_t ype of the stepper need
not necessarily be used to call the do_st ep method.

One use-case for Boost.Range in odeint has been shown in Chaotic System where the state consists of two parts: onefor the original
system and one for the perturbations. The ranges are used to initialize (solve) only the system part where the perturbation part is not
touched, that is arange consisting only of the system part is used. After that the complete state including the perturbationsis solved.

Another use caseisasystem consisting of coupled unitswhere you want to initialize each unit separately with the ODE of the uncoupled
unit. An exampleisachain of coupled van-der-Pol-oscillators which areinitialized uniformly from the uncoupled van-der-Pol -oscil -
lator. Then you can use Boost.Range to solve only one individual oscillator in the chain.

In short, you can Boost.Range to use one state within two system functions which expect states with different sizes.

An example was given in the Chaotic System tutorial. Using Boost.Range usually means that your system function needs to adapt
to the iterators of Boost.Range. That is, your function is called with a range and you need to get the iterators from that range. This
can easily be done. You have to implement your system as aclass or astruct and you have to templatize the oper at or () . Then you
can usetherange_i t er at or -metafunction and boost : : begi n and boost : : end to obtain the iterators of your range:
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cl ass sys
{
t enpl
voi d
{
}
b
If your range
cl ass sys
{
t enpl
voi d
{
}
s

ate< class State , class Deriv >
operator()( const State &_ , Deriv &ixdt_ , double t ) const

typenane boost::range_iterator< const State >::type x = boost::begin( x_
typenane boost::range_iterator< Deriv >::type dxdt = boost::begin( dxdt_

),
),

[ fill dxdt
is arandom access-range you can also apply the bracket operator to the iterator to access the elementsin the range:

ate< class State , class Deriv >
operator()( const State &_ , Deriv &xdt_ , double t ) const

typenane boost::range_iterator< const State >::type x = boost::begin( x_ )
typenanme boost::range_iterator< Deriv >::type dxdt = boost::begin( dxdt_ )
dxdt [ 0]
dxdt [ 1]

f1( x[0] , x[1] );
f2( x[0] . x[1] );

The following two tables show which steppers and which algebras are compatible with Boost.Range.
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Table 9. Steppers supporting Boost.Range
Stepper
adams_bashforth_moulton
bulirsch_stoer _dense out
bulirsch_stoer
controlled_runge kutta
dense_output_runge_kutta
euler
explicit_error_generic_rk
explicit_generic_rk
rosenbrock4_controller
rosenbrock4_dense_output
rosenbrock4
runge_kuttad classic
runge_kutta4
runge kutta cash karp54 classic
runge kutta cash karp54
runge_kutta dopri5
runge kutta fehlberg78
symplectic_euler

symplectic_rkn_sb3a mclachlan

Table 10. Algebras supporting Boost.Range
algebra
range_algebra

thrust_algebra

Binding member functions

Binding member functions to a function objects suitable for odeint system function is not easy, at least in C++03. The usual way of
using __boost_bind does not work because of the forwarding problem. odeint provides two do_st ep method which only differ in
the const specifiers of the arguments and __boost_bind binders only provide the specializations up to two argument which is not
enough for odeint.
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But one can easily implement the according binders themself:

tenpl ate< class Obj , class Mem >
cl ass ode_wr apper

{
Ghj m.obj;
Mem m_nmem
publi c:
ode_wrapper( Obj obj , Mmnem) : mobj( obj ) , mnem mem) { }
tenpl ate< class State , class Deriv , class Tine >
voi d operator()( const State & , Deriv &xdt , Time t )
{
(mobj.*mnrem( x , dxdt , t );
}
b

tenpl ate< class Obj , class Mem >
ode_wrapper< Obj , Mem > make_ode_wr apper( Obj obj , Mem mem)

{
}

return ode_wrapper< Cbj , Mem >( obj , nem);

One can use this binder as follows

struct lorenz

{
void ode( const state_type & , state_type &xdt , double t ) const
{
dxdt[0] = 10.0 * ( x[1] - x[0O] );
dxdt[1] = 28.0 * x[0] - x[1] - x[0] * x[2];
dxdt[2] =-8.0/ 3.0 * x[2] + x[0] * x[1];
}
s
int main( int argc , char *argv[] )
{
usi ng nanespace boost::nuneric::odeint;
state_type x = {{ 10.0 , 10.0 , 10.0 }};
i ntegrate_const( runge_kutta4< state_type >() , nake_ode_w apper( lorenz() ,
x, 0.0, 10.0, 0.01);
return O;
}

Binding member functions in C++11
In C++11 one can use st d: : bi nd and one does not need to implement the bind themself:

namespace pl = std:: pl acehol ders;

state_type x = {{ 10.0 , 10.0 , 10.0 }};
i ntegrate_const( runge_kutta4< state_type >() ,

&l orenz:: ode )

std::bind( & orenz::ode , lorenz() , pl::_1, pl:: 2, pl::_3) ,

x, 0.0, 10.0, 0.01 );
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Concepts
System

Description

The System concept model s the algorithmic implementation of therhs. of the ODE x' = f(x,t). The only requirement for this concept
is that it should be callable with a specific parameter syntax (see below). A System is typically implemented as a function or a
functor. Systems fulfilling this concept are required by all Runge-Kutta steppers as well as the Bulirsch-Stoer steppers. However,
symplectic and implicit steppers work with other system concepts, see Symplectic System and Implicit System.

Notation

System A typethat isamodel of System

St ate A type representing the state x of the ODE
Deriv A type representing the derivative X' of the ODE

Ti me A type representing the time

sys An object of type Syst em
X Object of type St at e
dxdt Object of typeDeri v

t Object of type Ti me

Valid expressions

Name Expression Type Semantics
Calculate dx/dt := f(x,t) sys( x , dxdt , t ) voi d Calculates f(x,t), the result is

stored into dxdt

Symplectic System

Description

This concept describes how to define a symplectic system written with generalized coordinate q and generalized momentum p:
q'(t) = f(p)

p'(t) = 9(a)

Such asituation is typically found for Hamiltonian systems with a separable Hamiltonian:

H(p.q) = Hiin(p) + V(a)

which gives the equations of motion:

q'(t) = dHyin / dp = f(p)

p'(t) = dvV/da = g(a)
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The agorithmic implementation of thissituation isdescribed by apair of callable objectsfor f and g with a specific parameter signature.
Such a system should be implemented as a std::pair of functions or a functors. Symplectic systems are used in symplectic steppers
likesynpl ectic_rkn_sb3a_ntl achl an.

Notation

System A typethat isamodel of SymplecticSystem
Coor The type of the coordinate g

Monent um The type of the momentum p

Coor Deri v The type of the derivative of coordinate g'

Monent unDer i v The type of the derivative of momentum p'

sys An object of thetype Syst em
q Object of type Coor

p Object of type Momentum

dqdt Object of type CoorDeriv

dpdt Object of type MomentumDeriv

Valid expressions

Name Expression Type Semantics
Check for pair boost::is_pair< System boost::npl::true_ Check if System isapair
> type
Calculate dg/dt = f(p) sys.first( p , dqdt ) voi d Calculates f(p), the result is

stored into dqdt

Calculate dp/dt = g(q) sys.second( q , dpdt ) void Calculates g(q), the result is
stored into dpdt

Simple Symplectic System
Description

In most Hamiltonian systems the kinetic term is a quadratic term in the momentum Hy;,, = p*2 / 2mand in many casesit is possible
to rescale coordinates and set m=1 which leads to atrivial eguation of motion:

q(® = f(p) = p.
while for p' we still have the general form
p'(t) = 9(a)

Asthis case is very frequent we introduced a concept where only the nontrivial equation for p' has to be provided to the symplectic
stepper. We call this concept SmpleSymplecticSystem

Notation

System A typethat isamodel of SimpleSymplecticSystem
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Coor The type of the coordinate g

MomentumDeriv The type of the derivative of momentum p'

sys An object that models System
q Object of type Coor
dpdt Object of type MomentumDeriv

Valid Expressions

Name Expression Type Semantics
Check for pair boost::is_pair< System boost::npl::false_ Check if System is a pair,
> i type should be evaluated to falsein
this case.
Calculate dp/dt = g(q) sys( q , dpdt ) voi d Calculates g(q), the result is

stored into dpdt

Implicit System
Description

This concept describes how to define a ODE that can be solved by an implicit routine. Implicit routines need not only the function
f(x,t) but also the Jacobian df/dx = A(x,t). Aisamatrix and implicit routines need to solve the linear problem Ax = b. In odeint this
is implemented with use of Boost.uBLAS, therefore, the state_type implicit routines is ublas::vector and the matrix is defined as
ublas::matrix.

Notation

System A typethatisamodel of I mplicit System

Ti me A type representing the time of the ODE

sys An object of type Syst em
X Object of type ublas::vector
dxdt Object of type ublas::vector

jacobi  Object of type ublas::matrix

t Object of type Ti me

Valid Expressions

Name Expression Type Semantics
Calculate dx/dt := f(x,t) sys.first( x , dxdt , wvoid Cdculatesf (x, t), the result
t ) is stored into dxdt
Calculate A ;= df/dx (x,t) sys.second( x , jacobi void Calculates the Jacobian of f at
, t) x,t, the result is stored into
j acobi
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Stepper

This concepts specifies the interface a simple stepper has to fulfill to be used within the integrate functions.
Description

The basic stepper concept. A basic stepper following this Stepper concept is able to perform a single step of the solution x(t) of an
ODE to obtain x(t+dt) using a given step size dt. Basic steppers can be Runge-Kutta steppers, symplectic steppers aswell asimplicit
steppers. Depending on the actual stepper, the ODE is defined as System, Symplectic System, Simple Symplectic System or Implicit
System. Note that all error steppers are also basic steppers.

Refinement of
+ DefaultConstructable
» CopyConstructable
Associated types
+ state type
St epper::state_type
The type characterizing the state of the ODE, hence x.
e deriv_type
St epper: :deriv_type
The type characterizing the derivative of the ODE, hence d x/dt.
 time type
St epper::tinme_type
The type characterizing the dependent variable of the ODE, hence the timet.
 value type
St epper: : val ue_t ype
The numerical datatype which is used within the stepper, something likef | oat , doubl e, conpl ex& t; double &gt;.
e order_type
St epper: : order _type
The type characterizing the order of the ODE, typicaly unsi gned short .
* stepper_category
St epper : : st epper _cat egory
A tag type characterizing the category of the stepper. Thistype must be convertible to st epper _t ag.

Notation

St epper A typethat isamodel of Stepper

State A type representing the state x of the ODE
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Ti me A typerepresenting thetimet of the ODE

stepper  An object of type St epper

X Object of type St at e
t,dt Objects of type Ti me
sys An object defining the ODE. Depending on the Stepper this might be a model of System, Symplectic System, Simple

Symplectic System or Implicit System

Valid Expressions

Name Expression Type Semantics
Get the order st epper. order () order _type Returns the order of the step-
per.
Do step stepper.do_step( sys , void Performs one step of step size
X, t, dt) dt . The newly obtained state

iswrittenin placein x.

Models

* runge_kutta4

* euler

* runge_kutta_cash_kar p54
* runge_kutta_dopri5

* runge_kutta_fehl berg78
e nodi fi ed_m dpoi nt

* rosenbrock4

Error Stepper

This concepts specifies the interface an error stepper hasto fulfill to be used within a ControlledErrorStepper. An error stepper must
always fulfill the stepper concept. This can trivially implemented by

tenpl ate< cl ass System >
error_stepper::do_step( Systemsys , state_type & , time_type t , time_type dt )
{

state_type xerr;
// allocate xerr
do_step( sys , x , t , dt , xerr );

Description

An error stepper following this Error Stepper concept is capable of doing one step of the solution x(t) of an ODE with step-size dt
to obtain x(t+dt) and also computing an error estimate X, Of the result. Error Steppers can be Runge-Kutta steppers, symplectic
steppersaswell asimplicit steppers. Based on the stepper type, the ODE is defined as System, Symplectic System, Simple Symplectic
System or Implicit System.
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Refinement of
» DefaultConstructable
» CopyConstructable
» Stepper
Associated types
 State type
St epper::state_type
The type characterizing the state of the ODE, hence x.
o deriv_type
St epper: : deriv_type
The type characterizing the derivative of the ODE, hence d x/dt.
* time_type
Stepper::tinme_type
The type characterizing the dependent variable of the ODE, hence thetimet.
» value type
St epper : : val ue_t ype
The numerical data type which is used within the stepper, something like f | oat , doubl e, conpl ex& t; doubl e &gt;.
e order_type
St epper : : order _type
The type characterizing the order of the ODE, typically unsi gned short.
* stepper_category
St epper : : st epper _cat egory
A tag type characterizing the category of the stepper. This type must be convertibletoerr or _st epper _t ag.

Notation

Er ror St epper A type that isamodel of Error Stepper

State A type representing the state x of the ODE
Error A type representing the error calculated by the stepper, usually sasmeas St at e
Ti me A type representing the timet of the ODE
st epper An object of type Er r or St epper
X Object of type St at e
Xerr Object of typeErr or
0
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t,dt Objects of type Ti me

sys An object defining the ODE, should be amodel of either System, Symplectic System, Simple Symplectic System
or Implicit System.

Valid Expressions

Name Expression Type Semantics

Get the stepper order st epper. order () order _type Returns the order of the step-
per for one step without error
estimation.

Get the stepper order st epper. stepper _order() order_type Returns the order of the step-

per for one error estimation
step which is used for error

calculation.

Get the error order stepper.errorr_order() order_type Returns the order of the error
step which is used for error
calculation.

Do step st epper.do_step( sys , void Performs one step of step size

X, t, dt) dt . The newly obtained state

iswritten in-place to x.
Do step with error estimation st epper. do_step( sys , void Performs one step of step size
X, t , dt , xerr ) dt with error estimation. The

newly obtained stateiswritten
in-placeto x and the estimated
error toxerr.

Models

* runge_kutta_cash_kar p54
* runge_kutta_dopri5

* runge_kutta_fehl berg78

* rosenbrock4

Controlled Stepper

This concept specifies the interface a controlled stepper hasto fulfill to be used within integrate functions.

Description

A controlled stepper following this Controlled Stepper concept provides the possibility to perform one step of the solution x(t) of an
ODE with step-size dt to obtain x(t+dt) with a given step-size dt. Depending on an error estimate of the solution the step might be
rejected and a smaller step-size is suggested.

Associated types
» state type

St epper: :state_type
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The type characterizing the state of the ODE, hence x.
e deriv_type
St epper: :deriv_type
The type characterizing the derivative of the ODE, hence d x/dt.
» time_type
St epper::time_type
The type characterizing the dependent variable of the ODE, hence the timet.
 value type
St epper : : val ue_t ype
The numerical data type which is used within the stepper, something likef | oat , doubl e, conpl ex& t; double &gt;.
* stepper_category
St epper : : st epper _cat egory
A tag type characterizing the category of the stepper. This type must be convertibleto cont rol | ed_st epper _t ag.

Notation

Control | edSt epper A typethat isamodel of Controlled Stepper

State A type representing the state x of the ODE

Ti me A typerepresenting thetimet of the ODE

st epper An object of type Cont r ol | edSt epper

X Object of type St at e

t,dt Objects of type Ti me

sys An object defining the ODE, should be a model of System, Symplectic System, Simple Symplectic

System or Implicit System.

Valid Expressions

Name Expression Type Semantics

Do step controlled_step_result Triesonestep of step sizedt .
If the step was successful,
success isreturned, theresult-
ing state is written to x, the
new timeisstoredint and dt
now contains a new (possibly
larger) step-size for the next
step. If the error was too big,
r ej ect ed isreturned and the
results are neglected - x and t
are unchanged and dt now
contains areduced step-sizeto
be used for the next try.

st epOd
per.trystep( sy, x, t, d)
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Models

e control |l ed_error_stepper< runge_kutta_cash_karp54 >
e controll ed_error_stepper_fsal < runge_kutta_dopri5 >
e controlled_error_stepper< runge_kutta_fehl berg78 >
* rosenbrock4_controller

* bulirsch_stoer

Dense Output Stepper

This concept specifies the interface a dense output stepper has to fulfill to be used within integrate functions.

Description

A dense output stepper following this Dense Output Stepper concept provides the possibility to perform a single step of the solution
X(t) of an ODE to obtain x(t+dt). The step-size dt might be adjusted automatically due to error control. Dense output steppers also
can interpolate the solution to calculate the state x(t') at any pointt <= t' <= t+dt.

Associated types
 state type

St epper::state_type

The type characterizing the state of the ODE, hence x.
e deriv_type

St epper: :deriv_type

The type characterizing the derivative of the ODE, hence d x/dt.
 time type

St epper::tinme_type

The type characterizing the dependent variable of the ODE, hence the timet.
 value type

St epper: : val ue_t ype

The numerical datatype which is used within the stepper, something likef | oat , doubl e, conpl ex& t; double &gt;.
* stepper_category

St epper : : st epper _cat egory

A tag type characterizing the category of the stepper. This type must be convertibleto dense_out put _st epper _t ag.

Notation

St epper A typethat isamodel of Dense Output Stepper
St ate A type representing the state x of the ODE

st epper An object of type St epper
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x0, X
t0,dtO,t

sys
plicit System.

Valid Expressions

Name

Initialize integration

Do step

Do interpolation

Get current time

Get current state

Models

Object of type St at e

Objects of type St epper: : ti me_t ype

Expression

stepper.initialize( x0

, t0, dto)

st epper.do_step( sys )

stepper.cal c_stat e(
t_inter , x)

stepper.current _time()

st epper.current _state()

Type

void

std::pair< St ep-
per::time_type , Step-
per::time_type >

voi d

const Step-
per::tinme_type&
const Step-

per::state_type&

An object defining the ODE, should be amodel of System, Symplectic System, Simple Symplectic System or Im-

Semantics

Initializesthe stepper withini-
tial valuesx0, t 0 and dt 0.

Performs one step using the
ODE defined by sys. The
step-size might be changedin-
ternally due to error control.
This function returns a pair
containingt andt +dt repres-
enting the interval for which
interpolation can be per-
formed.

Performs the interpolation to
calculate /X(tiper/) Where ft <=
tinter <=t+dt/.

Returns the current time t+dt
of the stepper, that is the end
time of the last step and the
starting time for the next call
of do_step

Returnsthe current state of the
stepper, that is x(t+dt), the
state at the time returned by
stepper.current _tinme()

* dense_output _controlled_explicit_fsal< controlled_error_stepper_fsal < runge_kutta_ dopri5 >

* bulirsch_stoer_dense_out

* rosenbrock4_dense_out put

State Algebra Operations

Note

K

not be changed from ubl as: : vect or and no algebra/operations are used.

The following does not apply to implicit stepperslikeimplicit_euler or Rosenbrock 4 astherethest at e_t ype can
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Description

The St at e, Al gebr a and Oper at i ons together define a concept describing how the mathematical vector operations required for
the stepper algorithms are performed. The typical vector operation done within steppersis

y = 20 X.

The St at e represents the state variable of an ODE, usually denoted with x. Algorithmically, the state is often realized asavect or <
doubl e >orarray< double , N >, however, the genericity of odeint enablesyou to basically use anything as a state type. The
algorithmic counterpart of such mathematical expressions is divided into two parts. First, the Al gebr a is used to account for the
vector character of the equation. In the case of avect or as state type this means the Al gebr a is responsible for iteration over all
vector elements. Second, the Oper at i ons are used to represent the actual operation applied to each of the vector elements. So the
Al gebr a iteratesover all elementsof the St at esand calls an operation taken from the Qper at i ons for each element. Thisiswhere
St at e, Al gebr a and Oper at i ons have to work together to make odeint running. Please have alook at ther ange_al gebr a and
def aul t _oper at i ons to see an example how thisisimplemented.

In the following we describe how St at e, Al gebr a and Oper at i ons are used together within the stepper implementations.

Operations

Notation

Qper ati ons The operations type

Val uel, ..., Val ueN Types representing the value or time type of stepper

Scal e Type of the scale operation

scal e Object of type Scal e

Scal eSumN Type that represents a general scale_sum operation, N should be replaced by a number from
1to14.

scal e_sunN Object of type Scal eSum, N should be replaced by a number from 1 to 14.

Scal eSunBwap2 Type of the scale sum swap operation

scal e_sum swap2 Object of type Scal eSunSwap?2

al, a2, ... Objects of type Val uel, Val ue2, ...

y, x1, x2, ... Objects of St at e's value type
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Valid Expressions

Name

Get scale operation

Scal e constructor
Scal e operation

Get general scal e_sumoper-
ation

scal e_sumconstructor

scal e_sumoperation

Get scale sum swap operation

Scal eSunBwap?2 constructor

Scal eSunBwap2 operation

Algebra
Notation
State

Al gebra
Oper ati onN
al gebra
oper ati onN

y, X1, X2,

Expression

Operations::scal e<
Val ue >

Scal e< Value >( a )
scale( x )
Qper ati ons: : scal e_sum\<

Valuel , ... , ValueN
>

Scal eSunm\< Val uel ,
, ValueN >( a1l , ... ,
aN )

scale_sunN( vy , x1 ,
, XN)

O p e r a -
tions::scal e_sum swap2<
Val uel , Val ue2 >

Scal eSunmSwap2< Val uel
, Value2 >( a1l , a2 )

scal e_sum swap2( xl1
X2 , x3)

The state type

The algebratype

An N-ary operation type, N should be a number from 1 to 14.

Object of type Al gebr a
Object of type Oper ati o

Objects of type St at e

Type

Scal e

Scal e
voi d

Scal eSunmN

Scal eSunN

voi d

Scal eSunBwap?2

Scal eSunBwap2

voi d

nN

Semantics

Get Scal e fromQper at i ons

Constructs a Scal e object
Cdculatesx *= a

Get the Scal eSunNtypefrom
Qper at i ons, Nshould bere-
placed by a number from 1 to
14.

Constructs a scal e_sumob-
ject given N parameter values

with N between 1 and 14.
Caculates y = al*xl +
az2*x2 + + aN*xN.

Note that this is an N+1-ary
function call.

Get scale sum swap from oper-
ations

Constructor

Cdculatestnp = x1, x1 =
al*x2 + a2*x3 and x2 =

tnp.
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Valid Expressions

Name

Vector Operation with arity 2

Vector Operation with arity 3

Vector Operation with arity N

Expression

al gebra. for_each2( y ,
X , operation2 )

al gebra.for_each3( y ,
x1 , x2 , operation3)

al gebra. for_eachN( vy ,
x1, ... , xN, opera-
tionN)

Pre-Defined implementations

Type

void

void

void

Semantics

Cdls operation2( y_i ,
x_i ) for each element y_i
of y andx_i of x.

Cdls operation3( y_i

X1 _i x2_i ) foreachele
menty i ofyandx1 i of x1
and x2_i of x2.

Cdls operationN( y_i
x1i , ..., xNi ) for
each element y_i of y and
x1 i of x1 and so on. N
should be replaced by a num-
ber between 1 and 14.

As standard configuration odeint usesther ange_al gebr a and def aul t _oper at i ons which suffices most situations. However,
afew more possibilities exist either to gain better performance or to ensure interoperability with other libraries. In the following we
list the existing Al gebr a/Oper at i ons configurations that can be used in the steppers.

State

Anything supporting
Boost.Range, likest d: : vec-
tor, std::list,

boost: :array,..basedona
val ue_type that supports
operators +*  (typically
doubl e)

boost::array based on a
val ue_type that supports
operators +,*

Anything that defines operat-
ors + within itself and * with
scalar (Mathematically
spoken, anything that isavec-
tor space).

thrust::device_vector,
thrust:: host _vector

boost::array or anything
which allocates the elements
in a C-like manner

Al gebra

range_al gebra

array_al gebra

vect or _space_al gebra

thrust _al gebra

vect or _space_al gebra

Oper ati ons

defaul t_operations

defaul t _operations

defaul t _operations

thrust _operations

nkl _operati ons

Remarks

Standard implementation, ap-
plicable for most typical situ-
ations.

Specia implementation for
boost::array with better per-
formance than range_al -
gebra

For the use of Controlled
Stepper, the template vec-
tor _space_reduce has to
be instantiated.

For running odeint on CUDA
devices by using Thrust

Using the Intel Math Kernel
Library inodeint for maximum
performance. Currently, only
the RK4 stepper is supported.
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Example expressions

Name Expression Type
Vector operation al gebra.for_each3( y , void
x1 X2 Oper a-

tions::scale_sum2<
Valuel , Value2 >( al
, az) )

State Wrapper

Description

Semantics

Calculatesy = al x1 + a2 x2

TheSt at e W apper concept describestheway odeint createstemporary state objectsto storeintermediate results within the stepper's

do_st ep methods.

Notation

St ate A typethat isthe st at e_t ype of the ODE

W appedState A typethatisamodel of State Wrapper for the state type St at e.
X Object of type St at e

w Object of type W appedSt at e

Valid Expressions

Name Expression Type
Get resizeability is_resizeable< State > boost::false_type or

boost::true_type

Create W appedSt at e type state_wrapper< State > WappedState

Constructor W appedSt at e() W appedSt at e

Copy Constructor W appedState( w) W appedSt at e

Get state W. m v State

Semantics

Returnsboost : : true_t ype
if the State is resizeable,
boost : : fal se_t ype other-
wise.

Creates the type for a W ap-
pedsSt at e for the state type
State

Constructs a state wrapper
with an empty state

Constructs a state wrapper
with astate of the samesizeas
the stateinw

Returns the St at e object of
this state wrapper.

98

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Literature

General information about numerical integration of ordinary differential equations:

[1] PressWilliam H et al., Numerical Recipes 3rd Edition: The Art of Scientific Computing, 3rd ed. (Cambridge University Press,
2007).

[2] Emst Hairer, Syvert P Nersett, and Gerhard Wanner, Solving Ordinary Differential Equations I: Nonstiff Problems, 2nd ed.
(Springer, Berlin, 2009).

[3] Ernst Hairer and Gerhard Wanner, Solving Ordinary Differential Equations I1: Stiff and Differential-Algebraic Problems, 2nd
ed. (Springer, Berlin, 2010).

Symplectic integration of numerical integration:

[4] Ernst Hairer, Gerhard Wanner, and Christian Lubich, Geometric Numerical Integration: Structure-Preserving Algorithms for
Ordinary Differential Equations, 2nd ed. (Springer-Verlag Gmbh, 2006).

[5] Leimkuhler Benedict and Reich Sebastian, Simulating Hamiltonian Dynamics (Cambridge University Press, 2005).
Special symplectic methods:

[6] Haruo Yoshida, “Construction of higher order symplectic integrators,” Physics Letters A 150, no. 5 (November 12, 1990): 262-
268.

[7] Robert I. McLachlan, “On the numerical integration of ordinary differential equations by symmetric composition methods,”
SIAM J. Sci. Comput. 16, no. 1 (1995): 151-168.

Special systems:
[8] Fermi-Pasta-Ulam nonlinear lattice oscillations

[9] Arkady Pikovsky, Michael Rosemblum, and Jiirgen Kurths, Synchronization: A Universal Concept in Nonlinear Sciences.
(Cambridge University Press, 2001).

99

httpo://www.renderx.com/


http://www.scholarpedia.org/article/Fermi-Pasta-Ulam_nonlinear_lattice_oscillations
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Acknowledgments

Steven Watanabe for managing the Boost review process.
All people who participated in the odeint review process on the Boost mailing list.
Paul Bristow for helping with the documentation.

The Google Summer Of Code (GSOC) program for funding and Andrew Sutton for supervising us during the GSOC and for lots
of useful discussions and feedback about many implementation details..

Joachim Faulhaber for motivating us to participate in the Boost review process and many detailed comments about the library.

All users of odeint. They are the main motivation for our efforts.

Contributers

Andreas Angel opoul os implemented the sparse matrix implicit Euler stepper using the MTL4 library.
Rajeev Singh implemented the stiff Van der Pol oscillator example.

Sylwester Arabas improved the documentation.

Denis Demidov provided the adaption to the VexCL and Viennacl libraries.

Christoph Koke provided improved binders.

Lee Hodgkinson provided the black hole example.

Michael Morin fixed several typos in the documentation and the the source code comments.

100

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Numeric.Odeint

odeint Reference

Header <boost/numeric/odeint/integrate/integrate.hpp>

nanmespace boost {
namespace numneric {
namespace odei nt {
t enpl at e<t ypenane System typenane State, typenane Tine,
typenane Cbserver >
size_t integrate(System State & Tinme, Time, Tine, Cbserver);
t enpl at e<t ypenane System typenane State, typenane Ti ne>
size_t integrate(System State & Tinme, Tinme, Tine);

Function template integrate

boost::numeric::odeint::integrate — I ntegrates the ODE.
Synopsis
/1 I'n header: <boost/numeric/odeint/integrate/integrate. hpp>

tenpl at e<t ypenane System typenanme State, typenanme Tinme, typenanme Qbserver>
size_t integrate(Systemsystem State & start_state, Tinme start_tine,
Time end_tine, Time dt, Cbserver observer);

Description

Integrates the ODE given by system from start_time to end_time starting with start_state as initial condition and dt as initial time
step. This function uses a dense output dopri5 stepper and performs an adaptive integration with step size control, thus dt changes
during the integration. This method uses standard error bounds of 1E-6. After each step, the observer is called.

Parameters: dt Initial step size, will be adjusted during the integration.

end_time End time of the integration.

obser ver Observer that will be called after each time step.

start_state  Theinitia state.

start_tine Start time of the integration.

system The system function to solve, hence ther.h.s. of the ordinary differential equation.
Returns: The number of steps performed.

Function template integrate

boost::numeric::odeint::integrate — Integrates the ODE without observer calls.
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Synopsis
/'l 1n header: <boost/nuneric/odeint/integrate/integrate. hpp>

t enpl at e<t ypenane System typenane State, typenane Tinme>
size_t integrate(Systemsystem State & start_state, Tine start_tine,
Time end_tine, Tinme dt);

Description

Integrates the ODE given by system from start_time to end_time starting with start_state as initial condition and dt as initial time
step. This function uses a dense output dopri5 stepper and performs an adaptive integration with step size control, thus dt changes
during the integration. This method uses standard error bounds of 1E-6. No observer is called.

Parameters: dt Initial step size, will be adjusted during the integration.

end_time End time of the integration.

start_state  Theinitial state.

start_tine Start time of the integration.

system The system function to solve, hence ther.h.s. of the ordinary differential equation.
Returns: The number of steps performed.

Header <boost/numeric/odeint/integrate/integrate_adaptive.hpp>

nanmespace boost {
namespace nuneric {
namespace odei nt {
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Tine, typenane Qbserver>
size_t integrate_adaptive(Stepper, System State & Tine, Tinme, Tine,
oserver) ;

/1 Second version to solve the forwarding problem can be called with Boost.Range as [
start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Tine, typenane Qbserver>
size_t integrate_adaptive(Stepper stepper, System system
const State & start_state, Tinme start_tine,
Time end_tinme, Time dt, Oobserver observer);

/1 integrate_adaptive wi thout an observer.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti ne>
size_t integrate_adaptive(Stepper stepper, System system
State & start_state, Tine start_tine,
Time end_tine, Tinme dt);

/1 Second version to solve the forwardi ng problem can be called with Boost.Range as [
start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti ne>
size_t integrate_adaptive(Stepper stepper, System system
const State & start_state, Tinme start_tine,
Time end_tine, Tinme dt);
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Function template integrate_adaptive

boost::numeric::odeint::integrate_adaptive — Integrates the ODE with adaptive step size.
Synopsis
/'l In header: <boost/nuneric/odeint/integrate/integrate_adaptive. hpp>

tenpl at e<t ypenane Stepper, typenane System typenane State, typenane Tine,
typenane Observer >
size_t integrate_adaptive(Stepper stepper, System system
State & start_state, Tine start_tine,
Time end_tine, Tinme dt, Oobserver observer);

Description

This function integrates the ODE given by system with the given stepper. The observer is called after each step. If the stepper has
no error control, the step size remains constant and the observer is called at equidistant time points tO+n* dt. If the stepper isa Con-
trolledStepper, the step size is adjusted and the observer is called in non-equidistant intervals.

Parameters: dt The time step between observer calls, not necessarily the time step of the integration.
end_time Thefinal integration time tend.
observer Function/Functor called at equidistant time intervals.

start_state  Theinitia condition x0.
start_tine Theinitial timet0.

st epper The stepper to be used for numerical integration.
system Function/Functor defining the rhs of the ODE.
Returns: The number of steps performed.
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Header <boost/numeric/odeint/integrate/integrate_const.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Tine, typenane Qbserver>
size_t integrate_const(Stepper, System State & Tine, Tinme, Tine,
Cbserver) ;

/1 Second version to solve the forwarding problem can be called with Boost.Range as O
start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Tine, typenane Qbserver>
size_t integrate_const(Stepper stepper, System system
const State & start_state, Tinme start_tine,
Time end_tine, Tinme dt, Cbserver observer);

/1 integrate_const w thout observer calls
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti ne>
size_t integrate_const(Stepper stepper, System system
State & start_state, Tine start_tine,
Time end_tine, Tinme dt);

/1 Second version to solve the forwarding problem can be called with Boost.Range as O
start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti ne>
size_t integrate_const(Stepper stepper, System system
const State & start_state, Tinme start_tine,
Time end_tine, Tinme dt);

Function template integrate_const

boost::numeric::odeint::integrate_const — Integrates the ODE with constant step size.
Synopsis
/'l 1n header: <boost/nuneric/odeint/integrate/integrate_const. hpp>

t enpl at e<t ypenane Stepper, typenane System typenane State, typenane Tine,
t ypenane Cbserver >
size_t integrate_const(Stepper stepper, Systemsystem State & start_state,
Time start_tinme, Tine end_tinme, Tinme dt,
Cbserver observer);

Description

Integrates the ODE defined by system using the given stepper. This method ensures that the observer is called at constant intervals
dt. If the Stepper is a normal stepper without step size contral, dt is also used for the numerical scheme. If a ControlledStepper is
provided, the algorithm might reduce the step size to meet the error bounds, but it is ensured that the observer is always called at
equidistant time points t0 + n*dt. If a DenseOutputStepper is used, the step size also may vary and the dense output is used to call
the observer at equidistant time points.
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Parameters: dt The time step between observer calls, not necessarily the time step of the integration.
end_time Thefinal integration time tend.
obser ver Function/Functor called at equidistant time intervals.

start_state  Theinitial condition x0.
start_tine Theinitia timet0.

st epper The stepper to be used for numerical integration.
system Function/Functor defining the rhs of the ODE.
Returns: The number of steps performed.

Header <boost/numeric/odeint/integrate/integrate_n_steps.hpp>

namespace boost {
namespace numeric {
namespace odei nt {
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Tine, typenane Qbserver>
Time integrate_n_steps(Stepper, System State & Tine, Tinme, size_t,
Cbserver) ;

/'l Solves the forwarding problem can be called wi th Boost.Range as start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Tine, typenane Qbserver>
Time integrate_n_steps(Stepper stepper, System system
const State & start_state, Time start_tinme,
Time dt, size_t numof _steps,
Cbserver observer);

// The sane function as above, but w thout observer calls.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Ti ne>
Time integrate_n_steps(Stepper stepper, System system
State & start_state, Tine start_tine, Time dt,
size_t num of _steps);

/'l Solves the forwarding problem can be called with Boost.Range as start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenanme Ti ne>
Time integrate_n_steps(Stepper stepper, System system
const State & start_state, Time start_tinme,
Time dt, size_t numof_steps);

Function template integrate_n_steps

boost::numeric::odeint::integrate_n_steps — Integrates the ODE with constant step size.
Synopsis
/'l I'n header: <boost/nuneric/odeint/integrate/integrate_n_steps. hpp>

tenpl at e<t ypenane Stepper, typenane System typenane State, typenane Tine,
typenane Observer >
Time integrate_n_steps(Stepper stepper, Systemsystem State & start_state,
Time start_tinme, Tine dt, size_t num.of_steps,
Cbserver observer);
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Description

This function is similar to integrate_const. The observer is called at equidistant time intervals tO + n*dt. If the Stepper is a normal
stepper without step size control, dt is also used for the numerical scheme. If a ControlledStepper is provided, the algorithm might
reduce the step size to meet the error bounds, but it is ensured that the observer is always called at equidistant time pointst0 + n*dt.
If a DenseOutputStepper is used, the step size also may vary and the dense output is used to call the observer at equidistant time
points. The final integration timeis awayst0 + num_of steps*dt.

Parameters: dt The time step between observer calls, not necessarily the time step of the integration.
num of _steps Number of stepsto be performed
observer Function/Functor called at equidistant time intervals.
start_state Theinitial condition xO.
start_tine Theinitial timet0.
st epper The stepper to be used for numerical integration.
system Function/Functor defining the rhs of the ODE.
Returns: The number of steps performed.

Header <boost/numeric/odeint/integrate/integrate_times.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Tinelterator, typenane Tinme, typenane Cbserver>
size_t integrate_tines(Stepper, System State & Tinelterator,
Tinelterator, Tine, Qbserver);

/'l Solves the forwarding problem can be called with Boost.Range as start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Tinelterator, typenane Tinme, typenane Cbserver>
size_t integrate_tines(Stepper stepper, System system

const State & start_state,
Tinmelterator tines_start,
Tinmelterator tines_end, Tine dt,
Cbserver observer);

/1 The sane function as above, but without observer calls.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti neRange, typenane Tine, typename Observer>
size_t integrate_tines(Stepper stepper, System system
State & start_state, const TineRange & tines,
Time dt, Observer observer);

/'l Solves the forwarding problem can be called with Boost.Range as start_state.
t enpl at e<t ypenane Stepper, typenane System typenane State,
typenane Ti neRange, typenane Tine, typenanme Cbserver>
size_t integrate_tines(Stepper stepper, System system
const State & start_state,
const TineRange & tinmes, Tine dt,
Cbserver observer);

Function template integrate_times

boost::numeric::odeint::integrate_times — Integrates the ODE with observer calls at given time points.
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Synopsis
/'l 1 n header: <boost/nuneric/odeint/integrate/integrate_tines.hpp>

tenpl at e<t ypenane Stepper, typenane System typenane State
typenane Tinelterator, typenane Tinme, typenane Cbserver>
size_t integrate_tines(Stepper stepper, Systemsystem State & start_state
Tinmelterator tines_start, Tinelterator tinmes_end,
Time dt, Observer observer)

Description

Integrates the ODE given by system using the given stepper. This function does observer calls at the subsequent time points given
by the range times_start, times_end. If the stepper has not step size control, the step size might be reduced occasionally to ensure
observer calls exactly at the time points from the given sequence. If the stepper is a ControlledStepper, the step size is adjusted to
meet the error bounds, but also might be reduced occasionally to ensure correct observer calls. If a DenseOutputStepper is provided,
the dense output functionality is used to call the observer at the given times. The end time of the integration is always * (end_time-
1).

Parameters: dt The time step between observer calls, not necessarily the time step of the integration.
obser ver Function/Functor called at equidistant time intervals.
start_state  Theinitia condition x0.
st epper The stepper to be used for numerical integration.
system Function/Functor defining the rhs of the ODE.
times_end Iterator to the end time
times_start Iterator to the start time
Returns: The number of steps performed.

Header <boost/numeric/odeint/integrate/null_observer.hpp>

namespace boost {
namespace nuneric {
namespace odeint {
struct null_observer;

}
}
}

Struct null_observer

boost::numeric::odeint::null_observer
Synopsis
/'l 1n header: <boost/nuneric/odeint/integrate/null_observer. hpp>

struct null _observer {

/1 public nmenber functions
tenpl at e<typenane State, typenanme Ti nme>
voi d operator()(const State & Tine) const;
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Description
nul | _observer public member functions

L tenpl at e<typenane State, typenanme Ti nme>

void operator()(const State & Tinme) const;

Header <boost/numeric/odeint/integrate/observer_collection.hpp>

namespace boost {
namespace numeric {
namespace odeint {
tenpl at e<typenane State, typenanme Tine> class observer_coll ection;
}
}
}

Class template observer_collection

boost::numeric::odeint::observer_collection
Synopsis

/'l 1n header: <boost/nuneric/odeint/integrate/observer_collection. hpp>

t enpl at e<t ypenane State, typenane Tinme>
cl ass observer_collection {

public:
/'l types
t ypedef boost::function< void(const State & const Tinme & > observer_type;
typedef std::vector< observer_type > col l ection_type;

/1 public nmenber functions

voi d operator()(const State & Tine);
collection_type & observers(void);

const collection_type & observers(void) const;

Description

observer _col | ecti on public member functions

voi d operator()(const State & x, Time t);

collection_type & observers(void);

const collection_type & observers(void) const;
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Header <boost/numeric/odeint/stepper/adams_bashforth.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl ate<si ze_t Steps, typenane State, typenane Val ue = doubl e,

typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer,

typenane |nitializingStepper = runge_kuttad4< State , Value ,

gebra , Qperations, Resizer > >
cl ass adans_bashforth;
}
}
}

Class template adams_bashforth

boost::numeric::odeint::adams_bashforth — The Adams-Bashforth multistep agorithm.

Deriv ,

Time ,

A O
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/adans_bashforth. hpp>

tenpl ate<si ze_t Steps, typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenanme Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer,
typenane I nitializingStepper = runge_kuttad4< State , Value , Deriv , Tine , Algebra , OpO
erations, Resizer > >
cl ass adans_bashforth :
public boost::numeric::odeint::al gebra_stepper_base< Al gebra, Qperations >

{

public:
/'l types
typedef State state_type; d
typedef state_w apper< state_type > wr apped_state_type; ad
t ypedef Val ue val ue_t ype; d
typedef Deriv deriv_type; d
typedef state_w apper< deriv_type > wr apped_deriv_type; ad
typedef Tine tine_type; d
typedef Resizer resizer_type; ad
t ypedef stepper_tag st epper _cat egory; ad
typedef InitializingStepper initializing_stepper_type;
typedef al gebra_stepper_base< Al gebra, Qperations >::al gebra_type al gebra_type; ad
typedef al gebra_stepper_base< Al gebra, Operations >::operations_type operations_type; ad
t ypedef unsigned short order _type; d
t ypedef unspecified st ep_storage_type; O

/'l construct/copy/ destruct

adanms_bashforth(const al gebra_type & = al gebra_type());
adans_bashfort h(const adans_bashforth &);
adans_bashfort h& operat or=(const adans_bashforth &);

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, const StateQut &,
time_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const step_storage_type & step_storage(void) const;
step_storage_type & step_storage(void);
tenpl at e<t ypenane ExplicitStepper, typename System typenane Stateln>
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void initialize(ExplicitStepper, System Stateln & tine_type &,
time_type);
t enpl at e<t ypenane System typenane Stateln>
void initialize(System Stateln & tine_type & tinme_type);
voi d reset(void);
bool is_initialized(void) const;
const initializing stepper_type & initializing_stepper(void) const;
initializing_stepper_type & initializing_stepper(void);
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System const Stateln & tinme_type, StateQut &,
time_type);
tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);

/'l public data nenbers
static const size_t steps;
static const order_type order_val ue;

Description

The Adams-Bashforth method is a multi-step algorithm with configurable step number. The step number is specified as template
parameter Steps and it then uses the result from the previous Steps steps. See also en.wikipedia.org/wiki/Linear_multistep_method.
Currently, amaximum of Steps=8 is supported. The method isexplicit and fulfillsthe Stepper concept. Step size control or continuous
output are not provided.

This class derives from algebra_base and inherits its interface via CRTP (current recurring template pattern). For more details see
algebra_stepper_base.

Template Parameters

2.

3.

size_t Steps
The number of steps (maximal 8).
typename State
The state type.
typename Val ue = doubl e
The value type.
typename Deriv = State
The type representing the time derivative of the state.
typenane Tine = Val ue
The time representing the independent variable - the time.

typenanme Al gebra = range_al gebra
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The algebratype.

typenanme Operations = default_operations
The operations type.

typenanme Resizer = initially_resizer
Theresizer policy type.

9. typenane InitializingStepper = runge_kuttad4< State , Value , Deriv , Time , Algebra , Operal

ti ons, Resizer >

The stepper for the first two steps.

adams_bashf or t h public construct/copy/destruct
adans_bashforth(const al gebra_type & algebra = algebra_type());

Constructs the adanms_bashf or t h class. This constructor can be used as a default constructor if the algebra has a default con-

structor.

Parameters: al gebra A copy of algebrais made and stored.
2. adans_bashfort h(const adans_bashforth & stepper);
3.

adanms_bashfort h& operat or =(const adans_bashforth & stepper);

adans_bashf ort h public member functions
order_type order(void) const;

Returns the order of the algorithm, which is equal to the number of steps.

Returns: order of the method.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tine_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

3. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswrittenin out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

5 tenpl at e<typenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, tinme_type t,
const StateQut & out, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StateOut.

6. t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & X);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
const step_storage_type & step_storage(void) const;

Returns the storage of intermediate results.
Returns: The storage of intermediate results.

8. step_storage_type & step_storage(void);

Returns the storage of intermediate results.

Returns: The storage of intermediate results.
9. tenpl at e<t ypenane ExplicitStepper, typenanme System typenane Stateln>
void initialize(ExplicitStepper explicit_stepper, System system
Stateln & x, time_type & t, tine_type dt);
Initialized the stepper. Does Steps-1 steps with the explicit_stepper to fill the buffer.
Parameters: dt The step size.
explicit_stepper the stepper used to fill the buffer of previous step results
system The system function to solve, hence the r.h.s. of the ordinary differential equation.
It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is
updated in x.
10

tenpl at e<t ypenane System typenane Stateln>
void initialize(Systemsystem Stateln & x, tinme_type &t, tinme_type dt);

Initialized the stepper. Does Steps-1 steps with an internal instance of InitializingStepper to fill the buffer.
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S Note
The state x and time t are updated to the values after Steps-1 initial steps.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t Theinitial value of the time, updated in this method.
X Theinitia state of the ODE which should be solved, updated in this method.

void reset(void);

Resets the internal buffer of the stepper.

2 bool is_initialized(void) const;

Returnstrue if the stepper has been initialized.
Returns: bool trueif stepper isinitialized, false otherwise

13 const initializing _stepper_type & initializing_stepper(void) const;

Returns the internal initializing stepper instance.
Returns: initializing_stepper
initializing_stepper_type & initializing_stepper(void);
Returns the internal initializing stepper instance.
Returns: initializing_stepper
Y :
al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

adans_bashf ort h private member functions

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System system const Stateln & in, tine_type t,
StateCQut & out, time_type dt);

2. tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);
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Header <boost/numeric/odeint/stepper/adams_bash-
forth_moulton.hpp>

namespace boost {
namespace numeric {
nanmespace odeint {
tenpl ate<si ze_t Steps, typenane State, typename Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenanme Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass adans_bashforth_noul t on;

Class template adams_bashforth_moulton

boost::numeric::odeint::adams_bashforth_moulton — The Adams-Bashforth-Moulton multistep algorithm.
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/adans_bashforth_noul ton. hpp>

tenpl ate<si ze_t Steps, typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenanme Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
cl ass adans_bashforth_noul ton {
publi c:
/'l types
typedef State state_type;
typedef state_wapper< state_type > wapped_state_type;
t ypedef Val ue val ue_type;
typedef Deriv deriv_type;
typedef state_wapper< deriv_type > w apped_deriv_type;
typedef Tine time_type;
t ypedef Al gebra al gebra_type;
typedef Operations oper ations_type;
t ypedef Resi zer resizer_type;
t ypedef stepper_tag st epper _cat egory;
t ypedef unsigned short order _type;

/'l construct/copy/ destruct
adans_bashfort h_noul t on(voi d);
adans_bashforth_noul ton(const al gebra_type &);

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, const StateQut &,
time_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
tenpl at e<t ypenane ExplicitStepper, typename System typenane Stateln>
void initialize(ExplicitStepper, System Stateln & tine_type &,
time_type);
t enpl at e<t ypenane System typenane Stateln>
void initialize(System Stateln & tine_type & tinme_type);

/1 public data nenbers
static const size_t steps;
static const order_type order_val ue;

Description

TheAdams-Bashforth method isamulti-step predictor-corrector algorithm with configurable step number. The step number is specified
as template parameter Steps and it then uses the result from the previous Steps steps. See also en.wikipedia.org/wiki/Linear_mul-
tistep_method. Currently, a maximum of Steps=8 is supported. The method is explicit and fulfills the Stepper concept. Step size
control or continuous output are not provided.

This class derives from algebra_base and inherits its interface via CRTP (current recurring template pattern). For more details see
algebra stepper_base.
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Template Parameters
size_t Steps
The number of steps (maximal 8).
typenanme State
The state type.
typenanme Val ue = doubl e
The value type.
typename Deriv = State
The type representing the time derivative of the state.
typenane Tine = Val ue
The time representing the independent variable - the time.
typenanme Al gebra = range_al gebra
The algebratype.
typenane Operations = default_operations
The operations type.
typename Resizer = initially_resizer

Theresizer policy type.
adans_bashf ort h_nmoul t on public construct/copy/destruct
adans_bashfort h_noul t on(voi d);
Constructsthe adans_bashf ort h class.
2.

adans_bashfort h_noul ton(const al gebra_type & al gebra);

Constructs the adans_bashf or t h class. This constructor can be used as a default constructor if the algebra has a default con-
structor.

Parameters: al gebra A copy of algebrais made and stored.

adans_bashf ort h_noul t on public member functions
order _type order(void) const;

Returns the order of the algorithm, which is equal to the number of steps+1.
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Returns: order of the method.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tine_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence ther.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

3. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

4. tenpl at e<typenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, tine_type t,
const StateQut & out, tinme_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

5 t enpl at e<t ypenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StateOut.
t enpl at e<t ypenane StateType> voi d adjust_size(const StateType & X);

Adjust the size of al temporaries in the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.

tenpl at e<t ypenane ExplicitStepper, typenanme System typenane Stateln>
void initialize(ExplicitStepper explicit_stepper, System system
Stateln & x, time_type & t, tine_type dt);

Initialized the stepper. Does Steps-1 steps with the explicit_stepper to fill the buffer.

S Note
The state x and time t are updated to the values after Steps-1 initial steps.

Parameters: dt The step size.
explicit_stepper the stepper used to fill the buffer of previous step results
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system The system function to solve, hence the r.h.s. of the ordinary differential equation.
It must fulfill the Simple System concept.

t Theinitial time, updated in this method.

X Theinitial state of the ODE which should be solved, updated after in this method.

t enpl at e<t ypenane System typenane Stateln>
void initialize(Systemsystem Stateln & x, tine_type & t, tine_type dt)

Initialized the stepper. Does Steps-1 steps using the standard initializing stepper of the underlying adans_bashf or t h stepper.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

Header <boost/numeric/odeint/stepper/adams_moulton.hpp>

namespace boost {
namespace numneric {
namespace odei nt {
tenpl ate<si ze_t Steps, typenane State, typenanme Val ue = doubl e,
typenane Deriv = State, typenane Tinme = Val ue
typenane Al gebra = range_al gebra
typenanme Operations = default_operations,
typenanme Resizer = initially_resizer>
cl ass adans_noul t on;

Class template adams_moulton

boost::numeric::odeint::adams_moulton
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/adans_noul ton. hpp>

tenpl ate<si ze_t Steps, typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenanme Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass adans_noul ton {
publi c:
/'l types
typedef State ad
state_type;
typedef state_wapper< state_type > ad
wr apped_state_type;
t ypedef Val ue O
val ue_type;
typedef Deriv ded
riv_type;
typedef state_w apper< deriv_type > O
wr apped_deriv_type;
typedef Tine O
time_type;
t ypedef Al gebra al O
gebra_type;
typedef Operations oper ald
tions_type;
t ypedef Resizer restd
i zer_type;
typedef stepper_tag stepO
per _cat egory;
typedef adans_noul ton< Steps, State, Value, Deriv, Tine, Algebra, Operations, Resizer > stepO

per_type;

t ypedef unsigned short orQd
der _type;

typedef unspecified step_stor(d
age_type;

/'l construct/copy/ destruct

adans_noul ton();

adans_noul ton(al gebra_type &);

adans_noul t on& oper at or =(const adans_noul ton &);

/1 public nmenber functions
order_type order(void) const;
t enpl at e<t ypenane System typenane StatelnQut, typenane ABBuf >
voi d do_step(System StatelnQut & tine_type, tine_type, const ABBuf &);
tenpl at e<t ypenane System typenane StatelnQut, typenane ABBuf >
voi d do_step(System const StatelnQut & tinme_type, tinme_type,
const ABBuf &);
tenpl at e<t ypenane System typenane Stateln, typenane StateCut,
typenane ABBuf >
voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
const ABBuf &);
tenpl at e<t ypenane System typenane Stateln, typenane StateCut,
typenane ABBuf >
voi d do_step(System const Stateln & tine_type, const StateQut &,
time_type, const ABBuf &);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
al gebra_type & algebra();
const al gebra_type & al gebra() const;

120

render
httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

/1 private nenber functions
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);

/1 public data nenbers

static const size_t steps;
static const order_type order_val ue;

I

Description

adans_noul t on public construct/copy/destruct

L adans_noul ton();

adanms_noul ton(al gebra_type & al gebra);

3. adans_noul t on& oper at or =(const adans_noul ton & stepper);

adans_noul t on public member functions

order _type order(void) const;

2. t enpl at e<t ypenane System typenane StatelnQut, typename ABBuf >
voi d do_step(System system StatelnQut & in, time_type t, time_type dt,
const ABBuf & buf);
3. tenpl at e<typenane System typenane StatelnQut, typenane ABBuf >
voi d do_step(System system const StatelnQut & in, tinme_type t,
time_type dt, const ABBuf & buf);
4.
tenpl at e<t ypenane System typenane Stateln, typenane StateCut, typenane ABBuf >
voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt, const ABBuf & buf);
5 tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane ABBuf >
voi d do_step(System system const Stateln & in, tinme_type t,
const StateCQut & out, time_type dt, const ABBuf & buf);
6. tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & Xx);
7.

al gebra_type & al gebra();
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const al gebra_type & al gebra() const;

adams_noul t on private member functions

L tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);

Header <boost/numeric/odeint/stepper/base/algebra_step-
per _base.hpp>

nanmespace boost {
namespace nuneric {
namespace odei nt {
tenpl at e<t ypenane Al gebra, typenane Operations> cl ass al gebra_st epper_base;
}
}
}

Class template algebra_stepper_base

boost::numeric::odeint::algebra_stepper_base — Base class for al steppers with algebra and operations.
Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/basel/al gebra_st epper_base. hpp>
tenpl at e<typenane Al gebra, typenane Qperations>
cl ass al gebra_stepper_base {
public:
/'l types
t ypedef Al gebra al gebra_type;
t ypedef Operations operations_type;

/'l construct/copy/ destruct
al gebra_st epper _base(const al gebra_type & = algebra_type());

/1 public nmenber functions
al gebra_type & algebra();
const al gebra_type & al gebra() const;

Description

This class serves a base class for al steppers with algebra and operations. It holds the algebra and provides access to the algebra.
The operations are not instantiated, since they are static classes inside the operations class.

Template Parameters
t ypename Al gebra
The type of the algebra. Must fulfill the Algebra Concept, at least partially to work with the stepper.

t ypenanme Operations
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The type of the operations. Must fulfill the Operations Concept, at least partially to work with the stepper.

al gebr a_st epper _base public construct/copy/destruct
al gebra_st epper_base(const al gebra_type & al gebra = al gebra_type());

Constructsaal gebr a_st epper _base and createsthe algebra. This constructor can be used as adefault constructor if the algebra
has a default constructor.

Parameters: al gebra Theal gebra_st epper _base storesand uses a copy of algebra.

al gebr a_st epper _base public member functions

L al gebra_type & algebra();

Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;
Returns: A const reference to the algebrawhich is held by this class.

Header <boost/numeric/odeint/stepper/base/explicit_error_step-
per _base.hpp>

namespace boost {
namespace numeric {
namespace odei nt {
t enpl at e<t ypenane Stepper, unsigned short Order,
unsi gned short StepperOder, unsigned short ErrorOrder,
typenane State, typenane Val ue, typename Deriv, typenane Tine,
typenanme Al gebra, typename Qperations, typenanme Resizer>
class explicit_error_stepper_base;

Class template explicit_error_stepper_base

boost::numeric::odeint::explicit_error_stepper_base — Base class for explicit steppers with error estimation. This class can used
with controlled steppers for step size control.
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Synopsis

/1

I n header: <boost/nuneric/odeint/stepper/basel/ explicit_error_stepper_base. hpp>

tenpl at e<t ypenane Stepper, unsigned short Oder, unsigned short StepperOder,

cl

unsi gned short ErrorOrder, typenane State, typenane Val ue,
typenane Deriv, typenane Tine, typenanme Al gebra, typename Operations,
typenane Resi zer>

ass explicit_error_stepper_base :

public boost::numeric::odeint::algebra_stepper_base< Al gebra, Operations >

{

publi c:
/'l types
t ypedef al gebra_stepper_base< Al gebra, Operations > al gebra_stepper_base_type;
t ypedef al gebra_st epper_base_type: : al gebra_type al gebra_type;
typedef State state_type;
t ypedef Val ue val ue_type;
typedef Deriv deriv_type;
typedef Tine time_type;
t ypedef Resi zer resizer_type;
t ypedef Stepper st epper _type;
typedef explicit_error_stepper_tag st epper _cat egory;
t ypedef unsigned short order _type;

/'l construct/copy/ destruct
explicit_error_stepper_base(const algebra_type & = algebra_type());

/1 public nmenber functions
order_type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System const Stateln & const Derivin & tine_type, StateQut &,
time_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
void do_step(System StatelnQut & time_type, tinme_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln,
typenane Err>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & time_type, time_type,
Err &) ;
tenpl at e<typenane System typenane Stateln, typenane StateQut, typenane Err>
voi d do_step(System const Stateln & tine_type, StateCQut & tinme_type,
Err &);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & time_type, Err &);
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tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
al gebra_type & algebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane System typenane Statel nQut>
voi d do_step_vl(System StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step_v5(System StatelnQut & tine_type, tine_type, Err &);
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);
st epper _type & stepper(void);
const stepper_type & stepper(void) const;

/'l public data nenbers

static const order_type order_val ue;

static const order_type stepper_order_val ue;
static const order_type error_order_val ue;

Description

This class serves as the base class for al explicit steppers with algebra and operations. In contrast to explicit_stepper_base it aso
estimates the error and can be used in a controlled stepper to provide step size control.

! I Note

This stepper provides do_st ep methods with and without error estimation. It has therefore three orders, one for
the order of astep if the error is not estimated. The other two orders are the orders of the step and the error step if
the error estimation is performed.

explicit_error_stepper_base is used as the interface in a CRTP (currently recurring template pattern). In order to work correctly the
parent class needs to have amethod do_step_inpl ( system, in , dxdt_in , t , out , dt , xerr ).explicit er-
ror_stepper_base derives from algebra_stepper_base.

explicit_error_stepper_base provides several overloaded do_st ep methods, seethelist below. Only two of them are needed to fulfill
the Error Stepper concept. The other ones are for convenience and for performance. Some of them simply update the state out-of-
place, while other expect that the first derivative at t is passed to the stepper.

e do_step( sys, x, t , dt ) -Theclassica do_st ep method needed to fulfill the Error Stepper concept. The stateisupdated
in-place. A type modelling a Boost.Range can be used for x.

e do_step( sys , x , dxdt , t , dt ) - Thismethod updates the state in-place, but the derivative at the point t must be
explicitly passed in dxdt .

e do_step( sys, in, t , out , dt ) -Thismethod updates the state out-of-place, hence the result of the step is stored
inout .

e do_step( sys , in, dxdt , t , out , dt ) -Thismethod update the state out-of-place and expects that the derivative
at the point t isexplicitly passed in dxdt . It isacombination of the two do_st ep methods above.

e do_step( sys, x , t , dt , xerr ) -Thisdo_step method isneeded to fulfill the Error Stepper concept. The stateis
updated in-place and an error estimate is calculated. A type modelling a Boost.Range can be used for x.

e do_step( sys , x, dxdt , t , dt , xerr ) - Thismethod updatesthe state in-place, but the derivative at the point t
must be passed in dxdt . An error estimate is calcul ated.

e do_step( sys, in, t , out , dt , xerr ) -Thismethod updatesthe state out-of-place and estimates the error during
the step.
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e do_step( sys , in, dxdt , t , out , dt , xerr ) - Thismethods updatesthe state out-of-place and estimates the
error during the step. Furthermore, the derivative at t must be passed in dxdt .

S Note

The system is always passed as value, which might result in poor performanceif it contains data. In this case it can
be used with boost : : ref orstd: :ref, for examplest epper. do_step( boost::ref( sys ) , x, t ,
dt );

Thetimet isnot advanced by the stepper. This has to done manually, or by the appropriate i nt egr at e routines
oriterators.

Template Parameters
typenanme Stepper

The stepper on which this class should work. It is used via CRTP, hence expl i ci t _st epper _base provides the interface for
the Stepper.

unsi gned short Order
The order of astepper if the stepper is used without error estimation.
unsi gned short Stepper O der
The order of astep if the stepper is used with error estimation. Usually Order and StepperOrder have the same value.
unsi gned short Error Order
The order of the error step if the stepper is used with error estimation.
typenanme State
The state type for the stepper.
t ypenanme Val ue

Thevaluetypefor the stepper. This should be afloating point type, likefloat, double, or amultiprecision type. It must not necessary
be the value_type of the State. For example the State can be avect or < conpl ex< doubl e > > in this case the Value must
be double. The default value is double.

typenanme Deriv

The type representing time derivatives of the state type. It isusually the same type as the state type, only if used with Boost.Units
both types differ.

typenanme Tine
The type representing the time. Usually the same type as the value type. When Boost.Units is used, this type has usually a unit.

t ypename Al gebra
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The algebra type which must fulfill the Algebra Concept.
t ypename Operations

The type for the operations which must fulfill the Operations Concept.
typenane Resi zer

Theresizer policy class.

explicit_error_stepper_base public construct/copy/destruct
explicit_error_stepper_base(const al gebra_type & algebra = al gebra_type());

Constructsaexpl i cit _error_st epper _base class. This constructor can be used as a default constructor if the algebrahas a
default constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i cit _st epper _base.

explicit_error_stepper_base public member functions
order _type order(void) const;
Returns: Returns the order of the stepper if it used without error estimation.
order_type stepper_order(void) const;
Returns: Returnsthe order of astep if the stepper is used without error estimation.
order_type error_order(void) const;
Returns: Returns the order of an error step if the stepper is used without error estimation.

4. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

5 tenpl at e<typenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);
Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<t ypenane System typenane StatelnQut, typenanme Derivln>
boost:: disable_if< boost::is_sanme< Derivln, tine_type > void >::type
do_step(System system StatelnCut & x, const Derivlin & dxdt, tine_type t,
time_type dt);
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The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is also
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sanme< Stateln, tine_type > void > :type
do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

8. tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenanme StateQut>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys, in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.
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S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System system StatelnQut & x, tine_type t, tine_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-
place.

Parameters: dt The step size.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. X is updated by this method.
xerr The estimation of the error is stored in xerr.

t enpl at e<t ypenane System typenane StatelnQut, typenane Err>
void do_step(System system const StatelnQut & x, tine_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

t enpl at e<t ypenane System typenane StatelnQut, typenanme Derivln, typename Err>
boost:: disable_if< boost::is_sanme< Derivln, tine_type > void > :type
do_step(System system StatelnCut & x, const Derivlin & dxdt, tine_type t,

time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is also
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt , xerr );

The result is updated in place in x. This method is disabled if Time and Derivin are of the same type. In this case the method
could not be distinguished from other do_st ep versions.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.
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tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.
3

tenpl at e<t ypenane System typenane Stateln, typename Derivln,
typenanme StateCQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateCQut & out, time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys, in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. inis not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

A

t enpl at e<t ypenanme Stateln> void adj ust_size(const Stateln & x);

Adjust the size of al temporaries in the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
al gebra_type & al gebra();

Returns: A reference to the algebrawhich is held by this class.
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const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

explicit_error_stepper_base private member functions

L t enpl at e<t ypenane System typenane Statel nQut>
void do_step_vl(System system StatelnCut & x, time_type t, time_type dt);
2.
t enpl at e<t ypenanme System typenane StatelnQut, typenane Err>
void do_step_v5(System system StatelnCut & x, time_type t, time_type dt,
Err & xerr);
3. tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);
4. C o
stepper_type & stepper(void);
5.

const stepper_type & stepper(void) const;

Header <boost/numeric/odeint/stepper/base/explicit_error_step-
per_fsal base.hpp>

namespace boost {
namespace numneric {
namespace odei nt {
t enpl at e<t ypenane Stepper, unsigned short Order,
unsi gned short StepperOder, unsigned short ErrorOrder,
typenane State, typenane Val ue, typename Deriv, typenane Tine,
typenanme Al gebra, typenanme Qperations, typenanme Resizer>
class explicit_error_stepper_fsal _base;

Class template explicit_error_stepper_fsal base

boost::numeric::odeint::explicit_error_stepper_fsal _base— Base classfor explicit stepperswith error estimation and stepper fulfilling
the FSAL (first-same-as-last) property. This class can be used with controlled steppers for step size control.

131

render

httpo://www.renderx.com/


../../../../../boost/numeric/odeint/stepper/base/explicit_error_stepper_fsal_base.hpp
../../../../../boost/numeric/odeint/stepper/base/explicit_error_stepper_fsal_base.hpp
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Synopsis

/1 In header: <boost/nuneric/odeint/stepper/base/explicit_error_stepper_fsal base. hpp>

tenpl at e<t ypenane Stepper, unsigned short Oder, unsigned short StepperOder,
unsi gned short ErrorOrder, typenane State, typenane Val ue,
typenane Deriv, typenane Tine, typenanme Al gebra, typename Operations,
typenane Resi zer>
class explicit_error_stepper_fsal base :
public boost::numeric::odeint::algebra_stepper_base< Al gebra, Operations >

{

publi c:
/'l types
t ypedef al gebra_stepper_base< Al gebra, Operations > al gebra_stepper_base_type;
t ypedef al gebra_st epper_base_type: : al gebra_type al gebra_type;
typedef State state_type;
t ypedef Val ue val ue_type;
typedef Deriv deriv_type;
typedef Tine time_type;
t ypedef Resi zer resizer_type;
t ypedef Stepper st epper _type;
typedef explicit_error_stepper_fsal _tag st epper _cat egory;
t ypedef unsigned short order _type;

/'l construct/copy/ destruct
explicit_error_stepper_fsal _base(const algebra_type & = al gebra_type());

/1 public nmenber functions
order_type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut>
boost: :disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System StatelnQut & DerivlinQut & time_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateCQut, typenane DerivQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & DerivOut & tinme_type);
tenpl at e<t ypenane System typenane StatelnQut, typenanme Err>
void do_step(System StatelnQut & time_type, tinme_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut,
typenane Err>
boost: :disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System StatelnQut & DerivinQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateCut, typenane DerivQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & DerivQut & tine_type, Err &);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
voi d reset(void);
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tenpl at e<typenane Derivin> void initialize(const Derivin &);
t enpl at e<t ypenane System typenane Stateln>
void initialize(System const Stateln & tinme_type);
bool is_initialized(void) const;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

/1 private nenber functions
tenpl at e<typenane System typenane Statel nQut>
void do_step_vl(System StatelnQut & tine_type, tine_type);
tenpl at e<typenane System typenane StatelnQut, typenane Err>
voi d do_step_v5(System StatelnQut & tine_type, tine_type, Err &);
tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);
st epper _type & stepper(void);
const stepper_type & stepper(void) const;

/'l public data nenbers

static const order_type order_val ue;

static const order_type stepper_order_val ue;
static const order_type error_order_val ue;

Description

Thisclassservesasthe base classfor all explicit stepperswith algebraand operationsand which fulfill the FSAL property. In contrast
to explicit_stepper_base it also estimates the error and can be used in a controlled stepper to provide step size control.

The FSAL property meansthat the derivative of the system at t+dt isaready used in the current step going fromt tot +dt. Therefore,
some more do_steps method can be introduced and the controlled steppers can explicitly make use of this property.

E Note
This stepper provides do_st ep methods with and without error estimation. It has therefore three orders, one for
the order of a step if the error is not estimated. The other two orders are the orders of the step and the error step if
the error estimation is performed.

explicit_error_stepper_fsal_baseisused astheinterface in a CRTP (currently recurring template pattern). In order to work correctly
the parent class needsto have amethod do_st ep_i npl ( system, in , dxdt_in , t , out , dxdt_out , dt , xerr
) . explicit_error_stepper fsal base derives from algebra_stepper base.

This class can have an intrinsic state depending on the explicit usage of the do_st ep method. This means that some do_st ep
methods are expected to be called in order. For examplethedo_step( sys , x , t , dt , xerr ) will keep track of the
derivative of x which isthe internal state. The first call of this method is recognized such that one does not explicitly initialize the
internal state, so it is safe to use this method like

st epper _type stepper;

stepper.do_step( sys , x , t , dt , xerr );
stepper.do_step( sys , x , t , dt , xerr );
stepper.do_step( sys , x , t , dt , xerr );

But it is unsafe to call this method with different system functions after each other. Do do so, one must initialize the internal state
with thei ni ti al i ze method or reset the internal state with ther eset method.

explicit_error_stepper_fsal_base provides severa overloaded do_st ep methods, see the list below. Only two of them are needed
to fulfill the Error Stepper concept. The other ones are for convenience and for better performance. Some of them simply update the
state out-of-place, while other expect that the first derivative at t is passed to the stepper.
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do_step( sys, x, t , dt ) -Theclassica do_st ep method needed to fulfill the Error Stepper concept. The stateis updated
in-place. A type modelling a Boost.Range can be used for x.

do_step( sys , x , dxdt , t , dt ) - Thismethod updates the state x and the derivative dxdt in-place. It is expected
that dxdt has the value of the derivative of x at timet.

do_step( sys , in, t , out , dt ) -Thismethod updates the state out-of-place, hence the result of the step is stored
inout .

do_step( sys , in, dxdt_in, t , out , dxdt_out , dt ) - Thismethod updatesthe state and the derivative out-
of-place. It expects that the derivative at the point t isexplicitly passed in dxdt _i n.

do_step( sys , x , t , dt , xerr ) -Thisdo_st ep method isneeded to fulfill the Error Stepper concept. The stateis
updated in-place and an error estimate is calculated. A type modelling a Boost.Range can be used for x.

do_step( sys , x , dxdt , t , dt , xerr ) - Thismethod updatesthe state and the derivative in-place. It is assumed
that the dxdt has the value of the derivative of x at timet. An error estimate is cal cul ated.

do_step( sys, in, t , out , dt , xerr ) - Thismethod updatesthe state out-of-place and estimates the error during
the step.

do_step( sys , in, dxdt_in , t , out , dxdt_out , dt , xerr ) - Thismethods updatesthe state and the de-
rivative out-of-place and estimates the error during the step. It is assumed the dxdt_in is derivative of in at timet.

S Note
The system is always passed as value, which might result in poor performanceif it contains data. In this caseit can
be used with boost : : ref orstd: :ref, for examplest epper. do_step( boost::ref( sys ) , x, t ,
dt );

Thetimet isnot advanced by the stepper. This has to done manually, or by the appropriate i nt egr at e routines
oriterators.

Template Parameters

t ypename St epper

The stepper on which this class should work. It is used via CRTP, hence expl i ci t _st epper _base provides the interface for
the Stepper.

unsi gned short Order
The order of a stepper if the stepper is used without error estimation.
unsi gned short Stepper O der
The order of astep if the stepper is used with error estimation. Usually Order and StepperOrder have the same value.
unsi gned short ErrorOrder
The order of the error step if the stepper is used with error estimation.
typenanme State

The state type for the stepper.
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t ypenane Val ue

Thevaluetypefor the stepper. This should be afloating point type, like float, double, or amultiprecision type. It must not necessary
be the value_type of the State. For example the State can be avect or < conpl ex< doubl e > > in this case the Value must
be double. The default valueis double.

t ypename Deriv

The type representing time derivatives of the state type. It isusually the same type asthe state type, only if used with Boost.Units
both types differ.

typenane Tine
The type representing the time. Usually the same type as the value type. When Boost.Units is used, this type has usually a unit.
t ypename Al gebra
The algebra type which must fulfill the Algebra Concept.
t ypename Operations
The type for the operations which must fulfill the Operations Concept.
t ypenane Resi zer

Theresizer policy class.

explicit_error_stepper_fsal _base public construct/copy/destruct
explicit_error_stepper_fsal _base(const algebra_type & algebra = algebra_type());

Constructs a explicit_stepper_fsal_base class. This constructor can be used as a default constructor if the algebra has a default
constructor.

Parameters: al gebra A copy of adgebrais made and stored insideexpl i ci t _st epper _base.

explicit_error_stepper_fsal _base public member functions
order_type order(void) const;
Returns: Returns the order of the stepper if it used without error estimation.
order_type stepper_order(void) const;
Returns: Returns the order of astep if the stepper is used without error estimation.
order_type error_order(void) const;

Returns: Returns the order of an error step if the stepper is used without error estimation.
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tenpl at e<typenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

S Note
This method uses the internal state of the stepper.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in Xx.

5 tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);
Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut>
boost: :disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System system StatelnQut & x, DerivinQut & dxdt, tine_type t,
time_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other methods the derivative of X is aso
passed to this method. Therefore, dxdt must be evaluated initialy:

ode( x , dxdt , t );
for( ... )

{
stepper.do_step( ode , x , dxdt , t , dt );
t += dt;

S Note
This method does NOT use the initial state, since the first derivative is explicitly passed to this method.

The result is updated in place in x as well as the derivative dxdt. This method is disabled if Time and StatelnOut are of the same
type. In this case the method could not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t. After calling do_st ep dxdt is updated to the new value.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in Xx.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

S Note
This method uses the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut>
voi d do_step(System system const Stateln & in, const Derivlin & dxdt_in,
time_type t, StateCQut & out, DerivQut & dxdt_out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and updated by the stepper to its new value at t+dit.

S Note
This method does not solve the forwarding problem.

This method does NOT use the internal state of the stepper.

Parameters: dt The step size.
dxdt _in The derivative of x at t.
dxdt _out  Theupdated derivative of out att +dt .

in The state of the ODE which should be solved. in is not modified in this method

out The result of the step iswritten in out.

system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System
concept.

t The value of the time, at which the step should be performed.

9. t enpl at e<t ypenanme System typenane StatelnQut, typenane Err>

voi d do_step(System system StatelnQut & x, tinme_type t, tinme_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-
place.

S Note
This method uses the internal state of the stepper.
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Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
Xerr The estimation of the error is stored in xerr.
10

t enpl at e<t ypenanme System typenane StatelnQut, typenane Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<typenane System typenane StatelnQut, typenane DerivlnQut,
typenane Err>
boost: :disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System system StatelnQut & x, DerivinQut & dxdt, tine_type t,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method and updated by this method.

S Note
This method does NOT use the internal state of the stepper.

Theresult is updated in place in x. Thismethod is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions. This method is disabled if StatelnOut and Time are of the same type.

@ Note
This method does NOT use the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t. After calling do_st ep thisvalueis updated to the new value at t +dt .
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut, typenane Err>
voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

E Note
This method uses the internal state of the stepper.

This method does not solve the forwarding problem.
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Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivln & dxdt_in,
tinme_type t, StateQut & out, DerivQut & dxdt_out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated.

S Note
This method does NOT use the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt _in The derivative of x at t.
dxdt _out  Thenew derivative at t +dt iswritten into this variable.

in The state of the ODE which should be solved. in is not modified in this method

out The result of the step iswritten in out.

system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System
concept.

t The value of the time, at which the step should be performed.

Xerr The error estimate.

1 tenpl at e<typenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of al temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
voi d reset(void);

Resetstheinternal state of thisstepper. After calling thismethod itissafeto useall do_st ep method without explicitly initializing
the stepper.

tenpl at e<typenane Derivin> void initialize(const Derivin & deriv);

Initializes the internal state of the stepper.

Parameters: deriv The derivative of x. The next call of do_st ep expects that the derivative of x passed to do_st ep
has the value of deri v.

17 t enpl at e<t ypenane System typenane Stateln>

void initialize(System system const Stateln & x, time_type t);

Initializes the internal state of the stepper.
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Thismethod is equivalent to

Deriv dxdt;
systen( x , dxdt , t );
stepper.initialize( dxdt );

Parameters: system The system function for the next calls of do_st ep.
t The current time of the ODE.
X The current state of the ODE.
18

bool is_initialized(void) const;

Returnsif the stepper is aready initialized. If the stepper is not initialized, thefirst call of do_st ep will initiaize the state of the
stepper. If the stepper is already initialized the system function can not be safely exchanged between consecutivedo_st ep calls.

al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.
2

const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

explicit_error_stepper_fsal _base private member functions

L tenpl at e<t ypenane System typenane Statel nCut>
void do_step_vl(Systemsystem StatelnQut & x, time_type t, time_type dt);
2.
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step_v5(System system StatelnQut & x, time_type t, tine_type dt,
Err & xerr);
3. . . )
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);
4. .
stepper_type & stepper(void);
5.

const stepper_type & stepper(void) const;
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Header <boost/numeric/odeint/stepper/base/explicit_step-
per _base.hpp>

namespace boost {
namespace numeric {
nanmespace odeint {
tenpl at e<t ypenane Stepper, unsigned short Oder, typenane State,
typenane Val ue, typenane Deriv, typenane Tine,
typenanme Al gebra, typenanme Qperations, typename Resizer>
cl ass explicit_stepper_base;

Class template explicit_stepper_base

boost::numeric::odeint::explicit_stepper base — Base classfor explicit steppers without step size control and without dense output.

141

httpo://www.renderx.com/


../../../../../boost/numeric/odeint/stepper/base/explicit_stepper_base.hpp
../../../../../boost/numeric/odeint/stepper/base/explicit_stepper_base.hpp
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Numeric.Odeint

Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/base/explicit_stepper_base. hpp>

tenpl at e<t ypenane Stepper, unsigned short Oder, typenane State,
typenane Val ue, typenane Deriv, typenane Tine, typenane Al gebra,
typenane Qperations, typenane Resizer>
cl ass explicit_stepper_base :
public boost::numeric::odeint::algebra_stepper_base< Al gebra, Operations >

{

publi c:
/'l types
typedef State state_type;
t ypedef Val ue val ue_type;
typedef Deriv deriv_type;
typedef Tine time_type;
t ypedef Resizer resizer_type;
t ypedef Stepper st epper _type;
t ypedef stepper_tag st epper _cat egory;
t ypedef al gebra_stepper_base< Al gebra, Operations > al gebra_stepper_base_type;
t ypedef al gebra_st epper_base_type: : al gebra_type al gebra_type;
t ypedef al gebra_st epper_base_type: :operations_type operations_type;
t ypedef unsigned short order _type;

/'l construct/copy/ destruct
explicit_stepper_base(const al gebra_type & = al gebra_type());

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
al gebra_type & algebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
st epper _type & stepper(void);
const stepper_type & stepper(void) const;
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step_vl(System StatelnQut & tine_type, tine_type);

/1 public data nenbers
static const order_type order_val ue;

Description

This class serves as the base class for al explicit steppers with algebra and operations. Step size control and error estimation as well
as dense output are not provided. explicit_stepper_base is used as the interface in a CRTP (currently recurring template pattern). In
order to work correctly the parent class needsto have amethod do_step_i npl ( system, in, dxdt_in , t , out , dt
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) . Thisis method is used by explicit_stepper_base. explicit_stepper_base derives from algebra_stepper_base. An example how this
classcan beusedis

tenpl ate< class State , class Value , class Deriv , class Tinme , class Al gebra , class Operal
tions , class Resizer >

class customeuler : public explicit_stepper_base< 1, State , Value , Deriv , Tinme , Algebra, OO
erations , Resizer >

{
public:

typedef explicit_stepper_base< 1, State , Value , Deriv , Tine , Algebra , Operations , ResO
i zer > base_type;

custom eul er( const Al gebra &al gebra = Algebra() ) { }
tenpl ate< class Sys , class Stateln , class Derivlin , class StateQut >
void do_step_inpl( Sys sys , const Stateln & n , const Deriv0O
In &xdt , Time t , StateQut &out , Tinme dt )
{

}

m al gebra. for_each3( out , in, dxdt , Operations::scale_sun2< Value , Time >( 1.0, dt );

tenpl ate< class State >
voi d adj ust_size( const State &x )

{
}

base_type:: adj ust_size( x );

For the Stepper concept only thedo_step( sys , x , t , dt ) needsto beimplemented. But this class provides additional
do_st ep variants since the stepper isexplicit. These methods can be used to increase the performance in some situation, for example
if one needsto analyze dxdt during each step. In this case one can use

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt ); // the value of dxdt is used here
t += dt;

In detail explicit_stepper base provides the following do_st ep variants

e do_step( sys, x, t , dt ) -Theclassica do_st ep method needed to fulfill the Stepper concept. The state is updated
in-place. A type modelling a Boost.Range can be used for x.

e do_step( sys, in, t , out , dt ) -Thismethod updates the state out-of-place, hence the result of the step is stored
inout .

e do_step( sys , x , dxdt , t , dt ) - Thismethod updates the state in-place, but the derivative at the point t must be
explicitly passed in dxdt . For an example see the code snippet above.

e do_step( sys, in, dxdt , t , out , dt ) -Thismethod update the state out-of-place and expectsthat the derivative
at the point t isexplicitly passed in dxdt . It isacombination of the two do_st ep methods above.

S Note
The system is always passed as value, which might result in poor performanceif it contains data. In this case it can
be used with boost : : ref orstd: :ref, for examplest epper. do_step( boost::ref( sys ) , x, t ,
dt );

Thetimet isnot advanced by the stepper. This has to done manually, or by the appropriate i nt egr at e routines
oriterators.
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Template Parameters
typenanme Stepper

The stepper on which this class should work. It is used via CRTP, hence expl i ci t _st epper _base provides the interface for
the Stepper.

unsi gned short Order
The order of the stepper.
typenanme State
The state type for the stepper.
t ypename Val ue

Thevaluetypefor the stepper. This should be afloating point type, like float, double, or amultiprecision type. It must not necessary
be the value_type of the State. For example the State can be avect or < conpl ex< doubl e > > in this case the Value must
be double. The default value is double.

typenanme Deriv

The type representing time derivatives of the state type. It isusually the same type as the state type, only if used with Boost.Units
both types differ.

typenanme Tine
The type representing the time. Usually the same type as the value type. When Boost.Units is used, this type has usually a unit.
t ypename Al gebra
The algebra type which must fulfill the Algebra Concept.
typename Operations
The type for the operations which must fulfill the Operations Concept.
t ypenanme Resi zer

Theresizer policy class.

explicit_stepper_base public construct/copy/destruct
explicit_stepper_base(const algebra_type & algebra = al gebra_type());

Constructsaexpl i ci t _st epper _base class. This constructor can be used as a default constructor if the algebra has a default
constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i cit _st epper _base.
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explicit_stepper_base public member functions
order _type order(void) const;
Returns: Returns the order of the stepper.

2. t enpl at e<t ypenane System typenane Statel nQut>

void do_step(System system StatelnQut & x, tine_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in Xx.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.

tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: : disable_if< boost::is_sanme< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in place in x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);

The method performs one step. The state of the ODE is updated out-of-place.
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S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

6. tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tine_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in , dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. inis not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.
Parameters: x A state from which the size of the temporaries to be resized is deduced.
8. :
al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.

const al gebra_type & algebra() const;

Returns: A const reference to the algebrawhich is held by this class.

explicit_stepper_base private member functions

stepper_type & stepper(void);

const stepper_type & stepper(void) const;
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tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);

tenpl at e<t ypenane System typenane Statel nCut>
void do_step_vl(Systemsystem StatelnQut & x, time_type t, time_type dt);

Header <boost/numeric/odeint/stepper/base/symplectic_rkn_step-
per _base.hpp>

nanespace boost {
nanmespace nuneric {
nanespace odei nt {
tenpl at e<si ze_t NunOF St ages, unsi gned short Order, typenane Coor,
typenane Monentum typenane Val ue, typenane CoorDeriv,
typenane MonentunDeriv, typenane Tine, typenane Al gebra,
typenane Qperations, typenane Resizer>
cl ass synpl ecti c_nystroem st epper_base;

Class template symplectic_nystroem_stepper_base

boost::numeric::odeint::symplectic_nystroem_stepper_base — Base class for all symplectic steppers of Nystroem type.
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Synopsis

/'l 1In header: <boost/nuneric/odeint/stepper/base/synplectic_rkn_stepper_base. hpp>

tenpl at e<si ze_t NunmOF St ages, unsi gned short Order, typenane Coor,
typename Momentum typenanme Val ue, typenanme CoorDeriv,
typenane MonentunDeriv, typenane Tine, typenanme Al gebra,
typenane Qperations, typenane Resizer>
cl ass synpl ecti c_nystroem stepper_base :
public boost::numeric::odeint::al gebra_stepper_base< Al gebra, Qperations >

{
publi c:
/'l types
t ypedef al gebra_stepper_base< Al gebra, Operations > al gebra_st epper _base_t ype;
t ypedef al gebra_st epper_base_type: : al gebra_type al gebra_type;
t ypedef al gebra_st epper_base_type: : operations_type oper ati ons_type;
t ypedef Coor coor _type;
t ypedef Monentum nonment um_t ype;
typedef std::pair< coor_type, nonentumtype > state_type;
t ypedef CoorDeriv coor _deriv_type;
typedef state_w apper< coor_deriv_type > wr apped_coor _deriv_type;
t ypedef MonentunDeriv nonment um deri v_type;
typedef state_w apper< normentumderiv_type > wr apped_nonent um deri v_type;
typedef std::pair< coor_deriv_type, nonmentumderiv_type > deriv_type;
t ypedef Val ue val ue_type;
typedef Tine time_type;
t ypedef Resizer resizer_type;
t ypedef stepper_tag st epper _cat egory;
t ypedef unsigned short order _type;
t ypedef boost::array< value_type, numof_stages > coef _type;

/'l construct/copy/ destruct
synpl ecti c_nystroem st epper_base(const coef_type & const coef_type &,
const al gebra_type & = al gebra_type());

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnCQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Mnentun nQut >
voi d do_step(System CoorlnQut & Mpnentum nQut & tinme_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typename Munentun nQut >
voi d do_step(System const CoorlnQut & const Monentum nQut & tine_type,
time_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const coef _type & coef_a(void) const;
const coef _type & coef_b(void) const;
al gebra_type & algebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System const Stateln & tinme_type, StateQut &,
time_type, boost::npl::true_);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System const Stateln & tinme_type, StateQut &,
time_type, boost::npl::false_ );
tenpl at e<typenane Statel n> bool resize_dqdt(const Stateln &);
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tenpl at e<typenane Statel n> bool resize_dpdt(const Stateln &);

/'l public data nenbers
static const size_t numof_stages;
static const order_type order_val ue;

Description

This class is the base class for the symplectic Runge-Kutta-Nystroem steppers. Symplectic steppers are usually used to solve
Hamiltonian systems and they conserve the phase space volume, see en.wikipedia.org/wiki/Symplectic_integrator. Furthermore, the
energy is conserved in average. In detail this class of steppers can be used to solve separable Hamiltonian systems which can be
written in the form H(q,p) = H1(p) + H2(q). q is usually called the coordinate, while p is the momentum. The equations of motion
are dg/dt = dH1/dp, dp/dt = -dH2/dq.

ToDo : add formula for solver and explanation of the coefficients

symplectic_nystroem_stepper_base uses odeints algebra and operation system. Step size and error estimation are not provided for
this class of solvers. It derives from algebra_stepper_base. Several do_st ep variants are provided:

do_step( sys , x, t , dt ) -Theclassical do_st ep method. The sys can be either a pair of function objects for the co-
ordinate or the momentum part or one function object for the momentum part. x isapair of coordinate and momentum. The state
is updated in-place.

do_step( sys, g, p, t , dt ) -Thismethodissmilarto the method above with the difference that the coordinate
and the momentum are passed explicitly and not packed into a pair.

do_step( sys , x_in , t , x_out , dt ) -Thismethod transforms the state out-of-place. x_i n and x_out are here
pairs of coordinate and momentum.

Template Parameters

size_t NunOf St ages

Number of stages.
unsi gned short Order

The order of the stepper.
t ypename Coor

The type representing the coordinates g.
typenane Monent um

The type representing the coordinates p.
t ypenanme Val ue

The basic value type. Should be something like float, double or a high-precision type.
t ypenane CoorDeriv

The type representing the time derivative of the coordinate dg/dt.
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t ypenane Monent unDeri v

t ypename Tine
The type representing the time t.
t ypename Al gebra
The algebra.
t ypenanme Operations
The operations.
t ypenane Resi zer

Theresizer policy.
synpl ecti c_nystroem st epper_base public construct/copy/destruct

L synpl ecti c_nystroem st epper _base(const coef_type & coef_a,

const coef_type & coef_b,
const al gebra_type & algebra = al gebra_type());

Constructsasynpl ecti c_nyst roem st epper _base class. The parameters of the specific Nystroem method and the algebra
have to be passed.

Parameters: al gebra A copy of agebrais made and stored insideexpl i cit _st epper _base.
coef _a The coefficients a.
coef b The coefficients b.

synpl ecti c_nystroem st epper_base public member functions
order _type order(void) const;
Returns: Returns the order of the stepper.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnQut & state, time_type t,
tinme_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

S Note
boost::ref or std::ref can be used for the system as well as for the state. So, it is correct to write st ep-
per.do_step( nmake_pair( std::ref( fgq ) , std::ref( fp) ) , make_pair( std::ref( q
) , std::ref( p) ), t , dt ).

This method solves the forwarding problem.

150

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Numeric.Odeint

Parameters:

3.

dt The time step.

state The state of the ODE. It isapair of Coor and Momentum. The state is updated in-place, therefore,
the new vaue of the state will be written into this variable.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & state, tinme_type t, time_type dt);

Same function as above. It differs only in a different const specifier in order to solve the forwarding problem, can be used with

Boost.Range.

4,

tenpl at e<t ypenane System typenane CoorlnQut, typename Munentun nQut >
voi d do_step(System system CoorlnQut & q, Monmentum nQut & p, tinme_type t,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

K

Parameters:

5.

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper . do_st ep( nake_pai r (
std::ref( fq ) , std::ref( fp) ), q, p, t , dt ).

This method solves the forwarding problem.

dt The time step.

p The momentum of the ODE. It is updated in-place. Therefore, the new value of the momentum
will be written info this variable.

q The coordinate of the ODE. It is updated in-place. Therefore, the new value of the coordinate will

be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane System typenane CoorlnQut, typename Mumentun nQut >
voi d do_step(System system const CoorlnQut & q, const Mnentum nQut & p,

time_type t, tine_type dt);

Same function as do_step( system, q, p, t, dt). It differs only in a different const specifier in order to solve the forwarding
problem, can be called with Boost.Range.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated out-of-place.
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Parameters:

7.

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper. do_step( make_pai r (
std::ref( fq ) , std::ref( fp) ), x.in, t , x_out , dt ).

This method NOT solve the forwarding problem.

dt The time step.

in The state of the ODE, which is a pair of coordinate and momentum. The state is updated out-of -
place, therefore the new value is written into out

out The new state of the ODE.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);

Adjust the size of al temporariesin the stepper manually.

Parameters:

8.

x A state from which the size of the temporaries to be resized is deduced.

const coef _type & coef_a(void) const;

Returns the coefficients a.

const coef _type & coef_b(void) const;

Returns the coefficients b.

10

al gebra_type & al gebra();

Returns:

A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns:

A const reference to the algebrawhich is held by this class.

synpl ectic_nystroem st epper_base private member functions

t enpl at e<t ypename System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System system const Stateln & in, time_type t,

StateQut & out, time_type dt, boost::npl::true_);

tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step_inpl (System system const Stateln & in, tine_type,

StateQut & out, tinme_type dt, boost::npl::false_ );

tenpl at e<t ypenane Statel n> bool resize_dqdt(const Stateln & x);

tenpl at e<typenane Statel n> bool resize_dpdt(const Stateln & x);
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Header <boost/numeric/odeint/stepper/bulirsch_stoer.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass bulirsch_stoer;

Class template bulirsch_stoer

boost::numeric::odeint::bulirsch_stoer — The Bulirsch-Stoer agorithm.
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/bulirsch_stoer.hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,

typenane Resizer = initially_resizer>

class bulirsch_stoer {
public:

/'l types

typedef State state_type;

t ypedef Val ue val ue_type;

typedef Deriv deriv_type;

typedef Tine time_type;

t ypedef Al gebra al gebra_type;
t ypedef Operations operations_type;
t ypedef Resizer resi zer_type;

/'l construct/copy/ destruct
bul i rsch_stoer(val ue_type
val ue_type

1E-6, value_type = 1E-6, value_type = 1.0,
1.0);

/1 public nmenber functions
tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System StatelnQut & tine_type & time_type &);
tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System const StatelnQut & tinme_type & time_type &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
controlled_step_result
try_step(System StatelnQut & const Derivlin & time_type & time_type &) ;
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost: : di sabl e_i f< boost::is_same< Stateln, time_type > controlled_step_result >: :type
try_step(System const Stateln & tine_type & StateQut & tine_type &) ;
tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateQut>
controlled_step_result
try_step(System const Stateln & const Derivlin & tinme_type &
StateQut & tinme_type &);
void reset();
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);

/1 private nenber functions
tenpl at e<typenane Statel n> bool resize_mdxdt(const Stateln &);
t enpl at e<t ypenanme Statel n> bool resize_mxnew const Stateln &);
tenpl at e<t ypenane Stateln> bool resize_inpl(const Stateln &);
tenpl at e<typenane System typenane Statel nQut>
controlled_step_result
try_step_vl(System StatelnQut & tine_type & tinme_type &);
t enpl at e<t ypenane St at el nCut >
voi d extrapol ate(size_t, state_table_type & const value_matrix &,
Statel nCQut &);
time_type calc_h_opt(tine_type, value_type, size_t) const;
controlled_step_result
set _k_opt(size_t, const inv_tine_vector & const tine_vector & tine_type &) ;
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bool in_convergence_wi ndow(size_t) const;
bool shoul d_reject(value_type, size_t) const;

/'l public data nenbers
static const size_t mk_nax;

Description

The Bulirsch-Stoer isacontrolled stepper that adjusts both step size and order of the method. The a gorithm uses the modified midpoint
and a polynomial extrapolation compute the solution.

Template Parameters
typename State
The state type.
t ypename Val ue = doubl e
The value type.
typenane Deriv = State
The type representing the time derivative of the state.
typenanme Tine = Val ue
The time representing the independent variable - the time.
typenanme Al gebra = range_al gebra
The algebratype.
typenanme Operations = default_operations
The operations type.
typename Resizer = initially_resizer

Theresizer policy type.

bul i rsch_st oer public construct/copy/destruct

val ue_type eps_rel = 1E-6,

bul i rsch_stoer(val ue_type eps_abs = 1E-6,
1.0, value_type factor_dxdt = 1.0);

val ue_type factor_x =

Constructsthebul i r sch_st oer class, including initialization of the error bounds.

Parameters: eps_abs Absolute tolerance level.
eps_rel Relative tolerance level.
fact or _dxdt Factor for the weight of the derivative.
factor_x Factor for the weight of the state.
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bul i rsch_stoer public member functions

tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System system StatelnQut & x, time_type &t, time_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed. Also, the internal order of
the stepper is adjusted if required.

Parameters: dt The step size. Updated.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.

Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Statel nCut>
controlled_step_result
try_step(System system const StatelnQut & x, tine_type &t, tinme_type & dt);

Second version to solve the forwarding problem, can be used with Boost.Range as Statel nOut.

tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
controlled_step_result
try_step(System system StatelnQut & x, const Derivin & dxdt, time_type & t,
time_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if a step is performed. Also, the internal order of
the stepper is adjusted if required.

Parameters: dt The step size. Updated.
dxdt The derivative of state.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sanme< Stateln, tine_type > controlled_step_result >::type
try_step(System system const Stateln & in, time_type &t, StateQut & out,
time_type & dt);

Triesto perform one step.

S Note
This method is disabled if state type=time_type to avoid ambiguity.
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This method tries to do one step with step size dt. If the error estimate isto large, the step is rgjected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if a step is performed. Also, the internal order of
the stepper is adjusted if required.

Parameters: dt The step size. Updated.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenanme StateCQut>
controlled_step_result
try_step(System system const Stateln & in, const Derivin & dxdt,
time_type & t, StateQut & out, tine_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if a step is performed. Also, the internal order of
the stepper is adjusted if required.

Parameters: dt The step size. Updated.
dxdt The derivative of state.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

void reset();
Resets the internal state of the stepper.
tenpl at e<t ypenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.
Parameters: x A state from which the size of the temporaries to be resized is deduced.

bul i rsch_st oer private member functions

t enpl at e<t ypenane Stateln> bool resize_mdxdt(const Stateln & x);

t enpl at e<t ypenanme Statel n> bool resize_mxnew const Stateln & X);

3. tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);
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4. tenpl at e<typenane System typenane Statel nQut>
controlled_step_result
try_step_vl(Systemsystem StatelnQut & x, time_type &t, time_type & dt)
5. t enpl at e<t ypenane St at el nCut >
voi d extrapol ate(size_t k, state_table_type & table
const value matrix & coeff, StatelnQut & xest)
6. .. . . ]
time_type calc_h_opt(tine_type h, value_type error, size_t k) const
7.
control |l ed_step_result
set _k_opt(size_t k, const inv_tine_vector & work, const tinme_vector & h_opt
tine_type & dt)
8. bool in_convergence_w ndow(size_t k) const;
9.

bool should_reject(value_type error, size_t k) const;

Header <boost/numeric/odeint/stepper/bulirsch_sto-
er_dense_out.hpp>

nanmespace boost {
namespace nuneric {
namespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenane Tinme = Val ue
typenane Al gebra = range_al gebra
typenane Qperations = default_operations
typenanme Resizer = initially_resizer>
cl ass bulirsch_stoer_dense_out;

Class template bulirsch_stoer_dense out

boost::numeric::odeint::bulirsch_stoer_dense_out — The Bulirsch-Stoer algorithm.
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/bulirsch_stoer_dense_out. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
class bulirsch_stoer_dense_out {
public:
/'l types
typedef State state_type;
t ypedef Val ue val ue_type;
typedef Deriv deriv_type;
typedef Tine time_type;
t ypedef Al gebra al gebra_type;
typedef Operations operations_type;
t ypedef Resizer resi zer_type;

t ypedef dense_out put _stepper_tag stepper_category;

/'l construct/copy/ destruct
bul i rsch_st oer _dense_out (val ue_type 1E-6, value_type = 1E-6,
val ue_type = 1.0, value_type = 1.0, bool = false);

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateCQut, typenane DerivQut>
controlled_step_result
try_step(System const Stateln & const Derivlin & tinme_type &
StateQut & DerivQut & tine_type & ;

t enpl at e<t ypenane St at eType>

void initialize(const StateType & const tinme_type & const tine_type &) ;
tenpl at e<t ypenane Systenr std::pair< tinme_type, time_type > do_step(System;
tenpl at e<typenane StateQut> void calc_state(tinme_type, StateQut &) const;
const state_type & current_state(void) const;
time_type current _tinme(void) const;
const state_type & previous_state(void) const;
time_type previous_tinme(void) const;
time_type current _tinme_step(void) const;
void reset();
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);

/1 private nenber functions
tenpl at e<typenane StatelnCQut, typenane StateVector>
voi d extrapol ate(size_t, StateVector & const value_matrix &,
StatelnQut & size_t = 0);
t enpl at e<t ypenane St at eVect or >
voi d extrapol ate_dense_out(size_t, StateVector & const value_matrix &,
size_t = 0);
time_type calc_h_opt(tine_type, value_type, size_t) const;
bool in_convergence_wi ndow(size_t) const;
bool shoul d_reject(value_type, size_t) const;
tenpl at e<t ypenane Statelnl, typenane Derivlnl, typenane Stateln2,
typenane Derivln2>
val ue_type prepare_dense_output (int, const Statelnl & const Derivlnl &,
const Stateln2 & const Derivln2 &,
time_type);
t enpl at e<t ypenane Deri vl n>
void calculate finite_difference(size_t, size_t, value_type,
const Derivln &);
t enpl at e<t ypenane St at eQut >
void do_interpolation(tine_type, StateQut &) const;
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tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);
state_type & get_current_state(void);

const state_type & get_current_state(void) const;

state_type & get_old_state(void);

const state_type & get_old_state(void) const;

deriv_type & get_current_deriv(void);

const deriv_type & get_current_deriv(void) const;

deriv_type & get_old_deriv(void);

const deriv_type & get_old_deriv(void) const;

voi d toggle_current_state(void);

/'l public data nenbers
static const size_t mk_nax;

Description

The Bulirsch-Stoer isacontrolled stepper that adjusts both step size and order of the method. The a gorithm uses the modified midpoint
and a polynomial extrapolation compute the solution. This class also provides dense output facility.

Template Parameters
typename State
The state type.
t ypename Val ue = doubl e
The value type.
typenane Deriv = State
The type representing the time derivative of the state.
typenanme Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typenanme Operations = default_operations
The operations type.
typename Resizer = initially_resizer

Theresizer policy type.
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bul i rsch_stoer_dense_out public construct/copy/destruct

bul i rsch_stoer_dense_out (val ue_type eps_abs = 1E-6, value_type eps_rel = 1E-6,
val ue_type factor_x = 1.0,
val ue_type factor_dxdt = 1.0,
bool control _interpolation = fal se);

Constructsthebul i r sch_st oer class, including initialization of the error bounds.

Parameters: control _interpol ation Set true to additionally control the error of the interpolation.
eps_abs Absolute tolerance level.
eps_rel Relative tolerance level.
fact or _dxdt Factor for the weight of the derivative.
factor_x Factor for the weight of the state.

bul i rsch_st oer_dense_out public member functions

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut>
controlled_step_result
try_step(System system const Stateln & in, const Derivin & dxdt,
time_type & t, StateCQut & out, DerivQut & dxdt_new,
time_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if a step is performed. Also, the internal order of
the stepper is adjusted if required.

Parameters: dt The step size. Updated.
dxdt The derivative of state.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.
2.
t enpl at e<t ypenane St at eType>
void initialize(const StateType & x0, const tine_type & tO,
const tinme_type & dt0);
Initializes the dense output stepper.
Parameters: dt 0 Theinitia time step.
t0  Theinitia time.
x0  Theinitia state.
3.

t enpl at e<t ypenane Systenv
std::pair< time_type, tine_type > do_step(System system;

Does one time step. Thisis the main method that should be used to integrate an ODE with this stepper.
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S Note
initialize has to be called before using this method to set theinitial conditions x,t and the stepsize.

Parameters: system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
Returns: Pair with start and end time of the integration step.

tenpl at e<typenane StateQut> void calc_state(tine_type t, StateQut & x) const;

Calculates the solution at an intermediate point within the last step.

Parameters: t  Thetime at which the solution should be calculated, has to be in the current time interval.
x  The output variable where the result is written into.

const state_type & current_state(void) const;

Returns the current state of the solution.

Returns: The current state of the solution x(t).
time_type current_time(void) const;

Returns the current time of the solution.

Returns: The current time of the solution t.
const state_type & previous_state(void) const;

Returnsthe last state of the solution.

Returns: The last state of the solution x(t-dt).
time_type previous_tinme(void) const;

Returnsthe last time of the solution.

Returns: The last time of the solution t-dt.
time_type current _time_step(void) const;

Returns the current step size.
Returns: The current step size.

ey void reset();
Resets the internal state of the stepper.

tenpl at e<typenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of al temporariesin the stepper manually.
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Parameters: x A state from which the size of the temporaries to be resized is deduced.

bul i rsch_st oer _dense_out private member functions

tenpl at e<t ypenane StatelnCut, typenane StateVector>
voi d extrapol ate(size_t k, StateVector & table, const value_matrix & coeff,
Statel nQut & xest, size_ t order_start_index = 0);

2. t enpl at e<t ypenane St at eVect or >
voi d extrapol ate_dense_out (size_t k, StateVector & table,
const value_matrix & coeff,
size_t order_start_index = 0);
3. .. . . )
time_type calc_h opt(tine_type h, value_type error, size_t k) const;
4, . . . )
bool in_convergence_w ndow(size_t k) const;
5 bool shoul d_reject(value_type error, size_t k) const;
6. .
tenpl at e<typenane Statelnl, typenane Derivlnl, typename Stateln2,
typename Deri vl n2>
val ue_type prepare_dense_output(int k, const Statelnl & x_start,
const Derivlinl & dxdt_start,
const Stateln2 & const Derivln2 &,
time_type dt);
7. .
t enpl at e<t ypenane Deri vl n>
void calculate finite_difference(size_t j, size_t kappa, value_type fac,
const Derivlin & dxdt);
8. t enpl at e<t ypenane St at eCut >
void do_interpolation(tine_type t, StateQut & out) const;
9. . . )
tenpl at e<t ypenane Statel n> bool resize_inpl(const Stateln & x);
10 PN
state_type & get_current_state(void);
1 . .
const state_type & get_current_state(void) const;
12

state_type & get_old_state(void);
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const state_type & get_old_state(void) const;

4 deriv_type & get_current_deriv(void);
15 . . . )
const deriv_type & get_current_deriv(void) const;
16 - - .
deriv_type & get_old_deriv(void);
17. . . .
const deriv_type & get_ol d_deriv(void) const;
18

voi d toggle _current_state(void);

Header <boost/numeric/odeint/stepper/con-
trolled_runge_kutta.hpp>

nanespace boost {
namespace numneric {
namespace odei nt {
t enpl at e<t ypenane Val ue, typenanme Al gebra = range_al gebra,
typenane Qperations = default_operations>
cl ass default_error_checker;
t enpl at e<t ypenane Error St epper,
typenane ErrorChecker = default_error_checker< typenane ErrorStepld
per::val ue_type ,typenane Error Stepper::al gebra_type ,typenane Error Stepper::operations_type >,
typenane Resizer = typenane ErrorStepper::resizer_type,
typenane Error StepperCategory = typename Error Stepper::stepper_category>
cl ass control |l ed_runge_kutta;

tenpl at e<t ypenane Error Stepper, typenane Error Checker, typenane Resizer>
cl ass controll ed_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepld
per _t ag>;
tenpl at e<t ypenane Error Stepper, typenane Error Checker, typenane Resizer>
cl ass control |l ed_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepld
per _fsal _tag>;
}
}
}

Class template default_error_checker

boost::numeric::odeint::default_error_checker — The default error checker to be used with Runge-Kutta error steppers.
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Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/controlled_runge_kutta. hpp>

t enpl at e<t ypenane Val ue, typenanme Al gebra = range_al gebra,
typenane Qperations = default_operations>
cl ass default_error_checker {
public:
/'l types
t ypedef Val ue val ue_type;
t ypedef Al gebra al gebra_type;
t ypedef Operations operations_type;

/'l construct/copy/destruct

defaul t _error_checker (val ue_type
val ue_type
val ue_type
val ue_type

static_cast< value_type >(1.0e-6),
static_cast< value_type >(1.0e-6),
static_cast< value_type >(1),
static_cast< value_type >(1));

/1 public nmenber functions
tenpl at e<typenane State, typenane Deriv, typenane Err, typenanme Time>
val ue_type error(const State & const Deriv & FErr & Tinme) const;
tenpl at e<typenane State, typenane Deriv, typenane Err, typenanme Time>
val ue_type error(algebra_type & const State & const Deriv & Err &,
Ti me) const;

Description

This class provides the default mechanism to compare the error estimates reported by Runge-Kutta error steppers with user defined
error bounds. It is used by the controlled_runge kutta steppers.

Template Parameters

L t ypenanme Val ue

The value type.
typename Al gebra = range_al gebra
The algebratype.
typenanme Operations = default_operations

The operations type.
def aul t _error_checker public construct/copy/destruct

L defaul t _error_checker (val ue_type eps_abs = static_cast< value_type >(1.0e-6),

val ue_type eps_rel = static_cast< value_type >(1.0e-6),
val ue_type a_x = static_cast< value_type >(1),
val ue_type a_dxdt = static_cast< value_type >(1));
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defaul t _error_checker public member functions

L tenpl at e<typenane State, typenanme Deriv, typenane Err, typenane Tinme>
val ue_type error(const State & x_old, const Deriv & dxdt_old, Err & x_err,
Time dt) const;
2.

tenpl at e<typenane State, typenane Deriv, typenane Err, typenane Tinme>
val ue_type error(algebra type & al gebra, const State & x_old,
const Deriv & dxdt_old, Err & x_err, Tinme dt) const;

Class template controlled_runge_kutta

boost::numeric::odeint::controlled_runge kutta
Synopsis

/1 I'n header: <boost/nuneric/odeint/stepper/controlled_runge_kutta. hpp>

t enpl at e<t ypenane Error St epper,

typenanme ErrorChecker = default_error_checker< typenanme ErrorStepper::val ue_type ,typel
name Error Stepper::al gebra_type ,typenane Error Stepper::operations_type >,

typenane Resizer = typenane ErrorStepper::resizer_type,

typenane Error StepperCategory = typename Error Stepper: :stepper_category>
class controlled_runge_kutta {

i
Description
Specializations
» Classtemplate controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>

» Classtemplate controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper fsal _tag>

Class template controlled _runge_kutta<ErrorStepper, ErrorChecker, Resizer,
explicit_error_stepper_tag>

boost::numeric::odeint::controlled_runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag> — Implements
step size control for Runge-Kutta steppers with error estimation.
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Synopsis

/1 In header:

t enpl at e<t ypename Error St epper,

t ypenane Error Checker,

<boost/ nuneri c/ odei nt/ st epper/control | ed_runge_kutta. hpp>

typenane Resi zer>

class controll ed_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag> {

publi c:
/'l types
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef
t ypedef

Err or St epper

st epper _type::
st epper _type::
st epper _type::
st epper _type::
st epper _type::
st epper _type:

Resi zer
Er r or Checker

explicit_control | ed_stepper_tag stepper_category;

state_type
val ue_type
deriv_type
time_type

al gebra_type

;operations_type

/'l construct/copy/ destruct
controll ed_runge_kutta(const error_checker_type & = error_checker_type(),
const stepper_type & = stepper_type());

/1 public nmenber functions

t enpl at e<t ypename System

controlled_step_result

try_step(System StatelnQut &,
t enpl at e<t ypenanme System

controlled_step_result
try_step(System const StatelnQut & tinme_type & time_type &);

t enpl at e<t ypename System

controlled_step_result

try_step(System StatelnQut & const Derivlin &,
t enpl at e<t ypenane System
boost : : di sabl e_i f< boost::is_same< Stateln,
try_step(System const Stateln &,
t enpl at e<t ypenane System

typenane StateQut>
controlled_step_result
try_step(System const Stateln & const Derivlin & tinme_type &

StateQut &,

time_type &);

val ue_type last_error(void) const;
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
st epper _type & stepper(void);
const stepper_type & stepper(void) const;

/'l private nenber functions

t enpl at e<t ypename System

controlled_step_result

try_step_vl(System StatelnQut &,
t enpl at e<t ypenane Statel n> bool
t enpl at e<t ypenane Statel n> bool
t enpl at e<t ypenane Statel n> bool

Description

typenanme Statel nCut,

typenanme Stateln,

typenanme Stateln,

time_type &,

st epper _t ype;
state_type;

val ue_type;
deriv_type;
time_type;

al gebra_type;
oper ati ons_type;
resizer_type;

error_checker _type;

typenanme Statel nCut >

typenanme Statel nCut >

time_type & tine_type & ;
typenanme Statel nCut >

typenane Derivln>

time_type & tine_type &) ;

typenanme StateCQut>

time_type > controlled_step_result >::type
time_type & StateQut & tine_type &);

t ypenanme Derivln,

time_type &);

resize_mxerr_inpl (const Stateln &);
resize_madxdt _i npl (const Stateln &);
resize_mxnew_i npl (const Stateln &);

This class implements the step size control for standard Runge-Kutta steppers with error estimation.
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Template Parameters
typenanme Error St epper
The stepper type with error estimation, has to fulfill the ErrorStepper concept.
t ypenanme Error Checker

The error checker

3. t ypenane Resi zer

Theresizer policy type.

control | ed_runge_kutta public construct/copy/destruct

controll ed_runge_kutta(const error_checker_type & error_checker = error_checker_type(),
const stepper_type & stepper = stepper_type());

Constructs the controlled Runge-Kutta stepper.

Parameters: error_checker An instance of the error checker.
st epper An instance of the underlying stepper.

control |l ed_runge_kutta public member functions

tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(Systemsystem StatelnQut & x, time_type &t, tinme_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.

Returns: success if the step was accepted, fail otherwise.

t enpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System system const StatelnQut & x, tine_type &t, tinme_type & dt);

Tries to perform one step. Solves the forwarding problem and allows for using boost range as state_type.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
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X The state of the ODE which should be solved. Overwritten if the step is successful. Can be aboost
range.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane StatelnQut, typenanme Derivln>
control |l ed_step_result
try_step(System system StatelnQut & x, const Derivin & dxdt, tinme_type & t,
tinme_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
dxdt The derivative of state.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sanme< Stateln, tine_type > controlled_step_result >::type
try_step(System system const Stateln & in, time_type &t, StateQut & out,
time_type & dt);

Triesto perform one step.

E I Note
This method is disabled if state type=time_type to avoid ambiguity.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenanme StateQut>
controlled_step_result
try_step(System system const Stateln & in, const Derivin & dxdt,
time_type & t, StateQut & out, tine_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rgjected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
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dxdt The derivative of state.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

val ue_type last_error(void) const;

Returns the error of the last step.

returns The last error of the step.
t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & Xx);
Adjust the size of al temporariesin the stepper manually.
Parameters: x A state from which the size of the temporaries to be resized is deduced.
st epper _type & stepper(void);
Returns the instance of the underlying stepper.
Returns: The instance of the underlying stepper.
const stepper_type & stepper(void) const;

Returns the instance of the underlying stepper.
Returns: The instance of the underlying stepper.

control |l ed_runge_kutta private member functions

t enpl at e<t ypenanme System typenane Statel nQut>
control |l ed_step_result
try_step_vl(Systemsystem StatelnQut & x, time_type &t, tine_type & dt);

2. tenpl at e<typenane Stateln> bool resize_mxerr_inpl(const Stateln & x);
3. . . ]

tenpl at e<t ypenane Stateln> bool resize_mdxdt_inpl(const Stateln & x);
4,

t enpl at e<t ypenane Stateln> bool resize_mxnew_inpl (const Stateln & x);

Class template controlled _runge_kutta<ErrorStepper, ErrorChecker, Resizer,
explicit_error_stepper_fsal_tag>

boost::numeric::odeint::controlled_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsa_tag>— Implements
step size control for Runge-Kutta FSAL steppers with error estimation.
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Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/controlled_runge_kutta. hpp>

t enpl at e<t ypenane Error Stepper, typenane Error Checker, typenane Resizer>
cl ass control |l ed_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepld
per_fsal tag> {

public:
/'l types
t ypedef Error Stepper st epper _type;
typedef stepper_type::state_type state_type;
t ypedef stepper_type::val ue_type val ue_type;
t ypedef stepper_type::deriv_type deriv_type;
t ypedef stepper_type::tinme_type time_type;
t ypedef stepper_type::al gebra_type al gebra_type;
t ypedef stepper_type::operations_type operations_type;
t ypedef Resizer resi zer _type;
t ypedef Error Checker error_checker _type;

typedef explicit_controlled_stepper_fsal _tag stepper_category;

/'l construct/copy/ destruct
controll ed_runge_kutta(const error_checker_type & = error_checker_type(),
const stepper_type & = stepper_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System StatelnQut & tine_type & time_type &);
tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System const StatelnQut & tinme_type & time_type &);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost: : disabl e_if< boost::is_same< Stateln, time_type > controlled_step_result >::type
try_step(System const Stateln & tine_type & StateQut & tine_type &) ;
tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut>
controlled_step_result
try_step(System StatelnCut & DerivinQut & tine_type & tinme_type &);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateCQut, typenane DerivQut>
controlled_step_result
try_step(System const Stateln & const Derivlin & tinme_type &
StateQut & DerivQut & tine_type & ;
voi d reset(void);
tenpl at e<typenane Derivin> void initialize(const Derivin &);
t enpl at e<t ypenane System typenane Stateln>
void initialize(System const Stateln & tinme_type);
bool is_initialized(void) const;
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
st epper _type & stepper(void);
const stepper_type & stepper(void) const;

/'l private nenber functions
t enpl at e<t ypenane Stateln> bool resize_mxerr_inpl(const Stateln &);
tenpl at e<t ypenane Stateln> bool resize_mdxdt_inpl(const Stateln &);
t enpl at e<t ypenanme Statel n> bool resize_mdxdt_new inpl (const Stateln &);
t enpl at e<t ypenane Stateln> bool resize_mxnew_ inpl (const Stateln &);
tenpl at e<t ypenane System typenane Statel nQut>

controlled_step_result

try_step_vl(System StatelnQut & tine_type & tinme_type &);

b
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Description
This class implements the step size control for FSAL Runge-Kutta steppers with error estimation.

Template Parameters
typenanme Error St epper
The stepper type with error estimation, has to fulfill the ErrorStepper concept.
t ypenanme Error Checker
The error checker
t ypenane Resi zer

The resizer policy type.

control | ed_runge_kutta public construct/copy/destruct

control |l ed_runge_kutta(const error_checker_type & error_checker = error_checker_type(),
const stepper_type & stepper = stepper_type());

Constructs the controlled Runge-Kutta stepper.

Parameters: error_checker Aninstance of the error checker.
st epper An instance of the underlying stepper.

control | ed_runge_kutta public member functions

L tenpl at e<typenane System typenane Statel nQut>

controlled_step_result
try_step(System system StatelnQut & x, tinme_type &t, tine_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.

Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step(System system const StatelnQut & x, tine_type &t, tinme_type & dt);

Triesto perform one step. Solves the forwarding problem and allows for using boost range as state type.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.
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Parameters: dt The step size. Updated.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful. Can be aboost
range.
Returns: success if the step was accepted, fail otherwise.

t enpl at e<t ypename System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sanme< Stateln, tine_type > controlled_step_result >::type
try_step(System system const Stateln & in, tine_type &t, StateQut & out,
tinme_type & dt);

Triesto perform one step.

S Note
This method is disabled if state type=time_type to avoid ambiguity.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

4. tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut>

controlled_step_result
try_step(System system StatelnQut & x, DerivinQut & dxdt, tine_type & t,
time_type & dt);

Triesto perform one step.

This method tries to do one step with step size dt. If the error estimate isto large, the step is rejected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
dxdt The derivative of state.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
X The state of the ODE which should be solved. Overwritten if the step is successful.
Returns: success if the step was accepted, fail otherwise.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut>
controlled_step_result
try_step(System system const Stateln & in, const Derivin & dxdt_in,
time_type & t, StateQut & out, DerivQut & dxdt_out,
time_type & dt);

Triesto perform one step.
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This method tries to do one step with step size dt. If the error estimate isto large, the step is rgjected and the method returns fail
and the step size dt is reduced. If the error estimate is acceptably small, the step is performed, success is returned and dt might
be increased to make the steps as large as possible. This method also updatest if astep is performed.

Parameters: dt The step size. Updated.
in The state of the ODE which should be solved.
out Used to store the result of the step.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time. Updated if the step is successful.
Returns: success if the step was accepted, fail otherwise.

voi d reset (void);
Resets the internal state of the underlying FSAL stepper.
tenpl at e<typenane Derivin> void initialize(const Derivin & deriv);

Initializes the interna state storing an internal copy of the derivative.

Parameters: deriv Theinitia derivative of the ODE.

tenpl at e<t ypenane System typenane Stateln>
void initialize(System system const Stateln & x, time_type t);

Initializes the interna state storing an internal copy of the derivative.

Parameters: system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t Theinitial time.
X Theinitial state of the ODE which should be solved.

bool is_initialized(void) const;

Returnstrue if the stepper has been initialized, fal se otherwise.

Returns: true, if the stepper has been initialized, false otherwise.
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);

Adjust the size of al temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
st epper _type & stepper(void);

Returns the instance of the underlying stepper.

Returns: The instance of the underlying stepper.
const stepper_type & stepper(void) const;

Returns the instance of the underlying stepper.

Returns: The instance of the underlying stepper.

174

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

control |l ed_runge_kutta private member functions

t enpl at e<t ypenanme Stateln> bool resize_mxerr_inpl(const Stateln & x);

2. tenpl at e<typenane Stateln> bool resize_mdxdt_inpl(const Stateln & x);
3. . . ]
tenpl at e<t ypenane Stateln> bool resize_mdxdt_new_ inpl(const Stateln & x);
4, . . ]
t enpl at e<t ypenanme Statel n> bool resize_mxnew_inpl (const Stateln & x);
5.

tenpl at e<t ypenane System typenane Statel nQut>
controlled_step_result
try_step_vl(System system StatelnQut & x, tinme_type &t, time_type & dt);

Header <boost/numeric/odeint/stepper/controlled _step_res-
ult.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {

/'l Enumrepresenting the return values of the controlled steppers.
enum control l ed_step_result { success, fail };
}
}
}

Header <boost/numeric/odeint/stepper/dense_out-
put_runge_kutta.hpp>

namespace boost {
namespace numneric {
namespace odei nt {
t enpl at e<t ypenane St epper,
typenane StepperCategory = typenane Stepper::stepper_category>
cl ass dense_out put _runge_kutt a;

t enpl at e<t ypenane St epper >
cl ass dense_out put _runge_kutt a<St epper, stepper_tag>;

t enpl at e<t ypenane St epper >
cl ass dense_out put _runge_kutta<St epper, explicit_controlled_stepper_fsal _tag>;

Class template dense_output_runge_kutta

boost::numeric::odeint::dense_output_runge kutta
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Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/dense_out put_runge_kutta. hpp>
t enpl at e<t ypenane St epper,

typenanme StepperCategory = typenanme Stepper::stepper_category>
cl ass dense_out put _runge_kutta {

H
Description
Specializations
» Classtemplate dense_output_runge kutta<Stepper, stepper_tag>

» Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>

Class template dense_output_runge_kutta<Stepper, stepper_tag>

boost::numeric::odeint::dense_output_runge_Kkutta<Stepper, stepper_tag> — The class representing dense-output Runge-Kutta
steppers.
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Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/dense_out put_runge_kutta. hpp>

t enpl at e<t ypenane St epper >
cl ass dense_out put _runge_kutta<St epper, stepper_tag> {

publi c:
/'l types
t ypedef Stepper st epper _type;
typedef stepper_type::state_type state_type;
typedef stepper_type::wapped_state_type wr apped_state_type;
t ypedef stepper_type::val ue_type val ue_type;
t ypedef stepper_type::deriv_type deriv_type;
t ypedef stepper_type::w apped_deriv_type wr apped_deri v_type;
t ypedef stepper_type::tinme_type time_type;
t ypedef stepper_type::al gebra_type al gebra_type;
t ypedef stepper_type::operations_type oper ati ons_type;
t ypedef stepper_type::resizer_type resizer_type;
t ypedef dense_out put _stepper_tag st epper _cat egory;

typedef dense_out put _runge_kutta< Stepper > dense_out put _stepper_type;

/'l construct/copy/ destruct
dense_out put _runge_kutta(const stepper_type & = stepper_type());

/1 public nmenber functions
t enpl at e<t ypenane St at eType>
void initialize(const StateType & tine_type, tinme_type);
tenpl at e<t ypenane Systenr std::pair< tinme_type, time_type > do_step(System;
tenpl at e<typenane StateQut> void calc_state(tinme_type, StateQut &) const;
t enpl at e<t ypenane St at eQut >
void calc_state(tine_type, const StateQut &) const;
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const state_type & current_state(void) const;
time_type current _tinme(void) const;
const state_type & previous_state(void) const;
time_type previous_tinme(void) const;

/'l private nenber functions

state_type & get_current_state(void);

const state_type & get_current_state(void) const;

state_type & get_old_state(void);

const state_type & get_old_state(void) const;

voi d toggle_current_state(void);

tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);

Description

@ Note
In this stepper, the initialize method has to be called before using the do_step method.

The dense-output functionality allows to interpolate the solution between subsequent integration points using intermediate results
obtained during the computation. This version works based on a normal stepper without step-size control.

Template Parameters

t ypename St epper
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The stepper type of the underlying algorithm.

dense_out put _runge_kut t a public construct/copy/destruct
dense_out put _runge_kutta(const stepper_type & stepper = stepper_type());

Constructs the dense_output_runge_kutta class. An instance of the underlying stepper can be provided.
Parameters: stepper  Aninstance of the underlying stepper.
dense_out put _runge_kut t a public member functions

L t enpl at e<t ypenane StateType>

void initialize(const StateType & x0, tine_type t0, tine_type dt0);

Initializes the stepper. Has to be called before do_step can be used to set the initial conditions and the step size.

Parameters: dt0 Thestepsize.
t0  Theinitial time, at which the step should be performed.
x0  Theinitia state of the ODE which should be solved.

t enpl at e<t ypenane System
std::pair< time_type, tine_type > do_step(System system;

Does one time step.

@ Note
initialize has to be called before using this method to set the initial conditions x,t and the stepsize.

Parameters: system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
Returns: Pair with start and end time of the integration step.

t enpl at e<t ypenanme StateCut> void calc_state(tine_type t, StateQut & Xx) const;

Calculates the solution at an intermediate point.

Parameters: t  Thetime at which the solution should be calculated, has to be in the current time interval.
x  Theoutput variable where the result is written into.

t enpl at e<t ypenane St at eCQut >
void calc_state(tinme_type t, const StateQut & x) const;

Calculates the solution at an intermediate point. Solves the forwarding problem.

Parameters: t  Thetime at which the solution should be calculated, has to be in the current time interval.
x  The output variable where the result is written into, can be a boost range.

tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & Xx);

Adjust the size of al temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
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const state_type & current_state(void) const;

Returns the current state of the solution.

Returns: The current state of the solution x(t).
time_type current _time(void) const;

Returns the current time of the solution.

Returns: The current time of the solution t.
const state_type & previous_state(void) const;

Returns the last state of the solution.

Returns: The last state of the solution x(t-dt).
tine_type previous_tinme(void) const;

Returns the last time of the solution.
Returns: The last time of the solution t-dt.

dense_out put _runge_kut t a private member functions

state_type & get_current_state(void);

N const state_type & get_current_state(void) const;
3. .
state_type & get_old_state(void);
4, . )
const state_type & get_old_state(void) const;
5. . .
voi d toggle_current_state(void);
6. tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);
Class template dense_output_runge kutta<Stepper,

explicit_controlled_stepper_fsal tag>

boost::numeric::odeint::dense_output_runge_kutta<Stepper, explicit_controlled stepper_fsal tag>— The classrepresenting dense-
output Runge-K utta steppers with FSAL property.
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Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/dense_out put_runge_kutta. hpp>

t enpl at e<t ypenane St epper >
cl ass dense_out put _runge_kutta<Stepper, explicit_controlled_stepper_fsal _tag> {

publi c:
/'l types
t ypedef Stepper control | ed_stepper_type;
typedef controll ed_stepper_type::stepper_type stepper_type;
typedef stepper_type::state_type state_type;
typedef stepper_type::w apped_state_type wr apped_state_type;
t ypedef stepper_type::val ue_type val ue_type;
t ypedef stepper_type::deriv_type deriv_type;
t ypedef stepper_type::w apped_deriv_type wr apped_deriv_type;
t ypedef stepper_type::tinme_type time_type;
t ypedef stepper_type::al gebra_type al gebra_type;
t ypedef stepper_type::operations_type oper ati ons_type;
t ypedef stepper_type::resizer_type resizer_type;
t ypedef dense_out put _stepper_tag st epper _cat egory;

t ypedef dense_out put _runge_kutta< Stepper > dense_out put _st epper _t ype;

/'l construct/copy/ destruct
dense_out put _runge_kutta(const control |l ed_stepper_type & = control | ed_stepper_type());

/1 public nmenber functions
t enpl at e<t ypenane St at eType>
void initialize(const StateType & tine_type, tinme_type);
tenpl at e<t ypenane Systenr std::pair< tinme_type, time_type > do_step(System;
tenpl at e<typenane StateQut> void calc_state(tinme_type, StateQut &) const;
t enpl at e<t ypenane St at eQut >
void calc_state(tine_type, const StateQut &) const;
tenpl at e<t ypenane Stateln> bool resize(const Stateln &);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const state_type & current_state(void) const;
time_type current _tinme(void) const;
const state_type & previous_state(void) const;
time_type previous_tinme(void) const;
time_type current _tinme_step(void) const;

/'l private nenber functions

state_type & get_current_state(void);

const state_type & get_current_state(void) const;
state_type & get_old_state(void);

const state_type & get_old_state(void) const;
deriv_type & get_current_deriv(void);

const deriv_type & get_current_deriv(void) const;
deriv_type & get_old_deriv(void);

const deriv_type & get_old_deriv(void) const;

voi d toggle_current_state(void);

Description

Theinterface is the same as for dense_output_runge_kutta< Stepper , stepper_tag >. This class provides dense output functionality
based on methods with step size controlled

Template Parameters

L t ypenane Stepper
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The stepper type of the underlying algorithm.

dense_out put _runge_kut t a public construct/copy/destruct

dense_out put _runge_kutta(const controll ed_stepper_type & stepper = control |l ed_stepper_type());

dense_out put _runge_kut t a public member functions

t enpl at e<t ypenane St ateType>
void initialize(const StateType & x0, tinme_type t0O, tine_type dtO);

2. t enpl at e<t ypenane Systenm>
std::pair< time_type, tinme_type > do_step(System system;
3. t enpl at e<t ypenane StateCQut> void calc_state(tine_type t, StateQut & x) const;
4.
t enpl at e<t ypenane St at eCQut >
void calc_state(tine_type t, const StateQut & x) const;
5. . )
tenpl at e<typenane Statel n> bool resize(const Stateln & x);
6. . . . ]
t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);
£ const state_type & current_state(void) const;
8 .. . . )
time_type current_time(void) const;
9.

const state_type & previous_state(void) const;

time_type previous_tinme(void) const;

time_type current _time_step(void) const;

dense_out put _runge_kut t a private member functions

state_type & get_current_state(void);

const state_type & get_current_state(void) const;
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3. state_type & get_old_state(void);
4. .
const state_type & get_old_state(void) const;
5. . . N
deriv_type & get_current_deriv(void);
6. . . . )
const deriv_type & get_current_deriv(void) const;
7. . . .
deriv_type & get_old_deriv(void);
8. . . . )
const deriv_type & get_old_deriv(void) const;
9.

voi d toggl e_current_state(void);

Header <boost/numeric/odeint/stepper/euler.hpp>

nanmespace boost {
namespace numneric {
nanmespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenanme Time = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenanme Resizer = initially_resizer>
class euler;

Class template euler

boost::numeric::odeint::euler — An implementation of the Euler method.
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Synopsis

/'l In header: <boost/nuneric/odeint/stepper/euler.hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,

typenane Tine = Value, typenane Al gebra = range_al gebra,

typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
class euler : public boost::nuneric::odeint::explicit_stepper_base< Stepper, Oder, State, Value, O
Deriv, Time, Algebra, Operations, Resizer >

{
publi c:
/'l types
typedef explicit_stepper_base< euler< ... > ... > stepper_base_type;
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
t ypedef stepper_base_type::tinme_type time_type;
t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type oper ations_type;
t ypedef stepper_base_type: :resizer_type resizer_type;

/'l construct/copy/ destruct
eul er(const algebra_type & = algebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane StateQut, typenane Statelnl, typenane Stateln2>
void calc_state(StateQut & tine_type, const Statelnl & tinme_type,
const Stateln2 & tine_type) const;
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenanme StateQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
al gebra_type & algebra();
const al gebra_type & al gebra() const;

Description

The Euler method is a very simply solver for ordinary differential equations. This method should not be used for real applications.
It is only useful for demonstration purposes. Step size control is not provided but trivial continuous output is available.

Thisclassderivesfrom explicit_stepper_base and inheritsitsinterface via CRTP (current recurring templ ate pattern), see explicit_step-
per_base
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Template Parameters
typenanme State
The state type.
typenanme Val ue = doubl e
The value type.
typenane Deriv = State
The type representing the time derivative of the state.
typenanme Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typename Operations = default_operations
The operations type.
typenane Resizer = initially_resizer

Theresizer policy type.

eul er public construct/copy/destruct
eul er(const al gebra_type & algebra = algebra_type());

Constructs the euler class. This constructor can be used as a default constructor of the algebra has a default constructor.
Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.
eul er public member functions

L tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut>
void do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out of
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswrittenin out.
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system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

t enpl at e<t ypenane StateCut, typenane Statelnl, typenanme Stateln2>
void calc_state(StateCQut & x, time_type t, const Statelnl & old_state,
tine_type t_old, const Stateln2 & current_state,
tine_type t_new) const;

This method is used for continuous output and it calculates the state x at atimet from the knowledge of two statesol d_st at e
andcurrent_state attimepointst _ol d andt _new.

tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & Xx);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporariesto be resized is deduced.
order _type order(void) const;
Returns: Returns the order of the stepper.

t enpl at e<t ypenanme System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

t enpl at e<t ypenane System typenane StatelnQut, typenanme Derivln>
boost: : di sabl e_i f< boost::is_same< Derivln, tinme_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
tine_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

E Note
This method does not solve the forwarding problem.
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Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

8. tenpl at e<t ypenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
tinme_type dt);

The method performs one step. The state of the ODE is updated out-of-place.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

S t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,

typenanme StateCut >
voi d do_step(System system const Stateln & in, const Derivin & dxdt,
tinme_type t, StateQut & out, tine_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. inis not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
10

t enpl at e<t ypenanme Stateln> void adj ust_size(const Stateln & x);

Adjust the size of al temporaries in the stepper manually.
Parameters: x A state from which the size of the temporaries to be resized is deduced.

n al gebra_type & al gebra();

Returns: A reference to the algebrawhich is held by this class.
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const al gebra_type & al gebra() const;
Returns: A const reference to the algebrawhich is held by this class.

Header <boost/numeric/odeint/stepper/explicit_error_gener-
ic_rk.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl ate<si ze_t StageCount, size_t Oder, size_t StepperOder,
size_t ErrorOrder, typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenanme Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
class explicit_error_generic_rk;

Class template explicit_error_generic_rk

boost::numeric::odeint::explicit_error_generic_rk — A generic implementation of explicit Runge-Kuttaalgorithmswith error estim-
ation. Thisclassis as abase classfor al explicit Runge-Kutta steppers with error estimation.
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Synopsis

/'l 1In header: <boost/nuneric/odeint/stepper/explicit_error_generic_rk.hpp>

tenpl ate<si ze_t StageCount, size_t Oder, size_t StepperOder,

size_t ErrorOrder, typenane State, typenane Val ue = doubl e,

typenane Deriv = State, typenanme Tinme = Val ue,

typenane Al gebra = range_al gebra,

typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
class explicit_error_generic_rk : public boost::numeric::odeint::explicit_error_stepper_base<
St epper, Order, StepperOrder, ErrorOrder, State, Value, Deriv, Tinme, A gebra, Operations, Resl

i zer >

{

public:
/'l types
typedef explicit_stepper_base< ... > st epper _base_t ype;
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type:: wrapped_state_type wapped_state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
t ypedef stepper_base_type:: wapped_deriv_type wapped_deriv_type;
typedef stepper_base_type::tinme_type time_type;
t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type oper ati ons_type;
t ypedef stepper_base_type: :resizer_type resizer_type;
t ypedef unspecified rk_al gorithmtype;
typedef rk_algorithmtype::coef_a_type coef _a_type;
typedef rk_algorithmtype::coef _b_type coef _b_type;
typedef rk_algorithmtype::coef _c_type coef _c_type;

/'l construct/copy/ destruct

explicit_error_generic_rk(const coef_a_type & const coef_b_type &,
const coef _b_type & const coef_c_type &,
const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut &, time_type, Err &);
tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order_type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateQut>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
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do_step(System const Stateln & const Derivin & tine_type, StateQut &,
time_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System StatelnQut & tine_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln,
typenane Err>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & time_type, time_type,
Err &) ;
tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type, Err &) ;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);

/'l public data nenbers
static const size_t stage_count;

Description

This class implements the explicit Runge-Kutta algorithms with error estimation in a generic way. The Butcher tableau is passed to
the stepper which constructs the stepper scheme with the help of a template-metaprogramming algorithm. ToDo : Add example!

This class derives explicit_error_stepper_base which provides the stepper interface.

Template Parameters

size_t StageCount

The number of stages of the Runge-Kutta algorithm.
size_t Order

The order of astepper if the stepper is used without error estimation.
size_t Stepper Order

The order of astep if the stepper is used with error estimation. Usually Order and StepperOrder have the same value.
size_t ErrorOrder

The order of the error step if the stepper is used with error estimation.
typename State

The type representing the state of the ODE.
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typenane Val ue = doubl e
The floating point type which is used in the computations.

typenanme Deriv = State

typenane Tine = Val ue
The type representing the independent variable - the time - of the ODE.
typenanme Al gebra = range_al gebra
The algebratype.
typenane Operations = default_operations
The operations type.
typename Resizer = initially_resizer

Theresizer policy type.

explicit_error_generic_rk public construct/copy/destruct

explicit_error_generic_rk(const coef_a_type & a, const

coef _b_type & b,

const coef _b_type & b2, const coef_c_type & c,
const al gebra_type & algebra = al gebra_type());

Constructs the explicit_error_generik_rk class with the given parameters a, b, b2 and c. See examples section for details on the

coefficients.
Parameters: a Triangular matrix of parameters b in the Butcher tableau.
al gebra A copy of adgebrais made and stored insideexpl i ci t _st epper _base.
b Last row of the butcher tableau.
b2 Parameters for lower-order evaluation to estimate the error.
c Parameters to calculate the time points in the Butcher tableau.

explicit_error_generic_rk public member functions

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,

typenane StateQut, typenane Err>
voi d do_step_i npl (System system const Stateln & in,

const Derivln & dxdt,

tine_type t, StateQut & out, tine_type dt, Err & xerr);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hence the input isin i n and the output in out . Futhermore, an estimation of the error is stored in xer r . do_st ep_i npl

isused by explicit_error_stepper_base.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.

system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
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t The value of the time, at which the step should be performed.
xerr The result of the error estimation is written in xerr.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
tine_type t, StateQut & out, tine_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<typenane Statel n> void adjust_size(const Stateln & x);

Adjust the size of al temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
order _type order(void) const;

Returns: Returns the order of the stepper if it used without error estimation.
order_type stepper_order(void) const;

Returns: Returnsthe order of astep if the stepper is used without error estimation.
order_type error_order(void) const;

Returns: Returns the order of an error step if the stepper is used without error estimation.

t enpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, time_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

8. t enpl at e<t ypenanme System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tinme_type t, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.
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tenpl at e<typenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. Thismethod is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of X at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
10

tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
n

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenanme StateQut>
boost: : di sabl e_i f< boost::is_same< Derivln, time_type > void > :type
do_step(System system const Stateln & in, const Derivln & dxdt,
tine_type t, StateQut & out, tine_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );
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This method is disabled if Derivin and Time are of same type.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane StatelnQut, typenanme Err>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-

place.
Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
Xerr The estimation of the error is stored in xerr.
13

tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.

1 tenpl at e<t ypenane System typenane StatelnCQut, typenane Derivln, typenanme Err>

boost:: disable_if< boost::is_sanme< Derivln, tine_type > void > :type
do_step(System system StatelnCut & x, const Derivlin & dxdt, tine_type t,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is also
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt , xerr );

The result is updated in place in x. This method is disabled if Time and Derivin are of the same type. In this case the method
could not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
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X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.

= tenpl at e<t ypenane System typenane Stateln, typename StateCQut, typenane Err>

voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
tinme_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivin & dxdt,
time_type t, StateQut & out, tine_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

17.

al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.
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explicit_error_generic_rk private member functions

t enpl at e<t ypenanme Statel n> bool resize_inpl(const Stateln & x);

Header <boost/numeric/odeint/stepper/explicit_generic_rk.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl ate<si ze_t StageCount, size_t Oder, typenane State,
typenane Val ue, typenane Deriv, typenane Tine,
typenane Al gebra, typenane Qperations, typenane Resizer>
class explicit_generic_rk;

Class template explicit_generic_rk

boost::numeric::odeint::explicit_generic_rk — A generic implementation of explicit Runge-Kutta algorithms. Thisclassisasabase
classfor al explicit Runge-Kutta steppers.
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Synopsis

/1

I n header: <boost/numeric/ odeint/stepper/explicit_generic_rk.hpp>

tenpl ate<si ze_t StageCount, size_t Oder, typenane State, typenane Val ue,

typenane Deriv, typenane Tine, typenanme Al gebra, typename Operations,
typenane Resi zer>

class explicit_generic_rk : public boost::nuneric::odeint::explicit_stepper_base< Stepper,
der, State, Value, Deriv, Tinme, Al gebra, Operations, Resizer >

{

publi c:
/'l types
typedef explicit_stepper_base< ... > st epper _base_t ype;
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type:: wapped_state_type wapped_state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
t ypedef stepper_base_type:: wapped_deriv_type wapped_deriv_type;
typedef stepper_base_type::tinme_type time_type;
t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type oper ati ons_type;
t ypedef stepper_base_type: :resizer_type resizer_type;
t ypedef unspecified rk_al gorithmtype;
typedef rk_algorithmtype::coef_a_type coef _a_type;
typedef rk_algorithmtype::coef _b_type coef _b_type;
typedef rk_algorithmtype::coef _c_type coef _c_type;

/'l construct/copy/ destruct

explicit_generic_rk(const coef_a type & const coef_b_type &
const coef _c_type &,
const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);

tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order _type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System StatelnCQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>

boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type

do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>

voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,

typenane StateQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type);

al gebra_type & algebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);

(ogh
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Description

This classimplements the explicit Runge-Kutta algorithms without error estimation in a generic way. The Butcher tableau is passed
to the stepper which constructs the stepper scheme with the help of atemplate-metaprogramming algorithm. ToDo : Add example!

This class derives explicit_stepper_base which provides the stepper interface.

Template Parameters

size_t StageCount

The number of stages of the Runge-Kutta algorithm.
size_t Order

The order of the stepper.
typename State

The type representing the state of the ODE.
t ypename Val ue

The floating point type which is used in the computations.

typenanme Deriv

typename Tine
The type representing the independent variable - the time - of the ODE.
t ypename Al gebra
The algebratype.
t ypenanme Operations
The operations type.
t ypenane Resi zer

Theresizer policy type.

explicit_generic_rk public construct/copy/destruct

explicit_generic_rk(const coef_a type & a, const coef_b_type & b,
const coef_c_type & c,
const al gebra_type & algebra = al gebra_type());

Constructstheexpl i cit _generi c_r k class. See examples section for details on the coefficients.

Parameters: a Triangular matrix of parameters b in the Butcher tableau.
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al gebra A copy of agebrais made and stored insideexpl i cit _st epper _base.
b Last row of the butcher tableau.
c Parameters to calculate the time points in the Butcher tableau.

explicit_generic_rk public member functions

L tenpl at e<t ypenane System typenane Stateln, typenane Derivln,

typename StateCQut>
void do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateCut & out, time_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out of
place, hencetheinputisini n and the output in out . Accessto this step functionality is provided by expl i cit _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
order_type order(void) const;
Returns: Returns the order of the stepper.

tenpl at e<typenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

5. tenpl at e<typenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

6. tenpl at e<t ypenane System typenane StatelnQut, typenanme Derivln>

boost:: disable_if< boost::is_sanme< Derivln, tine_type > void >::type
do_step(System system StatelnCut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:
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sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in place in x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
tinme_type dt);

The method performs one step. The state of the ODE is updated out-of-place.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

8. t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,

typenanme StateCut >
voi d do_step(System system const Stateln & in, const Derivin & dxdt,
tinme_type t, StateQut & out, tine_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

E Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.

system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
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t The value of the time, at which the step should be performed.
9. _
al gebra_type & al gebra()
Returns: A reference to the algebrawhich is held by this class.

const al gebra_type & algebra() const;

Returns: A const reference to the algebrawhich is held by this class.

explicit_generic_rk private member functions

tenpl at e<t ypenane Stateln> bool resize_inpl(const Stateln & x)

Header <boost/numeric/odeint/stepper/implicit_euler.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
t enpl at e<t ypenane Val ueType, typenane Resizer = initially_resizer>
class inplicit_euler

Class template implicit_euler

boost::numeric::odeint::implicit_euler
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/inplicit_euler.hpp>

t enpl at e<t ypenane Val ueType, typenane Resizer = initially_resizer>

class inplicit_euler {

publi c:
/'l types
t ypedef Val ueType val ue_type;
t ypedef val ue_type time_type;
t ypedef boost::nuneric::ublas::vector< value_type > state_type;
typedef state_wapper< state_type > wr apped_state_type;
typedef state_type deriv_type;
typedef state_w apper< deriv_type > wr apped_deriv_type;
t ypedef boost::nuneric::ublas::mtrix< value_type > matri x_type;
typedef state_wapper< nmatrix_type > wr apped_matri x_type;
t ypedef boost::nuneric::ublas::pernutation_matrix< size_t > pmatrix_type;
typedef state_w apper< pmatrix_type > wr apped_pnatri x_type;
t ypedef Resizer resizer_type;
t ypedef stepper_tag st epper _cat egory;
typedef inplicit_eul er< Val ueType, Resizer > st epper _type;

/'l construct/copy/ destruct
inmplicit_euler(value_type = 1E-6);

/1 public nmenber functions
t enpl at e<t ypenane Systenm>
voi d do_step(System state_type & tine_type, tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
/'l private nenber functions

tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);
void solve(state_type & matrix_type &) ;

Description

i mplicit_eul er public construct/copy/destruct

inmplicit_euler(value_type epsilon = 1E-6);

i mplicit_eul er public member functions

L t enpl at e<t ypenane Systenr

void do_step(System system state_type & x, tine_type t, tine_type dt);

t enpl at e<t ypenane StateType> voi d adjust_size(const StateType & X);

i mplicit_eul er private member functions

t enpl at e<t ypename Stateln> bool resize_inpl(const Stateln & x);

void solve(state_type & x, matrix_type & m;
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Header <boost/numeric/odeint/stepper/modified_midpoint.npp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass nodified_m dpoint;
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass nodifi ed_m dpoi nt _dense_out;

Class template modified _midpoint

boost::numeric::odeint::modified_midpoint

202

render

httpo://www.renderx.com/


../../../../../boost/numeric/odeint/stepper/modified_midpoint.hpp
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Synopsis

/'l 1 n header: <boost/nuneric/odeint/stepper/nodified_m dpoint.hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
class nodified_m dpoint : public boost::numeric::odeint::explicit_stepper_base< Stepper, Oder, O
State, Value, Deriv, Tinme, Al gebra, Operations, Resizer >
{
publi c:
/'l types
typedef explicit_stepper_base< nodified_mdpoint< State, Value, Deriv, Tinme, Al gebra, Operal
tions, Resizer > 2, State, Value, Deriv, Time, A gebra, Operations, Resizer > stepper_base_type;

t ypedef stepper_base_type::state_type O
state_type;

typedef stepper_base_type:: w apped_state_type ad
wr apped_state_type;

t ypedef stepper_base_type::val ue_type O
val ue_type;

t ypedef stepper_base_type::deriv_type O
deriv_type;

typedef stepper_base_type:: w apped_deriv_type ad
wr apped_deriv_type;

t ypedef stepper_base_type::tinme_type ad
time_type;

typedef stepper_base_type:: al gebra_type O
al gebra_type;

typedef stepper_base_type::operations_type O
oper ati ons_type;

typedef stepper_base_type::resizer_type O
resi zer_type;

typedef stepper_base_type:: stepper_type O

st epper _type;

/'l construct/copy/ destruct
nodi fi ed_m dpoi nt (unsi gned short = 2, const algebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<typenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
voi d set_steps(unsigned short);
unsi gned short steps(void) const;
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order_type order(void) const;
tenpl at e<typenane System typenane Statel nQut>
voi d do_step(System StatelnCQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<typenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type);
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al gebra_type & algebra();
const al gebra_type & al gebra() const;

/1 private nenber functions
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);

Description

Implementation of the modified midpoint method with a configurable number of intermediate steps. This classisused by the Bulirsch-
Stoer algorithm and is not meant for direct usage.

modi fi ed_mi dpoi nt public construct/copy/destruct

L nodi fi ed_m dpoi nt (unsi gned short steps = 2,

const al gebra_type & algebra = al gebra_type());

modi fi ed_ni dpoi nt public member functions

L tenpl at e<typenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

2. . . )

voi d set_steps(unsigned short steps);
3. . . )

unsi gned short steps(void) const;
4, . . . )

t enpl at e<t ypenane Stateln> void adjust_size(const Stateln & x);
5.

order_type order(void) const;
Returns: Returns the order of the stepper.

t enpl at e<t ypenane System typenane Statel nQut>
void do_step(System system StatelnQut & x, tine_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Statel nCut>
voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.
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tenpl at e<typenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. Thismethod is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of X at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

N tenpl at e<typenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);

The method performs one step. The state of the ODE is updated out-of-place.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
10

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenanme StateQut>
voi d do_step(System system const Stateln & in, const Derivlin & dxdt,
tinme_type t, StateQut & out, tine_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );
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S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
n

al gebra_type & al gebra();

Returns: A reference to the algebrawhich is held by this class.

12 const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.
modi fi ed_ni dpoi nt private member functions

L tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);

Class template modified_midpoint_dense_out

boost::numeric::odeint::modified_midpoint_dense out
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Synopsis

/'l 1 n header: <boost/nuneric/odeint/stepper/nodified_m dpoint.hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,

typenane Resizer = initially_resizer>

cl ass nodified_m dpoi nt _dense_out {

public:
/'l types
typedef State O
state_type;
t ypedef Val ue O
val ue_type;
typedef Deriv O
deriv_type;
typedef Tinme O
time_type;
t ypedef Al gebra O
al gebra_type;
typedef Operations O
oper ati ons_type;
t ypedef Resizer O
resizer_type;
typedef state_wapper< state_type > O
wr apped_state_type;
typedef state_wapper< deriv_type > O

wr apped_deriv_type;
typedef nodified_m dpoint_dense_out< State, Value, Deriv, Time, Al gebra, Operations, ResO
i zer > stepper_type;
typedef std::vector< wapped_deriv_type > O
deriv_tabl e_type;

/'l construct/copy/ destruct
nodi fi ed_m dpoi nt _dense_out (unsi gned short = 2,
const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenanme StateQut>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type, state_type & deriv_table_type &);
voi d set_steps(unsigned short);
unsi gned short steps(void) const;
tenpl at e<t ypenane Stateln> bool resize(const Stateln &);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);

Description

Implementation of the modified midpoint method with a configurable number of intermediate steps. This classis used by the dense
output Bulirsch-Stoer algorithm and is not meant for direct usage.

S Note
This stepper isfor internal use only and does not meet any stepper concept.
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nmodi fi ed_mi dpoi nt _dense_out public construct/copy/destruct

L nodi fi ed_m dpoi nt _dense_out (unsi gned short steps = 2,

const al gebra_type & algebra = al gebra_type());

nmodi fi ed_mi dpoi nt _dense_out public member functions

tenpl at e<t ypenane System typenane Stateln, typenane Derivin
typenanme StateQut>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt, state_type & x_np
deriv_table_type & derivs)

2. voi d set _steps(unsigned short steps)
3. . . )
unsi gned short steps(void) const;
4, ; .
tenpl at e<typenane Stateln> bool resize(const Stateln & x)
5.

tenpl at e<t ypenane Stateln> void adjust_size(const Stateln & x)

Header <boost/numeric/odeint/stepper/rosenbrock4.hpp>

nanmespace boost {
namespace numneric {
namespace odeint {
t enpl at e<t ypename Val ue> struct defaul t_rosenbrock_coefficients;

t enpl at e<t ypenane Val ue,
typenane Coefficients = default_rosenbrock_coefficients< Value >

typenanme Resizer = initially_resizer>
cl ass rosenbrock4;

Struct template default_rosenbrock_coefficients

boost::numeric::odeint::default_rosenbrock coefficients
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Synopsis

/1

t enpl at e<t ypenane Val ue>

I n header:

struct default_rosenbrock _coefficients {
/'l types
t ypedef Val ue

/'l construct/copy/ destruct

val ue_type
t ypedef unsigned short order_type;

def aul t _rosenbrock_coefficients(void)

/1 public data nenbers
gammms,;

const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const
const

val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type
val ue_type

di;

d2;

ds;

d4;

c2;

c3

c4;

c21;
az2l;
c31;
c32;
a3l;
a32;
c41;
c42;
c43;
a4l;
ad2;
a43;
cbh1;
c52;
c53;
cb54;
abl;
ab2;
ab3;
ab4;
c61;
c62;
Cc63;
c64;
Cc65;
d21;
d22;
d23
d24;
d25
d31;
d32;
d33
d34;
d35

static const order_type stepper_order;

static const order_type error_order;

<boost/ nuneri c/ odei nt/ st epper/rosenbrock4. hpp>
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Description
def aul t _rosenbrock_coeffi ci ents public construct/copy/destruct

L default _rosenbrock _coefficients(void);

Class template rosenbrock4

boost::numeric::odeint::rosenbrock4
Synopsis

/'l I n header: <boost/nuneric/odeint/stepper/rosenbrock4. hpp>

t enpl at e<t ypenane Val ue,
typenane Coefficients = default_rosenbrock_coefficients< Value >,

typenane Resizer = initially_resizer>
cl ass rosenbrock4 {
public:
/'l types
t ypedef Val ue val ue_type;
t ypedef boost::nuneric::ublas::vector< value_type > state_type;
typedef state_type deriv_type;
t ypedef val ue_type ti me_type;
t ypedef boost::nuneric::ublas::mtrix< value_type > matri x_type;
t ypedef boost::nuneric::ublas::pernutation_matrix< size_t > pmatrix_type;
t ypedef Resi zer resi zer_type;
typedef Coefficients rosenbrock_coefficients;
t ypedef stepper_tag st epper _cat egory;
t ypedef unsi gned short order _type;
typedef state_wapper< state_type > wr apped_state_type;
typedef state_w apper< deriv_type > wr apped_deriv_type;
typedef state_wapper< matrix_type > wr apped_matri x_type;
typedef state_w apper< pmatrix_type > wr apped_pmatri x_type;
t ypedef rosenbrock4< Val ue, Coefficients, Resizer > st epper _type;

/'l construct/copy/destruct
rosenbr ock4(void);

/1 public nmenber functions
order_type order() const;
t enpl at e<t ypenane System>
voi d do_step(System const state_type & tine_type, state_type &,
time_type, state_type &);
t enpl at e<t ypenane System>
void do_step(System state_type & tinme_type, time_type, state_type &) ;
t enpl at e<t ypenane System>
void do_step(System const state_type & tine_type, state_type &,
time_type);
t enpl at e<t ypenane System>
void do_step(System state_type & tinme_type, tinme_type);
voi d prepare_dense_out put ();
void calc_state(tine_type, state_type & const state_type & tine_type,
const state_type & tine_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);

/'l protected nenber functions
tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);
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tenpl at e<typenane Stateln> bool resize_x_err(const Stateln &);

/'l public data nenbers
static const order_type stepper_order;
static const order_type error_order;

I

Description

rosenbr ock4 public construct/copy/destruct

rosenbr ock4(void);

rosenbr ock4 public member functions

order_type order() const;

2. t enpl at e<t ypenane Systen>
voi d do_step(System system const state_type & x, tine_type t,
state_type & xout, tinme_type dt, state_type & xerr);
3.
t enpl at e<t ypenane System
voi d do_step(System system state_type & x, tine_type t, tine_type dt,
state_type & xerr);
4.
t enpl at e<t ypenane Systen
voi d do_step(System system const state_type & x, tine_type t,
state_type & xout, time_type dt);
5.
t enpl at e<t ypenane Systenm>
voi d do_step(System system state_type & x, tinme_type t, tine_type dt);
6. . .
voi d prepare_dense_output ();
7. void calc_state(tinme_type t, state_type & x, const state_type & x_old,
time_type t_old, const state_type & x_new, tinme_type t_new);
8.

tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & Xx);

rosenbr ock4 protected member functions

t enpl at e<t ypenane Stateln> bool resize_inpl(const Stateln & x);
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tenpl at e<typenane Stateln> bool resize_x_err(const Stateln & x)

Header <boost/numeric/odeint/stepper/rosenbrock4 _control-
ler.hpp>

nanmespace boost {
namespace nuneric {
namespace odei nt {
t enpl at e<t ypenane Stepper> cl ass rosenbrock4_controller
}
}
}

Class template rosenbrock4 controller

boost::numeric::odeint::rosenbrock4_controller
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Synopsis

/'l In header: <boost/nuneric/odeint/stepper/rosenbrock4_controller. hpp>

t enpl at e<t ypenanme St epper >
cl ass rosenbrock4_controller {

publi c:
/'l types
t ypedef Stepper st epper _type;
t ypedef stepper_type::val ue_type val ue_type;
typedef stepper_type::state_type state_type;
typedef stepper_type::wapped_state_type wapped_state_type;
t ypedef stepper_type::tinme_type time_type;
t ypedef stepper_type::deriv_type deriv_type;
typedef stepper_type::wapped_deriv_type wapped_deriv_type;
t ypedef stepper_type::resizer_type resizer_type;
t ypedef controll ed_stepper_tag st epper _cat egory;

t ypedef rosenbrock4_controller< Stepper > controller_type;

/'l construct/copy/ destruct
rosenbrock4_control |l er(value_type = 1. 0e-6, value_type = 1.0e-6,
const stepper_type & = stepper_type());

/1 public nmenber functions
val ue_type error(const state_type & const state_type & const state_type &);
val ue_type last_error(void) const;
t enpl at e<t ypenane Systenm>
boost: : numeric::odeint::controlled_step_result
try_step(System state_type & tine_type & time_type &);
t enpl at e<t ypenane Systenm>
boost: : numeric::odeint::controlled_step_result
try_step(System const state_type & tinme_type & state_type &
time_type &);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
st epper _type & stepper(void);
const stepper_type & stepper(void) const;

/'l private nenber functions
tenpl at e<typenane Statel n> bool resize_mxerr(const Stateln &);
t enpl at e<t ypenanme Statel n> bool resize_mxnew const Stateln &);

Description

rosenbrock4_control | er public construct/copy/destruct

rosenbrock4_control l er(value_type atol = 1.0e-6, value_type rtol = 1.0e-6,
const stepper_type & stepper = stepper_type());

rosenbrock4_control | er public member functions

val ue_type error(const state_type & x, const state_type & xold,
const state_type & xerr);

val ue_type | ast_error(void) const;
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3. t enpl at e<t ypenane Systenm>
boost::nuneric::odeint::controlled_step_result
try_step(Systemsys, state_type & x, tine_type &t, tinme_type & dt);
t enpl at e<t ypenane Systenr
boost:: numeric::odeint::controlled_step_result
try_step(System sys, const state_type & x, time_type &t, state_type & xout,
time_type & dt);
5.

t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);
st epper _type & stepper(void);

const stepper_type & stepper(void) const;

rosenbrock4_control | er private member functions

tenpl at e<t ypenane Stateln> bool resize_mxerr(const Stateln & x);

2. tenpl at e<typenane Statel n> bool resize_mxnew(const Stateln & x);

Header <boost/numeric/odeint/stepper/rosenbrock4 dense out-
put.hpp>

nanespace boost {
namespace nuneric {
namespace odei nt {
t enpl at e<t ypenane Control | edSt epper > cl ass rosenbrock4_dense_out put ;
}
}
}

Class template rosenbrock4 dense_output

boost::numeric::odeint::rosenbrock4_dense output

214

render

httpo://www.renderx.com/


../../../../../boost/numeric/odeint/stepper/rosenbrock4_dense_output.hpp
../../../../../boost/numeric/odeint/stepper/rosenbrock4_dense_output.hpp
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/rosenbrock4_dense_out put. hpp>

t enpl at e<t ypenane Control | edSt epper >
cl ass rosenbrock4_dense_out put {

publi c:
/'l types
t ypedef Control | edSt epper control | ed_stepper_type;
typedef controll ed_stepper_type:: stepper_type st epper _type;
t ypedef stepper_type::val ue_type val ue_type;
typedef stepper_type::state_type state_type;
t ypedef stepper_type::w apped_state_type wr apped_state_type;
t ypedef stepper_type::tinme_type time_type;
t ypedef stepper_type::deriv_type deriv_type;
t ypedef stepper_type::w apped_deriv_type wr apped_deri v_type;
t ypedef stepper_type::resizer_type resizer_type;
t ypedef dense_out put _stepper_tag st epper _cat egory;

t ypedef rosenbrock4_dense_out put < Control | edSt epper > dense_out put _st epper _type;

/'l construct/copy/ destruct
rosenbrock4_dense_out put (const control |l ed_stepper_type & = control |l ed_stepper_type());

/1 public nmenber functions
t enpl at e<t ypenane St at eType>
void initialize(const StateType & tine_type, tinme_type);
tenpl at e<typenane Systenr std::pair< time_type, time_type > do_step(System;
tenpl at e<typenane StateQut> void calc_state(tine_type, StateQut &);
tenpl at e<typenane StateQut> void calc_state(tinme_type, const StateQut &);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const state_type & current_state(void) const;
time_type current _tinme(void) const;
const state_type & previous_state(void) const;
time_type previous_tinme(void) const;
time_type current _tinme_step(void) const;

/'l private nenber functions

state_type & get_current_state(void);

const state_type & get_current_state(void) const;

state_type & get_old_state(void);

const state_type & get_old_state(void) const;

voi d toggle_current_state(void);

tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);

Description

rosenbr ock4_dense_out put public construct/copy/destruct

rosenbr ock4_dense_out put (const control |l ed_stepper_type & stepper = controll ed_stepper_type());

rosenbr ock4_dense_out put public member functions

L t enpl at e<t ypenane StateType>

void initialize(const StateType & x0, time_type t0, tine_type dtO);
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2.
t enpl at e<t ypenane Systenm>
std::pair< tinme_type, tine_type > do_step(System system;
3. . . ]
tenpl at e<typenane StateQut> void calc_state(tinme_type t, StateQut & x);
4. tenpl at e<typenane StateQut> void calc_state(tinme_type t, const StateQut & Xx);
5 t enpl at e<t ypenane St ateType> voi d adj ust_si ze(const StateType & X);
6. const state_type & current_state(void) const;
7. .. . . )
time_type current _time(void) const;
8. . . ]
const state_type & previous_state(void) const;
9.

time_type previous_tinme(void) const;

time_type current_time_step(void) const;

rosenbr ock4_dense_out put private member functions

L state_type & get_current_state(void);

2. . )
const state_type & get_current_state(void) const;

3. Con
state_type & get_old _state(void);

4. . )
const state_type & get_old_state(void) const;

5. . I
voi d toggle_current_state(void);

6.

tenpl at e<t ypenane Statel n> bool resize_inpl(const Stateln & x);
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Header <boost/numeric/odeint/stepper/runge_kuttad.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass runge_kutt a4;

Class template runge_kuttad

boost::numeric::odeint::runge_kutta4d — The classical Runge-Kutta stepper of fourth order.
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Synopsis

/1 In header:

<boost/ nuneri c/ odei nt/ st epper/runge_kutta4. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
class runge_kuttad : public boost::numeric::odeint::explicit_generic_rk< StageCount, Order, O

State, Value, Deriv, Tinme, Al gebra, Operations, Resizer >
{
publi c:
/'l types
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
typedef stepper_base_type::tinme_type time_type;

typedef stepper_base_type::
t ypedef stepper_base_type::
typedef stepper_base_type::

al gebra_type al gebra_type;
operations_type operations_type;
resizer_type resi zer_type;

/'l construct/copy/ destruct
runge_kutta4(const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln,
typenane StateQut>

t ypenanme Derivln,

voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);

tenpl at e<t ypenane System typenane Statel nQut,
boost : : di sabl e_i f< boost::is_same< Derivln,

typenane Derivln>
time_type > void > :type

do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);

tenpl at e<t ypenane System typenane Stateln,
typenane StateQut>
voi d do_step(System const Stateln & const
StateQut & tinme_type);
al gebra_type & algebra();
const al gebra_type & al gebra()

t ypenanme Derivln,

Derivin & tine_type,

const;

Description

The Runge-Kutta method of fourth order is one standard method for solving ordinary differential equations and iswidely used, see
also en.wikipedia.org/wiki/Runge-Kutta_methods The method is explicit and fulfills the Stepper concept. Step size control or con-
tinuous output are not provided.

This class derives from explicit_stepper_base and inherits its interface via CRTP (current recurring template pattern). Furthermore,
it derivs from explicit_generic_rk which is a generic Runge-Kutta algorithm. For more details see explicit_stepper_base and expli-
cit_generic_rk.
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Template Parameters
typenanme State
The state type.
typenanme Val ue = doubl e
The value type.
typenane Deriv = State
The type representing the time derivative of the state.
typenanme Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typename Operations = default_operations
The operations type.
typenane Resizer = initially_resizer

Theresizer policy type.

runge_kut t a4 public construct/copy/destruct
runge_kutta4(const al gebra_type & al gebra = algebra_type());

Constructsther unge_kut t a4 class. This constructor can be used as adefault constructor if the algebra has adefault constructor.
Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.
runge_kut t a4 public member functions

L tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut>
void do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out of
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswrittenin out.
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system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

t enpl at e<t ypenanme Stateln> void adjust_size(const Stateln & x);

Adjust the size of al temporaries in the stepper manually.

Parameters: x A state from which the size of the temporariesto be resized is deduced.
order_type order(void) const;
Returns: Returns the order of the stepper.

tenpl at e<t ypenane System typenane Statel nCut>
void do_step(System system StatelnCut & x, tinme_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differentia equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Statel nCut>
voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: : disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in place in x. Thismethod is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of X at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);

The method performs one step. The state of the ODE is updated out-of-place.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

8. tenpl at e<t ypenane System typenane Stateln, typename Derivln,

typenanme StateCQut>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys, in, dxdt , t , out , dt );

E Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

. al gebra_type & al gebra();

Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

221

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Header <boost/numeric/odeint/stepper/runge_kuttad4 classic.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
tenpl at e<typenane State, typenane Val ue = doubl e,
typenane Deriv = State, typename Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass runge_kutta4_cl assic;

Class template runge_kuttad classic

boost::numeric::odeint::runge_kuttad classic — The classical Runge-Kutta stepper of fourth order.
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Synopsis

/1 In header:

<boost/ nuneric/ odei nt/stepper/runge_kutta4_cl assic. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
class runge_kutta4_classic : public boost::numeric::odeint::explicit_stepper_base< Stepper, OO
der, State, Value, Deriv, Time, Al gebra, Operations, Resizer >
{
publi c:
/'l types
typedef explicit_stepper_base< runge_kutta4 classic< ... > ... > stepper_base_type;
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
t ypedef stepper_base_type::tinme_type time_type;
t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type operations_type;
t ypedef stepper_base_type: :resizer_type resi zer _type;

/'l construct/copy/ destruct
runge_kutta4_cl assic(const algebra_type & = algebra_type());
/1 public nmenber functions
t enpl at e<t ypenane System typenane Stateln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin &,
StateQut & time_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
order _type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>

t ypenanme Derivln,

time_type,

voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);

tenpl at e<t ypenane System typenane Statel nQut,
boost : : di sabl e_i f< boost::is_same< Derivln,

typenane Derivln>
time_type > void > :type

do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);

tenpl at e<t ypenane System typenane Stateln,
typenane StateQut>
voi d do_step(System const Stateln & const
StateQut & tinme_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
al gebra_type & algebra();
const al gebra_type & al gebra() const;

t ypenanme Derivln,

Derivin & tine_type,

/'l private nenber functions

tenpl at e<typenane Stateln> bool resize_inpl(const Stateln &);

Description

The Runge-Kutta method of fourth order is one standard method for solving ordinary differential equations and iswidely used, see
also en.wikipedia.org/wiki/Runge-Kutta_methods The method is explicit and fulfills the Stepper concept. Step size control or con-
tinuous output are not provided. This class implements the method directly, hence the generic Runge-Kutta algorithm is not used.

Thisclassderivesfrom explicit_stepper_base and inheritsitsinterface via CRTP (current recurring template pattern). For more details
see explicit_stepper_base.
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Template Parameters
typenanme State
The state type.
typenanme Val ue = doubl e
The value type.
typenane Deriv = State
The type representing the time derivative of the state.
typenanme Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typename Operations = default_operations
The operations type.
typenane Resizer = initially_resizer

Theresizer policy type.

runge_kutt a4_cl assi ¢ public construct/copy/destruct
runge_kuttad_cl assic(const algebra_type & algebra = algebra_type());

Constructsther unge_kut t a4_cl assi c class. This constructor can be used as a default constructor if the algebra has a default
constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.
runge_kutt a4_cl assi ¢ public member functions

L tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out of
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
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out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & X);

Adjust the size of al temporaries in the stepper manually.

Parameters: x A state from which the size of the temporariesto be resized is deduced.
order_type order(void) const;
Returns: Returns the order of the stepper.

tenpl at e<t ypenane System typenane Statel nQut>
void do_step(System system StatelnCut & x, tinme_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differentia equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Statel nCut>
voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: : disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step. Additionally to the other method the derivative of x is also passed to this method. It is supposed
to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in place in x. Thismethod is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);

The method performs one step. The state of the ODE is updated out-of-place.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

8. tenpl at e<t ypenane System typenane Stateln, typename Derivln,

typenanme StateCQut>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

The method performs one step. The state of the ODE is updated out-of-place. Furthermore, the derivative of x at t is passed to
the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys, in, dxdt , t , out , dt );

E Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<typenane Statel n> void adjust_size(const Stateln & x);

Adjust the size of al temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
al gebra_type & algebra();

Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.
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runge_kutta4_cl assi ¢ private member functions

t enpl at e<t ypenanme Statel n> bool resize_inpl(const Stateln & x);

Header <boost/numeric/odeint/step-
per/runge_kutta _cash_karp54.hpp>

namespace boost {
namespace numeric {
namespace odeint {
tenpl at e<typenane State, typename Val ue = doubl e
typenanme Deriv = State, typenane Tinme = Val ue
typenanme Al gebra = range_al gebra
typenanme Qperations = default_operations
typenane Resizer = initially_resizer>
cl ass runge_kutta_cash_kar p54;

Class template runge_kutta _cash_karp54

boost::numeric::odeint::runge_kutta cash karp54 — The Runge-Kutta Cash-Karp method.
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Synopsis

/1

I n header: <boost/numeric/odeint/stepper/runge_kutta_cash_karp54. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,

cl

typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>

ass runge_kutta_cash_karp54 : public boost::nuneric::odeint::explicit_error_generic_rk< Stagel
Count, Order, StepperOrder, ErrorOrder, State, Value, Deriv, Time, Al gebra, Qperations,

{

publi c:
/'l types
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
typedef stepper_base_type::tinme_type time_type;

t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type operations_type;
t ypedef stepper_base_type: :resizer_type resizer_typ;

/'l construct/copy/ destruct
runge_kutta_cash_karp54(const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut &, time_type, Err &);
tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order_type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost: :disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System const Stateln & const Derivin & tine_type, StateQut &,
time_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
void do_step(System StatelnQut & time_type, tinme_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln,
typenane Err>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & time_type, time_type,
Err &) ;
tenpl at e<typenane System typenane Stateln, typenane StateQut, typenane Err>

Resi zer >
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voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
t enpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type, Err &) ;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

b

Description

The Runge-Kutta Cash-Karp method is one of the standard methods for solving ordinary differential equations, see en.wikipe-
dia.org/wiki/Cash-Karp_methods. The method is explicit and fulfills the Error Stepper concept. Step size control is provided but
continuous output is not available for this method.

Thisclassderivesfrom explicit_error_stepper_base and inheritsitsinterface via CRTP (current recurring template pattern). Furthermore,
it derivsfrom explicit_error_generic_rk which is ageneric Runge-Kutta algorithm with error estimation. For more detail s see expli-
cit_error_stepper_base and explicit_error_generic_rk.

Template Parameters
typenanme State
The state type.
typenane Val ue = doubl e
The value type.
typename Deriv = State
The type representing the time derivative of the state.
typename Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typename Operations = default_operations
The operations type.
typenane Resizer = initially_resizer

Theresizer policy type.

runge_kutta_cash_kar p54 public construct/copy/destruct

runge_kutta_cash_karp54(const al gebra_type & algebra = al gebra_type());

229

httpo://www.renderx.com/


http://en.wikipedia.org/wiki/Cash%E2%80%93Karp_methods
http://en.wikipedia.org/wiki/Cash%E2%80%93Karp_methods
http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Constructsther unge_kutt a_cash_kar p54 class. Thisconstructor can be used as adefault constructor if the algebrahas adefault
constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.
runge_kut t a_cash_kar p54 public member functions

L tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut, typenane Err>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt, Err & xerr);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hence theinput isini n and the output in out . Futhermore, an estimation of the error is stored in xerr . do_st ep_i npl
isused by explicit_error_stepper_base.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswrittenin out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
xXerr The result of the error estimation is written in xerr.

2.

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
3.

tenpl at e<typenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
order _type order(void) const;

Returns: Returns the order of the stepper if it used without error estimation.
order _type stepper_order(void) const;

Returns: Returnsthe order of astep if the stepper is used without error estimation.

order_type error_order(void) const;
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Returns: Returns the order of an error step if the stepper is used without error estimation.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tine_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence ther.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

8. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);
Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<typenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sanme< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

t enpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost: : disable_if< boost::is_same< Stateln, time_type >, void > :type
do_step(System system const Stateln & in, time_type t, StateQut & out,
tine_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

@ Note
This method does not solve the forwarding problem.
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Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
n

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
boost: : di sabl e_i f< boost::is_same< Derivln, time_type > void > :type
do_step(System system const Stateln & in, const Derivln & dxdt,
tine_type t, StateQut & out, tine_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper. It is supposed to be used in the following way:

sys( in , dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System system StatelnQut & x, tinme_type t, tinme_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-

place.
Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
Xerr The estimation of the error is stored in xerr.

tenpl at e<t ypenane System typenane StatelnQut, typenanme Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.

1 t enpl at e<t ypenane System typenane StatelnQut, typenane Derivln, typename Err>

boost: : di sabl e_i f< boost::is_same< Derivln, time_type >, void > :type
do_step(System system StatelnQut & x, const Derivln & dxdt, tine_type t,
tine_type dt, Err & xerr);
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The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is also
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt , xerr );

The result is updated in place in x. This method is disabled if Time and Derivin are of the same type. In this case the method
could not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.
15

tenpl at e<t ypenane System typenane Stateln, typenane StateCut, typenane Err>
voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

E I Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.
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S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
xerr The error estimate.

17.

al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

Header <boost/numeric/odeint/step-
per/runge_kutta _cash_karp54 classic.hpp>

namespace boost {
namespace numeric {
namespace odei nt {
tenpl at e<typenane State, typenanme Val ue = doubl e,
typenane Deriv = State, typenane Tinme = doubl e,
typenanme Al gebra = range_al gebra,
typenanme Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass runge_kutta_cash_kar p54_cl assi c;

Class template runge_kutta cash_karp54 classic

boost::numeric::odeint::runge_kutta cash karp54_classic— The Runge-Kutta Cash-K arp method implemented without the generic
Runge-Kutta algorithm.
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Synopsis

/'l 1 n header: <boost/nuneric/odeint/stepper/runge_kutta_cash_karp54_cl assic. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,

typenane Tine = double, typename Al gebra = range_al gebra,

typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
cl ass runge_kutta_cash_karp54_classic : public boost::nuneric::odeint::explicit_error_stepd
per _base< Stepper, Oder, StepperOrder, ErrorOrder, State, Value, Deriv, Tinme, Al gebra, Operal
tions, Resizer >

{

public:
/'l types
typedef explicit_error_stepper_base< runge_kutta_cash_karp54 _classic< ... > ... > stepO

per _base_type;
typedef stepper_base_type::state_type state_type; O
typedef stepper_base_type::val ue_type val ue_type; O
typedef stepper_base_type::deriv_type deriv_type; O
typedef stepper_base_type::tinme_type time_type; O
typedef stepper_base_type::al gebra_type al gebra_type; O
t ypedef stepper_base_type::operations_type oper ald

tions_type;
typedef stepper_base_type::resizer_type resizer_type; 0O

/'l construct/copy/ destruct
runge_kutta_cash_karp54_cl assi c(const algebra_type & = algebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut &, time_type, Err &);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenanme StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order _type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<typenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System const Stateln & const Derivin & tine_type, StateQut &,
time_type);
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tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System StatelnQut & tine_type, tine_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln,
typenane Err>
boost::disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & time_type, tinme_type,
Err &) ;
tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type, Err &) ;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane Statel n> bool resize_inpl(const Stateln &);

Description

The Runge-Kutta Cash-Karp method is one of the standard methods for solving ordinary differential equations, see en.wikipe-
dia.org/wiki/Cash-Karp_method. The method is explicit and fulfills the Error Stepper concept. Step size control is provided but
continuous output is not available for this method.

This class derives from explicit_error_stepper_base and inherits its interface via CRTP (current recurring template pattern). This
class implements the method directly, hence the generic Runge-Kutta algorithm is not used.

Template Parameters
typenanme State
The state type.
typenane Val ue = double
The value type.

typename Deriv = State

The type representing the time derivative of the state.
typename Tinme = double

The time representing the independent variable - the time.

5 typenane Al gebra = range_al gebra

The algebratype.

6. typename Operations = default_operations
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The operations type.
typename Resizer = initially_resizer

Theresizer policy type.

runge_kutta_cash_kar p54_cl assi ¢ public construct/copy/destruct
runge_kutta_cash_karp54_cl assi c(const al gebra_type & algebra = algebra_type());

Constructsther unge_kut t a_cash_kar p54_cl assi c class. Thisconstructor can be used asadefault constructor if the algebra
has a default constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.

runge_kutta_cash_karp54_cl assi c public member functions

tenpl at e<t ypenane System typenane Stateln, typename Derivln,
typenane StateCQut, typenane Err>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
tine_type t, StateQut & out, tine_type dt, Err & xerr);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method.

Theresult is updated out-of-place, hencetheinputisini n and the output in out . Futhermore, an estimation of the error is stored
inxerr.Accessto this step functionality is provided by expl i cit _error_st epper _base anddo_st ep_i npl should not be

called directly.
Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
xerr The result of the error estimation is written in xerr.

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typename StateCQut>
void do_step_inpl (System system const Stateln & in, const Derivlin & dxdt,
time_type t, StateCut & out, time_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hence theinput isini n and the output in out . Access to this step functionality is provided by expl i cit _error_st ep-
per _base anddo_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
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order _type order(void) const;

Returns: Returns the order of the stepper if it used without error estimation.
order_type stepper_order(void) const;

Returns: Returnsthe order of astep if the stepper is used without error estimation.
order _type error_order(void) const;

Returns: Returns the order of an error step if the stepper is used without error estimation.

t enpl at e<t ypenanme System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

t enpl at e<t ypenane System typenane StatelnQut, typenanme Derivln>
boost: : di sabl e_i f< boost::is_same< Derivln, time_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
tine_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

E Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane Stateln, typename Derivln,
typenanme StateQut>
boost:: disable_if< boost::is_sanme< Derivln, tine_type > void >::type
do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateCut & out, time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. inis not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
2

t enpl at e<t ypenanme System typenane StatelnQut, typenane Err>
voi d do_step(System system StatelnQut & x, tinme_type t, tinme_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-

place.
Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
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xerr The estimation of the error is stored in xerr.

t enpl at e<t ypenanme System typenane StatelnQut, typenane Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

1 tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln, typenane Err>

boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt , xerr );

The result is updated in place in x. This method is disabled if Time and Derivin are of the same type. In this case the method
could not be distinguished from other do_st ep versions.

E I Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.

tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.
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t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tine_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

17.

al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.
const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.
runge_kutta_cash_kar p54_cl assi ¢ private member functions

L tenpl at e<typenane Statel n> bool resize_inpl(const Stateln & x);

Header <boost/numeric/odeint/stepper/runge_kutta _dopri5.hpp>

namespace boost {
namespace numneric {
namespace odei nt {

t enpl at e<t ypenane State, typenane Val ue = doubl e,
typenane Deriv = State, typenane Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenanme Operations = defaul t_operations,
typenane Resizer = initially_resizer>

class runge_kutta_dopri 5;
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Class template runge_kutta_dopri5

boost::numeric::odeint::runge_kutta dopri5 — The Runge-Kutta Dormand-Prince 5 method.
Synopsis

/1 I'n header: <boost/nuneric/odeint/stepper/runge_kutta_dopri5. hpp>

tenpl at e<typenane State, typenane Val ue = double, typenanme Deriv = State,

typenane Tine = Val ue, typenane Al gebra = range_al gebra,

typenane Qperations = default_operations,

typenane Resizer = initially_resizer>
class runge_kutta dopri5 : public boost::nuneric::odeint::explicit_error_stepper_fsal base< StepO
per, Order, StepperOrder, ErrorOrder, State, Value, Deriv, Tine, Al gebra, Operations, Resizer >
{

public:
/'l types
typedef explicit_error_stepper_fsal base< runge_kutta doprib5< ... > ... > stepper_base_type;
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_t ype;
t ypedef stepper_base_type::deriv_type deriv_type;
t ypedef stepper_base_type::tinme_type ti me_type;
t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type oper ati ons_type;
t ypedef stepper_base_type: :resizer_type resizer_type;

/1 construct/copy/destruct
runge_kutta_dopri5(const al gebra_type & = algebra_type());

/1 public nmenber functions
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCQut, typenane DerivQut>
void do_step_inpl (System const Stateln & const Derivin & time_type,
StateQut & DerivQut & tinme_type);
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut, typenane Err>
void do_step_inpl (System const Stateln & const Derivin & time_type,
StateQut & DerivQut & tinme_type, Err &);
tenpl at e<typenane StateQut, typenane Statelnl, typenane Derivlnl,
typenane Stateln2, typenane Derivln2>
void calc_state(tine_type, StateQut & const Statelnl & const Derivinl &,
time_type, const Stateln2 & const Derivin2 & tinme_type) const;
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order _type order(void) const;
order _type stepper_order(void) const;
order _type error_order(void) const;
tenpl at e<typenane System typenane Statel nQut>
void do_step(System StatelnQut & time_type, time_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<typenane System typenane StatelnQut, typenane DerivlnQut>
boost::disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System StatelnQut & DerivlinQut & time_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tine_type);
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCQut, typenane DerivQut>
voi d do_step(System const Stateln & const Derivin & tine_type,
StateQut & DerivQut & tinme_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
void do_step(System StatelnQut & time_type, tinme_type, Err &);
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tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane DerivlnQut,
typenane Err>
boost: : disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System StatelnQut & DerivlinQut & time_type, time_type, Err &);
tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCut, typenane DerivQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & DerivQut & tine_type, Err &);
voi d reset(void);
tenpl at e<typenane Derivin> void initialize(const Derivin &);
t enpl at e<t ypenane System typenane Stateln>
void initialize(System const Stateln & tinme_type);
bool is_initialized(void) const;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

/'l private nenber functions
tenpl at e<typenane Statel n> bool resize_k _x_tnp_inpl(const Stateln &) ;
tenpl at e<typenane Statel n> bool resize_dxdt_tnp_inpl (const Stateln &);

Description

The Runge-Kutta Dormand-Prince 5 method is a very popular method for solving ODES, see . The method is explicit and fulfills
the Error Stepper concept. Step size control is provided but continuous output is available which make this method favourable for
many applications.

This class derives from explicit_error_stepper_fsal_base and inherits its interface via CRTP (current recurring template pattern).
The method possesses the FSAL (first-same-as-last) property. See explicit_error_stepper_fsal_base for more details.

Template Parameters
typenanme State
The state type.
typenane Val ue = double
The value type.

typename Deriv = State

The type representing the time derivative of the state.
typename Tine = Val ue
The time representing the independent variable - the time.
5.

typenane Al gebra = range_al gebra

The algebratype.
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typenane Operations = default_operations
The operations type.
typenanme Resizer = initially_resizer

Theresizer policy type.

runge_kut ta_dopri 5 public construct/copy/destruct

runge_kutta_dopri5(const al gebra_type & algebra = al gebra_type());

Constructs the r unge_kut t a_dopri 5 class. This constructor can be used as a default constructor if the algebra has a default
constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.

runge_kutta_dopri5 public member functions

tenpl at e<t ypenane System typenane Stateln, typename Derivln,
typenane StateCut, typenane DerivQut>
voi d do_step_inpl (System system const Stateln & in,
const Derivin & dxdt_in, tine_type t, StateQut & out,
DerivQut & dxdt_out, time_type dt);

This method performs one step. The derivative dxdt _i n of i n at thetimet is passed to the method. The result is updated out-
of-place, hencetheinputisini n and the output in out . Furthermore, the derivative is update out-of-place, hence the input is as-
sumed to beindxdt _i n and the output in dxdt _out . Accessto this step functionality isprovided by expl i cit _error_st ep-
per _fsal _base anddo_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt _in The derivative of x at t. dxdt_in isnot modified by this method
dxdt _out  Theresult of the new derivative at time t-+dt.

in The state of the ODE which should be solved. in is not modified in this method

out The result of the step iswritten in out.

system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System
concept.

t The value of the time, at which the step should be performed.

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCut, typenanme DerivQut, typenane Err>
voi d do_step_inpl (System system const Stateln & in,
const Derivin & dxdt_in, tine_type t, StateQut & out,
DerivQut & dxdt_out, time_type dt, Err & xerr);

This method performs one step. The derivative dxdt _i n of i n at thetimet is passed to the method. The result is updated out-
of-place, hence theinput isini n and the output in out . Furthermore, the derivative is update out-of-place, hence the input is as-
sumed to bein dxdt _i n and the output in dxdt _out . Accessto this step functionality is provided by expl i ci t _error_st ep-
per _fsal _base anddo_st ep_i npl should not be called directly. An estimation of the error is calcul ated.

Parameters: dt The step size.
dxdt _in The derivative of x at t. dxdt_in isnot modified by this method
dxdt _out  Theresult of the new derivative at time t-+dt.

in The state of the ODE which should be solved. in is not modified in this method
out Theresult of the step iswritten in out.
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system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System

concept.
t The value of the time, at which the step should be performed.
Xerr An estimation of the error.

tenpl at e<t ypenane StateQut, typenane Statelnl, typename Derivlnl,
typenane Stateln2, typenanme Derivln2>
void calc_state(tinme_type t, StateQut & x, const Statelnl & x_old,
const Derivinl & deriv_old, time_type t_old,
const Stateln2 & const Derivln2 & deriv_new,
tine_type t_new) const;

This method is used for continuous output and it calculates the state x at atimet from the knowledge of two statesol d_st at e
andcurrent _state atimepointst _ol d andt _new. It also usesinternal variables to calculate the result. Hence this method
must be called after two successful do_st ep calls.

tenpl at e<typenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
order _type order(void) const;

Returns: Returns the order of the stepper if it used without error estimation.
order _type stepper_order(void) const;

Returns: Returnsthe order of astep if the stepper is used without error estimation.
order_type error_order(void) const;

Returns: Returns the order of an error step if the stepper is used without error estimation.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tinme_type t, tine_type dt);

This method performs one step. It transforms the result in-place.

S Note
This method uses the internal state of the stepper.

Parameters: dt The step size.
system The system function to solve, hence the r.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in Xx.

. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, time_type t, tine_type dt);

Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

245

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

tenpl at e<typenane System typenane StatelnQut, typenane DerivlnQut>
boost: :disable_if< boost::is_sane< StatelnQut, tine_type >, void > :type
do_step(System system StatelnQut & x, DerivinQut & dxdt, tine_type t,
time_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other methods the derivative of X is aso
passed to this method. Therefore, dxdt must be evaluated initialy:

ode( x , dxdt , t );
for( ... )

{
stepper.do_step( ode , x , dxdt , t , dt );

t += dt;

S Note
This method does NOT use the initial state, since the first derivative is explicitly passed to this method.

Theresult is updated in place in x as well as the derivative dxdt. This method is disabled if Time and StatelnOut are of the same
type. In this case the method could not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t. After calling do_st ep dxdt is updated to the new value.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost::disable_if< boost::is_sane< Stateln, tine_type > void >::type
do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

S Note
This method uses the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
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t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateCQut, typenane DerivQut>
voi d do_step(System system const Stateln & in, const Derivln & dxdt_in,
time_type t, StateQut & out, DerivQut & dxdt_out,
time_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and updated by the stepper to its new value at t+dt.

S Note
This method does not solve the forwarding problem.

This method does NOT use the internal state of the stepper.

Parameters: dt The step size.
dxdt _in Thederivative of x at t.
dxdt _out  The updated derivative of out att +dt .

in The state of the ODE which should be solved. in is not modified in this method

out The result of the step iswritten in out.

system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System
concept.

t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane StatelnCQut, typenanme Err>
voi d do_step(System system StatelnCQut & x, tine_type t, time_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-
place.

S Note
This method uses the internal state of the stepper.

Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
Xerr The estimation of the error is stored in xerr.
14

tenpl at e<t ypenane System typenane StatelnQut, typenanme Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.

t enpl at e<t ypenane System typenane StatelnQut, typenanme DerivlnQut,
typename Err>
boost: : disable_if< boost::is_same< StatelnCut, time_type > void > :type
do_step(System system StatelnQut & x, DerivlinQut & dxdt, time_type t,
tine_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method and updated by this method.
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S Note
This method does NOT use the internal state of the stepper.

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions. This method is disabled if StatelnOut and Time are of the same type.

S Note
This method does NOT use the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t. After calling do_st ep thisvalue is updated to the new value at t +dt .
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
xerr The error estimate is stored in xerr.
16

tenpl at e<typenane System typenane Stateln, typenane StateCQut, typenane Err>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

S Note
This method uses the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.
17

tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenanme StateCut, typenanme DerivQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivlin & dxdt_in,
time_type t, StateCQut & out, DerivQut & dxdt_out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated.
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S Note
This method does NOT use the internal state of the stepper.

This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt _in The derivative of x at t.
dxdt _out The new derivative at t +dt iswritten into this variable.

in The state of the ODE which should be solved. in is not modified in this method

out The result of the step iswritten in out.

system The system function to solve, hence the r.h.s. of the ODE. It must fulfill the Simple System
concept.

t The value of the time, at which the step should be performed.

Xerr The error estimate.

void reset(void);

Resetstheinternal state of thisstepper. After calling thismethod it issafeto useall do_st ep method without explicitly initializing
the stepper.

tenpl at e<typenane Derivin> void initialize(const Derivin & deriv);

Initializes the internal state of the stepper.

Parameters: deriv The derivative of x. The next call of do_st ep expects that the derivative of x passed to do_st ep
hasthevalue of deri v.

a t enpl at e<t ypenane System typenane Stateln>

void initialize(Systemsystem const Stateln & x, time_type t);

Initializes the internal state of the stepper.

This method is equivalent to

Deriv dxdt;
systen( x , dxdt , t );
stepper.initialize( dxdt );

Parameters: system The system function for the next calls of do_st ep.
t The current time of the ODE.
X The current state of the ODE.
2L

bool is_initialized(void) const;

Returnsif the stepper is aready initialized. If the stepper is not initialized, thefirst call of do_st ep will initiaize the state of the
stepper. If the stepper is already initialized the system function can not be safely exchanged between consecutive do_st ep calls.

al gebra_type & al gebra();
Returns: A reference to the algebrawhich is held by this class.

2 const al gebra_type & al gebra() const;
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Returns: A const reference to the algebrawhich is held by this class.

runge_kutta_dopri 5 private member functions

tenpl at e<t ypenane Stateln> bool resize_k_x_tnp_inpl(const Stateln & x);

tenpl at e<t ypenane Statel n> bool resize_dxdt_tnp_inpl (const Stateln & Xx);

Header <boost/numeric/odeint/stepper/runge_kutta_fehl-
berg78.hpp>

namespace boost {
namespace numeric {
namespace odeint {
tenpl at e<typenane State, typenanme Val ue = doubl e,
typenane Deriv = State, typenanme Tinme = Val ue,
typenanme Al gebra = range_al gebra,
typename Operations = default_operations,
typenane Resizer = initially_resizer>
cl ass runge_kutta_fehl berg78;

Class template runge_kutta fehlberg78

boost::numeric::odeint::runge_kutta fehlberg78 — The Runge-Kutta Fehlberg 78 method.
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Synopsis

/1

In header: <boost/nuneric/odeint/stepper/runge_kutta_ fehl berg78. hpp>

tenpl at e<typenane State, typenanme Val ue = double, typenanme Deriv = State,

cl

typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>

ass runge_kutta_fehl berg78 : public boost::nuneric::odeint::explicit_error_generic_rk< Stagel
Count, Order, StepperOrder, ErrorOrder, State, Value, Deriv, Time, Al gebra, Qperations,

{

publi c:
/'l types
t ypedef stepper_base_type::state_type state_type;
t ypedef stepper_base_type::val ue_type val ue_type;
t ypedef stepper_base_type::deriv_type deriv_type;
typedef stepper_base_type::tinme_type time_type;

t ypedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::operations_type operations_type;
t ypedef stepper_base_type: :resizer_type resi zer _type;

/'l construct/copy/ destruct
runge_kutta_fehl berg78(const al gebra_type & = al gebra_type());

/1 public nmenber functions
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut &, time_type, Err &);
tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System const Stateln & const Derivin & tine_type,
StateQut & time_type);
tenpl at e<typenane Stateln> void adjust_size(const Stateln &);
order_type order(void) const;
order _type stepper_order(void) const;
order_type error_order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Derivln>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & tine_type, tinme_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
boost: :disable_if< boost::is_sane< Stateln, tine_type > void > :type
do_step(System const Stateln & tinme_type, StateQut & tinme_type);
tenpl at e<t ypenane System typenane Stateln, typenane Derivln,
typenane StateQut>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System const Stateln & const Derivin & tine_type, StateQut &,
time_type);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
void do_step(System StatelnQut & time_type, tinme_type, Err &);
tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System const StatelnQut & tinme_type, tine_type, Err &);
tenpl at e<typenane System typenane StatelnQut, typenane Derivln,
typenane Err>
boost: :disable_if< boost::is_sane< Derivln, tine_type > void > :type
do_step(System StatelnQut & const Derivin & time_type, time_type,
Err &) ;
tenpl at e<typenane System typenane Stateln, typenane StateQut, typenane Err>

Resi zer >
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voi d do_step(System const Stateln & tine_type, StateCQut & tine_type,
Err &);
t enpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut, typenane Err>
voi d do_step(System const Stateln & const Derivlin & tinme_type,
StateQut & tinme_type, Err &) ;
al gebra_type & al gebra();
const al gebra_type & al gebra() const;

b

Description

The Runge-Kutta Fehlberg 78 method is a standard method for high-precision applications. The method is explicit and fulfills the
Error Stepper concept. Step size control is provided but continuous output is not available for this method.

Thisclassderivesfrom explicit_error_stepper_base and inheritsitsinterface via CRTP (current recurring template pattern). Furthermore,
it derivsfrom explicit_error_generic_rk which is ageneric Runge-Kutta algorithm with error estimation. For more detail s see expli-
cit_error_stepper_base and explicit_error_generic_rk.

Template Parameters
typenanme State
The state type.
typenane Val ue = doubl e
The value type.

typename Deriv = State

The type representing the time derivative of the state.
typename Tine = Val ue
The time representing the independent variable - the time.
typenane Al gebra = range_al gebra
The algebratype.
typename Operations = default_operations
The operations type.
typenane Resizer = initially_resizer

Theresizer policy type.

runge_kut t a_f ehl ber g78 public construct/copy/destruct

runge_kutta_fehl berg78(const al gebra_type & algebra = al gebra_type());
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Constructstherunge_kutta_cash fehlberg78 class. Thisconstructor can be used asadefault constructor if the algebrahas adefault
constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.
runge_kut t a_f ehl ber g78 public member functions

L tenpl at e<typenane System typenane Stateln, typenane Derivln,

typenane StateQut, typenane Err>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt, Err & xerr);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hence theinput isini n and the output in out . Futhermore, an estimation of the error is stored in xerr . do_st ep_i npl
isused by explicit_error_stepper_base.

Parameters: dt The step size.

dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswrittenin out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
xXerr The result of the error estimation is written in xerr.

2.

t enpl at e<t ypenanme System typenane Stateln, typenanme Derivln,
typenane StateQut>
voi d do_step_inpl (System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt);

This method performs one step. The derivative dxdt of i n at thetimet is passed to the method. The result is updated out-of-
place, hencetheinput isini n and the output in out . Accessto this step functionality is provided by expl i ci t _st epper _base
and do_st ep_i npl should not be called directly.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
3.

tenpl at e<typenane Stateln> void adjust_size(const Stateln & x);

Adjust the size of all temporariesin the stepper manually.

Parameters: x A state from which the size of the temporaries to be resized is deduced.
order _type order(void) const;

Returns: Returns the order of the stepper if it used without error estimation.
order _type stepper_order(void) const;

Returns: Returnsthe order of astep if the stepper is used without error estimation.

order_type error_order(void) const;

253

render

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

Boost.Numeric.Odeint

Returns: Returns the order of an error step if the stepper is used without error estimation.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & x, tine_type t, time_type dt);

This method performs one step. It transforms the result in-place.

Parameters: dt The step size.
system The system function to solve, hence ther.h.s. of the ordinary differential equation. It must fulfill
the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

8. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & x, tine_type t, tinme_type dt);
Second version to solve the forwarding problem, can be called with Boost.Range as StatelnOut.

tenpl at e<typenane System typenane StatelnQut, typenane Derivln>
boost::disable_if< boost::is_sanme< Derivln, tine_type > void > :type
do_step(System system StatelnQut & x, const Derivlin & dxdt, tine_type t,
time_type dt);

The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is aso
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt );

Theresult is updated in placein x. This method is disabled if Time and Deriv are of the same type. In this case the method could
not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.

t enpl at e<t ypenane System typenane Stateln, typenane StateCut>
boost: : disable_if< boost::is_same< Stateln, time_type >, void > :type
do_step(System system const Stateln & in, time_type t, StateQut & out,
tine_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. This method is
disabled if Stateln and Time are the same type. In this case the method can not be distinguished from other do_st ep variants.

@ Note
This method does not solve the forwarding problem.
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Parameters: dt The step size.
in The state of the ODE which should be solved. inis not modified in this method
out Theresult of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
n

tenpl at e<t ypenane System typenane Stateln, typenanme Derivln,
typenane StateQut>
boost: : di sabl e_i f< boost::is_same< Derivln, time_type > void > :type
do_step(System system const Stateln & in, const Derivln & dxdt,
tine_type t, StateQut & out, tine_type dt);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper. It is supposed to be used in the following way:

sys( in , dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.

@ Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
in The state of the ODE which should be solved. in is hot modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.

tenpl at e<t ypenane System typenane StatelnQut, typenane Err>
voi d do_step(System system StatelnQut & x, tinme_type t, tinme_type dt,
Err & xerr);

The method performs one step with the stepper passed by Stepper and estimates the error. The state of the ODE is updated in-

place.
Parameters: dt The step size.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. x is updated by this method.
Xerr The estimation of the error is stored in xerr.

tenpl at e<t ypenane System typenane StatelnQut, typenanme Err>
voi d do_step(System system const StatelnQut & x, tinme_type t, tine_type dt,
Err & xerr);

Second version to solve the forwarding problem, can be called with Boost.Range as Statel nOut.

1 t enpl at e<t ypenane System typenane StatelnQut, typenane Derivln, typename Err>

boost: : di sabl e_i f< boost::is_same< Derivln, time_type >, void > :type
do_step(System system StatelnQut & x, const Derivln & dxdt, tine_type t,
tine_type dt, Err & xerr);
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The method performs one step with the stepper passed by Stepper. Additionally to the other method the derivative of x is also
passed to this method. It is supposed to be used in the following way:

sys( x , dxdt , t );
stepper.do_step( sys , x , dxdt , t , dt , xerr );

The result is updated in place in x. This method is disabled if Time and Derivin are of the same type. In this case the method
could not be distinguished from other do_st ep versions.

S Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
dxdt The derivative of x at t.
system Thesystemfunction to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
X The state of the ODE which should be solved. After calling do_step the result is updated in x.
Xerr The error estimate is stored in xerr.
15

tenpl at e<t ypenane System typenane Stateln, typenane StateCut, typenane Err>
voi d do_step(System system const Stateln & in, tine_type t, StateQut & out,
time_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the error is estimated.

E I Note
This method does not solve the forwarding problem.

Parameters: dt The step size.
in The state of the ODE which should be solved. in is not modified in this method
out The result of the step iswritten in out.
system Thesystem function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
t The value of the time, at which the step should be performed.
Xerr The error estimate.

tenpl at e<typenane System typenane Stateln, typenane Derivln,
typenane StateQut, typenane Err>
voi d do_step(System system const Stateln & in, const Derivln & dxdt,
time_type t, StateQut & out, tinme_type dt, Err & xerr);

The method performs one step with the stepper passed by Stepper. The state of the ODE is updated out-of-place. Furthermore,
the derivative of x at t is passed to the stepper and the error is estimated. It is supposed to be used in the following way:

sys( in, dxdt , t );
stepper.do_step( sys , in, dxdt , t , out , dt );

This method is disabled if Derivin and Time are of same type.
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S Note
This method does not solve the forwarding problem.

Parameters: dt
dx
in
ou
sy
t
xe

17.

dt

t
stem

rr

The step size.

The derivative of x at t.

The state of the ODE which should be solved. in is hot modified in this method

The result of the step iswritten in out.

The system function to solve, hencether.h.s. of the ODE. It must fulfill the Simple System concept.
The value of the time, at which the step should be performed.

The error estimate.

al gebra_type & al gebra();

Returns: A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns: A const reference to the algebrawhich is held by this class.

Header <boost/numeric/odeint/stepper/stepper_categories.hpp>

nanespace boost {
namespace nuner
nanespace ode

ic {
int {

struct stepper_tag;

struct error_stepper_tag;

struct explicit_error_stepper_tag;

struct explicit_error_stepper_fsal tag;
struct controll ed_stepper_tag;

struct explicit_controlled_stepper_tag;
struct explicit_controlled_stepper_fsal _tag;
struct dense_out put_st epper_t ag;

tenpl at e<typenane tag> struct base_tag;

tenpl at e<>
tenpl at e<>
tenpl at e<>
tenpl at e<>
tenpl at e<>
tenpl at e<>
tenpl at e<>
tenpl at e<>

struct
struct
struct
struct
struct
struct
struct
struct

Struct stepper_tag

base_t ag<st epper _t ag>;

base_t ag<error _stepper_tag>;
base_tag<explicit_error_stepper_tag>;
base_tag<explicit_error_stepper_fsal tag>;
base_tag<control | ed_stepper_tag>;
base_tag<explicit_controll ed_stepper_tag>;
base_tag<explicit_controlled_stepper_fsal _tag>;
base_t ag<dense_out put _st epper_tag>;

boost::numeric::odeint::stepper_tag
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Synopsis
/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct stepper_tag {

b
Struct erro r_stepper_tag
boost::numeric::odeint::error_stepper_tag
Synopsis
/1 I'n header: <boost/nureric/odeint/stepper/stepper_categories.hpp>

struct error_stepper_tag : public boost::nuneric::odeint::stepper_tag {

I

Struct explicit_error_stepper_tag

boost::numeric::odeint::explicit_error_stepper_tag
Synopsis
/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct explicit_error_stepper_tag
public boost::numeric::odeint::error_stepper_tag

{
b

Struct explicit_error_stepper_fsal_tag
boost::numeric::odeint::explicit_error_stepper_fsal_tag

Synopsis

/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct explicit_error_stepper_fsal _tag
public boost::numeric::odeint::error_stepper_tag
{

}

Struct controlled_stepper_tag

boost::numeric::odeint::controlled_stepper_tag
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Synopsis
/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct controlled_stepper_tag {

I

Struct explicit_controlled _stepper_tag

boost::numeric::odeint::explicit_controlled stepper_tag
Synopsis
/1 I'n header: <boost/nureric/odeint/stepper/stepper_categories.hpp>

struct explicit_controlled_stepper_tag
public boost::numeric::odeint::controlled_stepper_tag

{
I

Struct explicit_controlled _stepper_fsal tag
boost::numeric::odeint::explicit_controlled stepper fsal tag

Synopsis

/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct explicit_controlled_stepper_fsal _tag
public boost::numeric::odeint::controlled_stepper_tag

{
b

Struct dense_outp ut_step per_tag
boost::numeric::odeint::dense_output_stepper_tag
Synopsis

/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct dense_output_stepper_tag {

}

Struct template base tag

boost::numeric::odeint::base _tag
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Synopsis

/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

t enpl at e<t ypenane tag>
struct base_tag {

I

Struct base_tag<stepper_tag>

boost::numeric::odeint::base tag<stepper tag>
Synopsis
/1 I'n header: <boost/nureric/odeint/stepper/stepper_categories.hpp>

struct base_tag<stepper_tag> {
/'l types

typedef stepper_tag type

b

Struct base_tag<error_stepper_tag>

boost::numeric::odeint::base _tag<error_stepper_tag>
Synopsis
/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<error_stepper_tag> {
/'l types

typedef stepper_tag type

b

Struct base_tag<explicit_error_stepper_tag>

boost::numeric::odeint::base_tag<explicit_error_stepper_tag>
Synopsis
/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<explicit_error_stepper_tag> {
/'l types

typedef stepper_tag type

b
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Struct base_tag<explicit_error_stepper_fsal tag>

boost::numeric::odeint::base_tag<explicit_error_stepper_fsal_tag>
Synopsis
/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<explicit_error_stepper_fsal _tag> {
/'l types

typedef stepper_tag type

b

Struct base_tag<controlled_stepper_tag>

boost::numeric::odeint::base_tag<controlled stepper_tag>
Synopsis
/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<control | ed_stepper_tag> {
/'l types
typedef controll ed_stepper_tag type

b

Struct base_tag<explicit_controlled _stepper_tag>

boost::numeric::odeint::base_tag<explicit_controlled_stepper_tag>
Synopsis
/'l In header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<explicit_controlled_stepper_tag> {
/'l types

typedef controlled_stepper_tag type

i

Struct base_tag<explicit_controlled_stepper_fsal tag>

boost::numeric::odeint::base_tag<explicit_controlled_stepper_fsal tag>
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Synopsis
/1 I'n header: <boost/nuneric/odeint/stepper/stepper_categories. hpp>

struct base_tag<explicit_controlled_stepper_fsal _tag> {
/'l types

typedef controll ed_stepper_tag type;
b

Struct base _tag<dense output_stepper_tag>

boost::numeric::odeint::base tag<dense output_stepper tag>
Synopsis
/1 I'n header: <boost/nureric/odeint/stepper/stepper_categories. hpp>

struct base_t ag<dense_out put _st epper_tag> {
/'l types
t ypedef dense_out put _stepper_tag type;

b

Header <boost/numeric/odeint/stepper/symplectic_euler.hpp>

nanespace boost {
namespace nuneric {
nanmespace odei nt {
t enpl at e<t ypenane Coor, typenane Mnentum = Coor,
typenane Val ue = doubl e, typenane CoorDeriv = Coor,
typenane MonentunDeriv = Coor, typenane Tine = Val ue,
typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass synpl ectic_euler;

Class template symplectic_euler

boost::numeric::odeint::symplectic_euler — Implementation of the symplectic Euler method.
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Synopsis

/'l 1In header: <boost/nuneric/odeint/stepper/synplectic_euler.hpp>

t enpl at e<t ypenane Coor, typenane Monmentum = Coor, typenane Val ue = doubl e,
typenane CoorDeriv = Coor, typenane MnentunDeriv = Coor,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>

class synplectic_euler : public boost::nuneric::odeint::synplectic_nystroem stepper_base< NunOf O
St ages, Order, Coor, Mnentum Value, CoorDeriv, MmentunDeriv, Tine, Al gebra, Operations,

i zer >

{

public:
/'l types
typedef stepper_base_type:: al gebra_type al gebra_type;
t ypedef stepper_base_type::val ue_type val ue_type;

/'l construct/copy/destruct
synpl ectic_eul er(const al gebra_type & = algebra_type());

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Munentun nQut >
voi d do_step(System CoorlnQut & Mpnentum nQut & tinme_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Mnentun nQut >
voi d do_step(System const CoorlnQut & const Monentum nQut & tine_type,
time_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const coef _type & coef_a(void) const;
const coef _type & coef_b(void) const;
al gebra_type & algebra();
const al gebra_type & al gebra() const;

Description
The method is of first order and has one stage. It is described HERE.
Template Parameters
t ypenanme Coor
The type representing the coordinates g.
t ypename Monmentum = Coor
The type representing the coordinates p.
3.

t ypenanme Val ue = doubl e

The basic value type. Should be something like float, double or a high-precision type.
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t ypenanme CoorDeriv = Coor

The type representing the time derivative of the coordinate dg/dt.

t ypename Moment unDeriv = Coor

typenane Tine = Val ue

The type representing the timett.

typenanme Al gebra = range_al gebra

The algebra.

typenane Operations = default_operations

The operations.

typename Resizer = initially_resizer

The resizer policy.

sympl ecti c_eul er public construct/copy/destruct

1

synpl ectic_eul er(const al gebra_type & al gebra = al gebra_type());

Constructsthesynpl ect i c_eul er . Thisconstructor can be used as adefault constructor if the algebra has adefault constructor.

Parameters:

al gebra A copy of agebrais made and stored insideexpl i ci t _st epper _base.

synpl ectic_eul er public member functions

order _type order(void) const;

Returns:

Returns the order of the stepper.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnCut & state, time_type t,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

K

Note

boost::ref or std::ref can be used for the system as well as for the state. So, it is correct to write st ep-
per.do_step( nake_pair( std::ref( fgq ) , std::ref( fp) ) , make_pair( std::ref( q
) , std::ref( p) ), t , dt ).

This method solves the forwarding problem.
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Parameters:

3.

dt The time step.

state The state of the ODE. It isapair of Coor and Momentum. The state is updated in-place, therefore,
the new vaue of the state will be written into this variable.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system StatelnQut & state, tinme_type t, time_type dt);

Same function as above. It differs only in a different const specifier in order to solve the forwarding problem, can be used with

Boost.Range.

4,

tenpl at e<t ypenane System typenane CoorlnQut, typename Munentun nQut >
voi d do_step(System system CoorlnQut & q, Monmentum nQut & p, tinme_type t,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

K

Parameters:

5.

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper . do_st ep( nake_pai r (
std::ref( fq ) , std::ref( fp) ), q, p, t , dt ).

This method solves the forwarding problem.

dt The time step.

p The momentum of the ODE. It is updated in-place. Therefore, the new value of the momentum
will be written info this variable.

q The coordinate of the ODE. It is updated in-place. Therefore, the new value of the coordinate will

be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane System typenane CoorlnQut, typename Mumentun nQut >
voi d do_step(System system const CoorlnQut & q, const Mnentum nQut & p,

time_type t, tine_type dt);

Same function as do_step( system, q, p, t, dt). It differs only in a different const specifier in order to solve the forwarding
problem, can be called with Boost.Range.

tenpl at e<t ypenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated out-of-place.
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Parameters:

7.

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper. do_step( make_pai r (
std::ref( fq ) , std::ref( fp) ), x.in, t , x_out , dt ).

This method NOT solve the forwarding problem.

dt The time step.

in The state of the ODE, which is a pair of coordinate and momentum. The state is updated out-of -
place, therefore the new value is written into out

out The new state of the ODE.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);

Adjust the size of al temporariesin the stepper manually.

Parameters:

8.

x A state from which the size of the temporaries to be resized is deduced.

const coef _type & coef_a(void) const;

Returns the coefficients a.

const coef _type & coef_b(void) const;

Returns the coefficients b.

10

al gebra_type & al gebra();

Returns:

A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns:

A const reference to the algebrawhich is held by this class.

Header <boost/numeric/odeint/stepper/symplect-
ic_rkn_sb3a_m4_mclachlan.hpp>

namespace boost {
namespace numeric {
nanmespace odei nt {
t enpl at e<t ypenane Coor, typename Monmentum = Coor,

typenane Val ue = doubl e, typenane CoorDeriv = Coor,
typenanme MonmentunDeriv = Coor, typenane Tinme = Val ue,
typenane Al gebra = range_al gebra,

typenane Operations = defaul t_operations,

typenane Resizer = initially_resizer>

class synpl ectic_rkn_sb3a_m4_ntl achl an;
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Class template symplectic_rkn_sb3a _m4_mclachlan

boost::numeric::odeint::symplectic_rkn_sh3a m4 _mclachlan — Implementation of the symmetric B3A Runge-Kutta Nystroem
method of fifth order.

Synopsis

/'l I'n header: <boost/nuneric/odeint/stepper/synplectic_rkn_sb3a_mi_ntl achl an. hpp>

t enpl at e<t ypenane Coor, typenane Monentum = Coor, typenane Val ue = doubl e,
typenane CoorDeriv = Coor, typenane MnentunDeriv = Coor,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass synplectic_rkn_sb3a_mi_ntlachlan : public boost::nuneric::odeint::synplectic_nystroemstepO
per _base< NuntX St ages, Order, Coor, Mnentum Value, CoorDeriv, MnentunmDeriv, Tinme, Al gebra, 0O
Qper ations, Resizer >
{
public:
/'l types
typedef stepper_base_type::al gebra_type al gebra_type;
t ypedef stepper_base_type::val ue_type val ue_t ype;

/1 construct/copy/ destruct
synmpl ectic_rkn_sb3a_md_ntl achl an(const al gebra_type & = al gebra_type());

/1 public nmenber functions
order _type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane Statel nQut>
void do_step(System StatelnQut & time_type, time_type);
t enpl at e<t ypenane System typenane CoorlnQut, typenanme Munentun nQut >
voi d do_step(System CoorlnCQut & Monentunml nQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane CoorlnQut, typenanme Munentun nQut >
voi d do_step(System const CoorlnQut & const Monentum nCQut & tine_type,
time_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
void do_step(System const Stateln & time_type, StateQut & tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &) ;
const coef _type & coef_a(void) const;
const coef _type & coef_b(void) const;
al gebra_type & algebra();
const al gebra_type & al gebra() const;

Description

The method is of fourth order and has five stages. It is described HERE. This method can be used with multiprecision types since
the coefficients are defined analytically.

ToDo: add reference to paper.

Template Parameters

t ypenanme Coor

The type representing the coordinates g.
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typename Monmentum = Coor

The type representing the coordinates p.
t ypename Val ue = doubl e

The basic value type. Should be something like float, double or a high-precision type.
t ypenane CoorDeriv = Coor

The type representing the time derivative of the coordinate dg/dt.

typename MonentunDeriv = Coor

typenane Tine = Val ue
The type representing the timett.

typenane Al gebra = range_al gebra
The algebra.

typename Operations = default_operations
The operations.

typename Resizer = initially_resizer

Theresizer policy.
synpl ectic_rkn_sb3a_m4_ntl achl an public construct/copy/destruct

L synpl ectic_rkn_sb3a_md_ntl achl an(const al gebra_type & al gebra = al gebra_type());

Constructs the synpl ecti c_rkn_sb3a_m4_ntl achl an. This constructor can be used as a default constructor if the algebra
has a default constructor.

Parameters: al gebra A copy of adgebrais made and stored insideexpl i ci t _st epper _base.

sympl ecti c_rkn_sb3a_mi_nctl achl an public member functions
order_type order(void) const;
Returns: Returns the order of the stepper.

tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System system const StatelnCut & state, time_type t,
time_type dt);
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This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

@ Note
boost::ref or std::ref can be used for the system as well as for the state. So, it is correct to write st ep-
per.do_step( nake_pair( std::ref( fq ) , std::ref( fp ) ) , make_pair( std::ref( q
) , std::ref( p) ), t , dt ).

This method solves the forwarding problem.

Parameters: dt The time step.
state The state of the ODE. It isapair of Coor and Momentum. The state is updated in-place, therefore,
the new va ue of the state will be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

3. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system StatelnCut & state, time_type t, time_type dt);

Same function as above. It differs only in a different const specifier in order to solve the forwarding problem, can be used with
Boost.Range.

4. tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Mnentun nQut >

voi d do_step(System system CoorlnQut & q, Monmentum nQut & p, tinme_type t,
time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

S Note
boost::ref or std::ref can be used for the system. So, it is correct to write st epper . do_st ep( make_pai r (
std::ref( fq ) , std::ref( fp) ), q, p, t , dt ).

This method solves the forwarding problem.

Parameters: dt The time step.
p The momentum of the ODE. It is updated in-place. Therefore, the new value of the momentum
will be written info this variable.
q The coordinate of the ODE. It is updated in-place. Therefore, the new value of the coordinate will

be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane System typenane CoorlnQut, typename Mumentun nQut >
voi d do_step(System system const CoorlnQut & q, const Mnentum nQut & p,
time_type t, tine_type dt);

Same function as do_step( system, q, p, t, dt). It differs only in a different const specifier in order to solve the forwarding
problem, can be called with Boost.Range.
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tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System system const Stateln & in, time_type t, StateQut & out,

time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated out-of-place.

K

Parameters:

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper . do_st ep( make_pai r (
std::ref( fq ) , std::ref( fp) ), xin, t , x_out , dt ).

This method NOT solve the forwarding problem.

dt The time step.

in The state of the ODE, which is a pair of coordinate and momentum. The state is updated out-of -
place, therefore the new value is written into out

out The new state of the ODE.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & x);

Adjust the size of all temporariesin the stepper manually.

Parameters:

8.

x A state from which the size of the temporaries to be resized is deduced.

const coef _type & coef_a(void) const;

Returns the coefficients a

const coef _type & coef_b(void) const;

Returns the coefficients b.

al gebra_type & al gebra();

Returns:

A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns:

A const reference to the algebrawhich is held by this class.
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Header <boost/numeric/odeint/stepper/symplect-
ic_rkn_sb3a_mclachlan.hpp>

namespace boost {
namespace numeric {
nanmespace odeint {
t enpl at e<t ypenane Coor, typenane Mnmentum = Coor,
typenane Val ue = doubl e, typenane CoorDeriv = Coor,
typenanme MonentunDeriv = Coor, typenane Tinme = Val ue,
typenane Al gebra = range_al gebra,
typenanme Qperations = default_operations,
typenane Resizer = initially_resizer>
cl ass synpl ectic_rkn_sb3a_ntl achl an;

Class template symplectic_rkn_sb3a mclachlan

boost::numeric::odeint::symplectic_rkn_sh3a mclachlan — Implement of the symmetric B3A method of Runge-Kutta-Nystroem
method of sixth order.
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Synopsis

/'l 1n header: <boost/nuneric/odeint/stepper/synplectic_rkn_sb3a_ntlachl an. hpp>

t enpl at e<t ypenane Coor, typenane Monmentum = Coor, typenane Val ue = doubl e,
typenane CoorDeriv = Coor, typenane MnentunDeriv = Coor,
typenane Tine = Value, typenane Al gebra = range_al gebra,
typenane Qperations = default_operations,
typenane Resizer = initially_resizer>
class synpl ectic_rkn_sb3a_ntlachlan : public boost::numeric::odeint::synplectic_nystroemstepld
per _base< NuntX St ages, Order, Coor, Mnentum Value, CoorDeriv, MnentunmDeriv, Time, Al gebra, 0O
Qper ations, Resizer >
{
public:
/'l types
typedef stepper_base_type:: al gebra_type al gebra_type;
t ypedef stepper_base_type::val ue_type val ue_type;

/'l construct/copy/destruct
synpl ectic_rkn_sb3a_nctl achl an(const al gebra_type & = al gebra_type());

/1 public nmenber functions
order_type order(void) const;
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System const StatelnQut & tine_type, tine_type);
tenpl at e<t ypenane System typenane Statel nQut>
voi d do_step(System StatelnQut & tine_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Munentun nQut >
voi d do_step(System CoorlnQut & Mpnentum nQut & tinme_type, tinme_type);
tenpl at e<t ypenane System typenane Coorl|nQut, typenanme Mnentun nQut >
voi d do_step(System const CoorlnQut & const Monentum nQut & tine_type,
time_type);
tenpl at e<typenane System typenane Stateln, typenane StateCut>
voi d do_step(System const Stateln & tine_type, StateQut & tinme_type);
tenpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType &);
const coef _type & coef_a(void) const;
const coef _type & coef_b(void) const;
al gebra_type & algebra();
const al gebra_type & al gebra() const;

Description

The method is of fourth order and has six stages. It is described HERE. This method cannot be used with multiprecision types since
the coefficients are not defined analyticaly.

ToDo Add reference to the paper.

Template Parameters
t ypename Coor
The type representing the coordinates g.
typename Monmentum = Coor

The type representing the coordinates p.
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typenane Val ue = doubl e

The basic value type. Should be something like float, double or a high-precision type.
t ypename CoorDeriv = Coor

The type representing the time derivative of the coordinate dg/dt.

t ypenanme MonentunDeriv = Coor

typenanme Tine = Val ue
The type representing the time t.

typenane Al gebra = range_al gebra
The algebra.

typename Operations = defaul t_operations
The operations.

typename Resizer = initially_resizer

Theresizer policy.
synpl ectic_rkn_sb3a_ntl achl an public construct/copy/destruct

L synpl ecti c_rkn_sb3a_ntl achl an(const al gebra_type & algebra = al gebra_type());

Constructsthe synpl ecti c_r kn_sb3a_ntl achl an. This constructor can be used as a default constructor if the algebra has a
default constructor.

Parameters: al gebra A copy of agebrais made and stored insideexpl i cit _st epper _base.

synpl ectic_rkn_sb3a_ntl achl an public member functions
order_type order(void) const;

Returns: Returns the order of the stepper.

2. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system const StatelnQut & state, tinme_type t,
time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.
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S Note
boost::ref or std::ref can be used for the system as well as for the state. So, it is correct to write st ep-
per.do_step( nmake _pair( std::ref( fgq ) , std::ref( fp) ) , make_pair( std::ref( q
) , std::ref( p) ), t , dt ).

This method solves the forwarding problem.

Parameters: dt The time step.
state The state of the ODE. It isapair of Coor and Momentum. The state is updated in-place, therefore,
the new value of the state will be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

3. tenpl at e<t ypenane System typenane Statel nQut>

voi d do_step(System system StatelnQut & state, tinme_type t, tinme_type dt);

Same function as above. It differs only in a different const specifier in order to solve the forwarding problem, can be used with
Boost.Range.

4. tenpl at e<t ypenane System typenane CoorlnQut, typename Mumentun nQut >

voi d do_step(System system CoorlnQut & q, MomentuminCQut & p, time_type t,
time_type dt);

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated in-place.

S Note
boost::ref or std::ref can be used for the system. So, it is correct to write st epper. do_st ep( nake_pai r (
std::ref( fq) , std::ref( fp) ), q, p, t , dt ).

This method solves the forwarding problem.

Parameters: dt The time step.
p The momentum of the ODE. It is updated in-place. Therefore, the new value of the momentum
will be written info this variable.
q The coordinate of the ODE. It is updated in-place. Therefore, the new value of the coordinate will

be written into this variable.
system The system, can be represented as a pair of two function object or one function object. See above.
t The time of the ODE. It is not advanced by this method.

5 t enpl at e<t ypenanme System typenane CoorlnQut, typename Mmentum nQut >

voi d do_step(System system const CoorlnQut & q, const Mmentum nQut & p,
tinme_type t, time_type dt);

Same function as do_step( system, q, p, t, dt). It differs only in a different const specifier in order to solve the forwarding
problem, can be called with Boost.Range.

6. tenpl at e<typenane System typenane Stateln, typenane StateCut>

voi d do_step(System system const Stateln & in, time_type t, StateQut & out,
time_type dt);
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8.

10

This method performs one step. The system can be either a pair of two function object describing the momentum part and the
coordinate part or one function object describing only the momentum part. In this case the coordinate is assumed to be trivial
dg/dt = p. The state is updated out-of -place.

K

Parameters:

Note

boost::ref or std::ref can be used for the system. So, it is correct to write st epper . do_st ep( nake_pai r (
std::ref( fq ) , std::ref( fp) ), x.in, t , x_out , dt ).

This method NOT solve the forwarding problem.

dt The time step.

in The state of the ODE, which is a pair of coordinate and momentum. The state is updated out-of -
place, therefore the new value is written into out

out The new state of the ODE.

system The system, can be represented as a pair of two function object or one function object. See above.

t The time of the ODE. It is not advanced by this method.

t enpl at e<t ypenane StateType> voi d adj ust_si ze(const StateType & X);

Adjust the size of all temporariesin the stepper manually.

Parameters:

x A state from which the size of the temporaries to be resized is deduced.

const coef _type & coef_a(void) const;

Returns the coefficients a

const coef _type & coef_b(void) const;

Returns the coefficients b.

al gebra_type & al gebra();

Returns:

A reference to the algebrawhich is held by this class.

const al gebra_type & al gebra() const;

Returns:

A const reference to the algebrawhich is held by this class.
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Indexes

Class Index

A

adams_bashforth

Classtemplate adams_bashforth, 110
adams_bashforth_moulton

Classtemplate adams_bashforth_moulton, 116
adams_moulton

Classtemplate adams_moulton, 120
algebra_stepper_base

Classtemplate adams_bashforth, 110

Classtemplate algebra_stepper_base, 122

Classtemplate explicit_error_stepper_base, 124

Classtemplate explicit_error_stepper_fsal_base, 132

Classtemplate explicit_stepper_base, 142

Class template symplectic_nystroem_stepper_base, 148

B
base tag
Struct base_tag<controlled_stepper_tag>, 261
Struct base_tag<dense_output_stepper_tag>, 262
Struct base_tag<error_stepper_tag>, 260
Struct base _tag<explicit_controlled stepper_fsal _tag>, 262
Struct base_tag<explicit_controlled_stepper_tag>, 261
Struct base_tag<explicit_error_stepper_fsal_tag>, 261
Struct base_tag<explicit_error_stepper_tag>, 260
Struct base_tag<stepper_tag>, 260
Struct template base _tag, 260
bulirsch_stoer
Class template bulirsch_stoer, 154
bulirsch_stoer_dense _out
Classtemplate bulirsch_stoer_dense out, 159

C

controlled runge kutta
Classtemplate controlled runge kutta, 166
Classtemplate controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal _tag>, 171
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>, 167
controlled_stepper tag
Struct base _tag<controlled_stepper_tag>, 261
Struct controlled_stepper_tag, 259
Struct explicit_controlled _stepper_fsal_tag, 259
Struct explicit_controlled_stepper_tag, 259
controller_factory
Generation functions, 67

D

default_error_checker
Classtemplate default_error_checker, 165
default_operations
Classtemplate runge kuttad classic, 223
Classtemplate runge_kutta cash karp54 classic, 235
Custom Runge-Kutta steppers, 65
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default_rosenbrock _coefficients
Struct template default_rosenbrock_coefficients, 209
dense output_runge kutta
Classtemplate dense_output_runge kutta, 176
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>, 180
Class template dense_output_runge kutta<Stepper, stepper_tag>, 177
dense output_stepper_tag
Struct base tag<dense output_stepper_tag>, 262
Struct dense_output_stepper_tag, 259

E
error_stepper_tag
Struct base _tag<error_stepper_tag>, 260
Struct error_stepper_tag, 258
Struct explicit_error_stepper_fsal _tag, 258
Struct explicit_error_stepper_tag, 258
euler
Classtemplate euler, 183
explicit_controlled stepper fsal tag
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>, 180
Struct base _tag<explicit_controlled_stepper_fsa tag>, 262
Struct explicit_controlled stepper fsal tag, 259
explicit_controlled stepper tag
Struct base _tag<explicit_controlled_stepper_tag>, 261
Struct explicit_controlled stepper_tag, 259
explicit_error_generic_rk
Classtemplate explicit_error_generic rk, 188
Classtemplate runge_kutta cash karp54, 228
Classtemplate runge_kutta fehlberg78, 251
explicit_error_stepper_base
Classtemplate explicit_error_generic rk, 188
Classtemplate explicit_error_stepper_base, 124
Classtemplate runge_kutta cash karp54 classic, 235
explicit_error_stepper_fsal base
Classtemplate explicit_error_stepper_fsal base, 132
Classtemplate runge kutta dopri5, 242
explicit_error_stepper_fsal _tag
Classtemplate controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal _tag>, 171
Struct base _tag<explicit_error_stepper_fsal_tag>, 261
Struct explicit_error_stepper_fsal _tag, 258
explicit_error_stepper_tag
Class template controlled_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>, 167
Struct base _tag<explicit_error_stepper_tag>, 260
Struct explicit_error_stepper_tag, 258
explicit_generic_rk
Classtemplate explicit_generic_rk, 196
Classtemplate runge_kuttad, 218
Custom Runge-Kutta steppers, 65
explicit_stepper_base
Classtemplate euler, 183
Classtemplate explicit_generic_rk, 196
Classtemplate explicit_stepper_base, 142
Class template modified_midpoint, 203
Classtemplate runge kuttad classic, 223

G

get_controller
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Generation functions, 67
gd_vector_iterator
GSL Vector, 74

I
implicit_euler
Class template implicit_euler, 201
initially_resizer
Classtemplate runge kuttad classic, 223
Classtemplate runge_kutta cash karp54 classic, 235
Custom Runge-Kutta steppers, 65
is resizeable
Boost.Ublas, 78
GSL Vector, 74
std::list, 73
Using the container interface, 72

M
modified_midpoint

Class template modified_midpoint, 203
modified_midpoint_dense out

Classtemplate modified_midpoint_dense out, 207

N

null_observer
Struct null_observer, 107

O

observer_collection
Classtemplate observer_collection, 108

R
range_algebra

Classtemplate runge_kuttad classic, 223

Classtemplate runge_kutta _cash karp54 classic, 235

Custom Runge-Kutta steppers, 65
resize_impl

GSL Vector, 74

std::list, 73
rosenbrock4

Class template rosenbrock4, 210
rosenbrock4_controller

Class template rosenbrock4_controller, 213
rosenbrock4_dense_output

Classtemplate rosenbrock4_dense_output, 215
runge_kuttad

Class template runge_kuttad, 218
runge kuttad classic

Classtemplate runge_kuttad classic, 223
runge kutta cash karp54

Classtemplate runge_kutta_cash karp54, 228
runge kutta cash karp54 classic

Classtemplate runge_kutta_cash karp54 classic, 235
runge_kutta fehlberg78

Classtemplate runge_kutta fehlberg78, 251
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S
same_size impl
GSL Vector, 74
std::list, 73
state_wrapper
GSL Vector, 74
stepper_tag
Class template dense_output_runge kutta<Stepper, stepper_tag>, 177
Struct base _tag<stepper_tag>, 260
Struct error_stepper_tag, 258
Struct stepper_tag, 258
symplectic_euler
Class template symplectic_euler, 263
symplectic_nystroem_stepper_base
Class template symplectic_euler, 263
Class template symplectic_nystroem_stepper_base, 148
Classtemplate symplectic_rkn_sh3a m4 mclachlan, 267
Class template symplectic_rkn_sh3a mclachlan, 272
symplectic_rkn_sb3a m4_mclachlan
Classtemplate symplectic_rkn_sh3a m4 mclachlan, 267
symplectic_rkn_sb3a mclachlan
Class template symplectic_rkn_sh3a mclachlan, 272

V

vector_space reduce
Point type, 79

Function Index
A

adjust_size
Classtemplate adams_bashforth, 110, 113
Classtemplate adams_bashforth_moulton, 116, 118
Classtemplate adams_moulton, 120-121
Classtemplate bulirsch_stoer, 154, 157
Classtemplate bulirsch_stoer_dense_out, 159, 162
Class template controlled_runge_kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal_tag>, 171, 174
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equations, 17
example, 17
integrate n_steps, 17
pre-conditions, 17
snippet, 17
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algebra, 110, 114
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order_type, 110
pre-conditions, 111, 113
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resizer_type, 110

resize impl, 110, 114
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step_storage type, 110
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wrapped_state type, 110

Class template adams_bashforth_moulton

adams_bashforth_moulton, 116
adjust_size, 116, 118
algebra type, 116
deriv_type, 116

do_step, 116, 118
equations, 118-119
initialize, 116, 118-119
operations_type, 116
order_type, 116
pre-conditions, 116, 118
resizer_type, 116
state_type, 116
stepper_category, 116
time _type, 116

value type, 116
wrapped_deriv_type, 116
wrapped_state type, 116

Class template adams_moulton

adams_moulton, 120
adjust_size, 120-121
algebra, 120-122
algebra type, 120
deriv_type, 120

288

httpo://www.renderx.com/


http://www.renderx.com/
http://www.renderx.com/reference.html
http://www.renderx.com/tools/
http://www.renderx.com/

render

Boost.Numeric.Odeint

do_step, 120-121
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order_type, 120
resizer_type, 120

resize impl, 120, 122
state_type, 120
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stepper_type, 120
step_storage type, 120
time_type, 120

value type, 120
wrapped_deriv_type, 120
wrapped_state type, 120

Classtemplate algebra_stepper_base

algebra, 122-123
algebra_stepper_base, 122
algebra type, 122
operations_type, 122
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bulirsch_stoer, 154
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operations_type, 154
reset, 154, 157
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resize impl, 154, 157
resize m_dxdt, 154, 157
resize m xnew, 154, 157
state_type, 154

time _type, 154

try_step, 154, 156-157
try_step v1, 154, 158
value type, 154
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algebra type, 159
bulirsch_stoer _dense out, 159
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deriv_type, 159

do_step, 159, 161

equations, 162
get_current_deriv, 159, 164
get_current_state, 159, 163
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get_old_state, 159, 163-164
initialize, 159, 161
operations_type, 159
pre-conditions, 159, 162-163
prepare_dense output, 159, 163
reset, 159, 162

resizer_type, 159

resize impl, 159, 163
state_type, 159
stepper_category, 159
time_type, 159

toggle current_state, 159, 164
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try_step, 159, 161
value type, 159
Class template controlled runge kutta
controlled runge kutta, 166
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal_tag>
adjust_size, 171, 174
algebra type, 171
controlled runge kutta, 171
deriv_type, 171
error_checker type, 171
explicit_error_stepper_fsal tag, 171
initialize, 171, 174
operations _type, 171
reset, 171, 174
resizer_type, 171
resize m_dxdt_impl, 171, 175
resize m_dxdt_new_impl, 171, 175
resize m xerr_impl, 171, 175
resize m xnew_impl, 171, 175
state _type, 171
stepper, 171, 174
stepper_category, 171
stepper_type, 171
time _type, 171
try_step, 171-173
try_step v1, 171, 175
value type, 171
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>
adjust_size, 167, 170
algebra type, 167
controlled runge kutta, 167
deriv_type, 167
error_checker_type, 167
explicit_error_stepper_tag, 167
operations_type, 167
resizer_type, 167
resize m_dxdt_impl, 167, 170
resize m xerr_impl, 167, 170
resize m xnew_impl, 167, 170
state_type, 167
stepper, 167, 170
stepper_category, 167
stepper_type, 167
time_type, 167
try_step, 167-169
try_step v1, 167, 170
value type, 167
Classtemplate default_error_checker
algebra type, 165
default_error_checker, 165
error, 165-166
operations_type, 165
value _type, 165
Classtemplate dense_output_runge kutta
dense output_runge kutta, 176
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>
adjust_size, 180-181
algebra type, 180
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calc_state, 180-181

controlled_stepper_type, 180

dense output_runge kutta, 180

dense output_stepper_type, 180

deriv_type, 180

do_step, 180-181

explicit_controlled stepper fsal tag, 180

get_current_deriv, 180, 182

get_current_state, 180-181

get_old deriv, 180, 182

get_old state, 180, 182

initialize, 180-181

operations_type, 180

pre-conditions, 180-181

resize, 180-181

resizer_type, 180

state_type, 180

stepper_category, 180

stepper_type, 180

time_type, 180

toggle current_state, 180, 182

value type, 180

wrapped_deriv_type, 180

wrapped_state type, 180
Classtemplate dense_output_runge kutta<Stepper, stepper_tag>

adjust_size, 177-178

algebra type, 177

calc_state, 177-178

dense output_runge kutta, 177

dense output_stepper_type, 177

deriv_type, 177

do_step, 177-178

equations, 178

get_current_state, 177, 179

get old state, 177, 179

initialize, 177-178

operations _type, 177

pre-conditions, 177, 179

resizer_type, 177

resize impl, 177, 179

state _type, 177

stepper_category, 177

stepper_tag, 177

stepper_type, 177

time _type, 177

toggle current_state, 177, 179

value type, 177

wrapped_deriv_type, 177

wrapped_state type, 177
Class template euler

adjust_size, 183, 185-186

algebra, 183, 186-187

algebra type, 183

calc_state, 183, 185

deriv_type, 183

do_step, 183, 185-186

do_step impl, 183-184

equations, 183, 185
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euler, 183
explicit_stepper_base, 183
operations_type, 183
resizer_type, 183
state_type, 183
stepper_base type, 183
time _type, 183
value type, 183
Classtemplate explicit_error_generic_rk
adjust_size, 188, 191
algebra, 188, 194
algebra type, 188
coef_a type, 188
coef b type, 188
coef_c type, 188
deriv_type, 188
do_step, 188, 191-194
do_step impl, 188, 190-191
equations, 191
example, 189-190
explicit_error_generic_rk, 188
explicit_error_stepper_base, 188
operations_type, 188
resizer_type, 188
resize impl, 188, 195
rk_algorithm type, 188
state_type, 188
stepper_base type, 188
time _type, 188
value type, 188
wrapped_deriv_type, 188
wrapped_state type, 188
Classtemplate explicit_error_stepper_base
adjust_size, 124, 130
algebra, 124, 130-131
algebra_stepper_base, 124
algebra stepper_base type, 124
algebra type, 124
deriv_type, 124
do_step, 124, 127-130
do_step impl, 125
do_step v1, 124,131
do_step v5, 124, 131
equations, 127
example, 125-126
explicit_error_stepper_base, 124
order_type, 124
resizer_type, 124
resize impl, 124, 131
state _type, 124
stepper, 124, 131
stepper_category, 124
stepper_type, 124
time _type, 124
value type, 124
Classtemplate explicit_error_stepper_fsal base
adjust_size, 132, 139
algebra, 132, 140
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algebra_stepper_base, 132
algebra_stepper_base type, 132
algebra type, 132
deriv_type, 132
do_step, 132-133, 136-139
do_step impl, 133
do_step_v1, 132, 140
do_step_v5, 132, 140
equations, 136
example, 133, 135
explicit_error_stepper_fsal _base, 132
initialize, 132, 139
order_type, 132
reset, 132, 139
resizer_type, 132
resize impl, 132, 140
state_type, 132
stepper, 132, 140
stepper_category, 132
stepper_type, 132
time_type, 132
value type, 132
Classtemplate explicit_generic_rk
adjust_size, 196, 198
algebra, 196, 200
algebra type, 196
coef_a type, 196
coef b type, 196
coef_c type, 196
deriv_type, 196
do_step, 196, 198-199
do_step impl, 196, 198
equations, 198
example, 197
explicit_generic_rk, 196
explicit_stepper_base, 196
operations_type, 196
resizer_type, 196
resize_impl, 196, 200
rk_algorithm_type, 196
state_type, 196
stepper_base type, 196
time_type, 196
value _type, 196
wrapped_deriv_type, 196
wrapped_state type, 196
Classtemplate explicit_stepper_base
adjust_size, 142, 146
algebra, 142, 146
algebra_stepper_base, 142
algebra_stepper_base type, 142
algebra type, 142
base type, 142
deriv_type, 142
do_step, 142, 145-146
do_step impl, 142
do_step v1, 142, 147
equations, 145
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example, 142, 144
explicit_stepper_base, 142
operations_type, 142
order_type, 142
resizer_type, 142
resize impl, 142, 147
snippet, 142
state_type, 142
stepper, 142, 146
stepper_category, 142
stepper_type, 142
time_type, 142
value type, 142
Classtemplate implicit_euler
adjust_size, 201
deriv_type, 201
do_step, 201
implicit_euler, 201
matrix_type, 201
pmatrix_type, 201
resizer_type, 201
resize impl, 201
solve, 201
state_type, 201
stepper_category, 201
stepper_type, 201
time_type, 201
value type, 201
wrapped_deriv_type, 201
wrapped _matrix_type, 201
wrapped _pmatrix_type, 201
wrapped_state type, 201
Class template modified_midpoint
adjust_size, 203-204
algebra, 203, 206
algebra type, 203
deriv_type, 203
do_step, 203-205
do_step impl, 203-204
equations, 204
explicit_stepper_base, 203
modified_midpoint, 203
operations_type, 203
resizer_type, 203
resize_impl, 203, 206
set_steps, 203-204
state_type, 203
stepper_base type, 203
stepper_type, 203
time_type, 203
value type, 203
wrapped_deriv_type, 203
wrapped_state type, 203
Class template modified midpoint_dense out
adjust_size, 207-208
algebra type, 207
deriv_table type, 207
deriv_type, 207
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do_step, 207-208
modified_midpoint_dense out, 207
operations_type, 207
resize, 207-208
resizer_type, 207
set_steps, 207-208
state_type, 207
stepper_type, 207
time_type, 207

value type, 207
wrapped_deriv_type, 207
wrapped_state type, 207

Class template observer_collection

collection_type, 108
observers, 108
observer_collection, 108
observer_type, 108

Class template rosenbrock4

adjust_size, 210-211
calc_state, 210-211
deriv_type, 210

do_step, 210-211
matrix_type, 210
order_type, 210
pmatrix_type, 210
pre-conditions, 210-211
prepare_dense output, 210-211
resizer_type, 210

resize impl, 210-211

resize x_err, 210, 212
rosenbrock4, 210
rosenbrock_coefficients, 210
state_type, 210
stepper_category, 210
stepper_type, 210

time _type, 210

value type, 210
wrapped_deriv_type, 210
wrapped_matrix_type, 210
wrapped _pmatrix_type, 210
wrapped_state type, 210

Class template rosenbrock4 _controller

adjust_size, 213-214
controller_type, 213
deriv_type, 213

error, 213

resizer_type, 213
resize m xerr, 213-214
resize m xnew, 213-214
rosenbrock4 controller, 213
state_type, 213

stepper, 213-214
stepper_category, 213
stepper_type, 213

time type, 213

try_step, 213-214

value type, 213
wrapped_deriv_type, 213
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wrapped_state type, 213

Class template rosenbrock4 _dense output

adjust_size, 215-216
calc_state, 215-216
controlled_stepper_type, 215
dense output_stepper_type, 215
deriv_type, 215

do_step, 215-216
get_current_state, 215-216
get old state, 215-216
initialize, 215

pre-conditions, 215-216
resizer_type, 215

resize impl, 215-216
rosenbrock4 dense output, 215
state_type, 215
stepper_category, 215
stepper_type, 215

time _type, 215

toggle current_state, 215-216
value type, 215
wrapped_deriv_type, 215
wrapped_state type, 215

Classtemplate runge_kuttad

adjust_size, 218, 220
algebra, 218, 221
algebra type, 218
deriv_type, 218
do_step, 218, 220-221
do_step impl, 218-219
equations, 218, 220
explicit_generic rk, 218
operations_type, 218
resizer_type, 218
runge kuttad, 218
state_type, 218

time _type, 218

value type, 218

Classtemplate runge kuttad classic

adjust_size, 223, 225-226
algebra, 223, 226

algebra type, 223
default_operations, 223
deriv_type, 223

do_step, 223, 225-226
do_step impl, 223-224
equations, 223, 225
explicit_stepper_base, 223
initially_resizer, 223
operations_type, 223
range_algebra, 223
resizer_type, 223

resize impl, 223, 227
runge kuttad classic, 223
state_type, 223
stepper_base type, 223
time _type, 223

value type, 223
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Classtemplate runge_kutta cash karp54
adjust_size, 228, 230
algebra, 228, 234
algebra type, 228
deriv_type, 228
do_step, 228, 231-233
do_step impl, 228, 230
equations, 229, 231
explicit_error_generic_rk, 228
operations_type, 228
resizer_typ, 228
runge kutta cash karp54, 228
state_type, 228
time _type, 228
value type, 228

Classtemplate runge_kutta cash karp54 classic
adjust_size, 235, 237
algebra, 235, 241
algebra type, 235
default_operations, 235
deriv_type, 235
do_step, 235, 238-241
do_step impl, 235, 237
equations, 236, 238
explicit_error_stepper_base, 235
initially_resizer, 235
operations_type, 235
range_algebra, 235
resizer_type, 235
resize impl, 235, 241
runge kutta cash karp54 classic, 235
state_type, 235
stepper_base type, 235
time _type, 235
value type, 235

Classtemplate runge_kutta dopri5
adjust_size, 242, 245
algebra, 242, 249
algebra type, 242
calc_state, 242, 245
deriv_type, 242
do_step, 242, 245-248
do_step impl, 242, 244
equations, 245
explicit_error_stepper_fsal _base, 242
initialize, 242, 249
operations_type, 242
reset, 242, 249
resizer_type, 242
resize dxdt_tmp_impl, 242, 250
resize k x_tmp_impl, 242, 250
state_type, 242
stepper_base type, 242
time_type, 242
value type, 242

Classtemplate runge kutta fehlberg78
adjust_size, 251, 253
algebra, 251, 257
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algebra type, 251
deriv_type, 251
do_step, 251, 254-256
do_step impl, 251, 253
equations, 254
explicit_error_generic_rk, 251
operations_type, 251
pre-conditions, 252
resizer_type, 251
runge kutta fehlberg78, 251
state_type, 251
time_type, 251
value type, 251
Class template symplectic_euler
adjust_size, 263, 266
algebra, 263, 266
algebra type, 263
do_step, 263-265
pre-conditions, 263
symplectic_euler, 263
symplectic_nystroem_stepper_base, 263
value type, 263
Class template symplectic_nystroem_stepper_base
adjust_size, 148, 152
algebra, 148, 152
algebra stepper_base, 148
algebra_stepper_base type, 148
algebra type, 148
coef_type, 148
coor_deriv_type, 148
coor_type, 148
deriv_type, 148
do_step, 148, 150-151
do_step impl, 148, 152
equations, 149
momentum_deriv_type, 148
momentum_type, 148
operations_type, 148
order_type, 148
pre-conditions, 149
resizer_type, 148
resize dpdt, 148, 152
resize dqdt, 148, 152
state_type, 148
stepper_category, 148
symplectic_nystroem_stepper_base, 148
time _type, 148
value type, 148
wrapped_coor_deriv_type, 148
wrapped_momentum_deriv_type, 148
Class template symplectic_rkn_sh3a m4 _mclachlan
adjust_size, 267, 270
algebra, 267, 270
algebra type, 267
do_step, 267-270
pre-conditions, 268
symplectic_nystroem_stepper_base, 267
symplectic rkn_sb3a m4 mclachlan, 267
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value type, 267
Class template symplectic_rkn_sh3a mclachlan
adjust_size, 272, 275
algebra, 272, 275
algebra type, 272
do_step, 272-274
pre-conditions, 273
symplectic_nystroem_stepper_base, 272
symplectic_rkn_sb3a mclachlan, 272
value type, 272
coef_a type
Classtemplate explicit_error_generic rk, 188
Classtemplate explicit_generic_rk, 196
coef b type
Classtemplate explicit_error_generic_rk, 188
Classtemplate explicit_generic_rk, 196
coef_c type
Classtemplate explicit_error_generic_rk, 188
Classtemplate explicit_generic_rk, 196
coef_type
Class template symplectic_nystroem_stepper_base, 148
collection_type
Class template observer_collection, 108
Complex state types
example, 22
pre-conditions, 22
state_type, 22
stepper_type, 22
Construction/Resizing
example, 72
Controlled steppers
example, 54
max, 54
pre-conditions, 54
controlled runge kutta
Class template controlled runge kutta, 166
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal_tag>, 171
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>, 167
controlled stepper tag
Struct base _tag<controlled_stepper_tag>, 261
Struct controlled _stepper_tag, 259
Struct explicit_controlled stepper fsal tag, 259
Struct explicit_controlled stepper_tag, 259
controlled_stepper_type
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>, 180
Class template rosenbrock4 _dense output, 215
Integration with Adaptive Step Size, 11
controller_factory
Generation functions, 67
controller_type
Class template rosenbrock4 _controller, 213
coor_deriv_type
Class template symplectic_nystroem_stepper_base, 148
coor_type
Class template symplectic_nystroem_stepper_base, 148
Custom Runge-K utta steppers
algebra type, 65
default_operations, 65
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deriv_type, 65
example, 65
explicit_generic rk, 65
initially_resizer, 65
operations_type, 65
pre-conditions, 65
range_algebra, 65
resizer_type, 65
state_type, 65
stepper_base type, 65
stepper_type, 65
time_type, 65
value _type, 65
wrapped_deriv_type, 65
wrapped_state type, 65
Custom steppers
deriv_type, 63
do_step, 63
equations, 63
example, 63
f, 63
order_type, 63
state_type, 63
stepper_category, 63
time_type, 63
value _type, 63

D

decrement
GSL Vector, 74
default_error_checker
Classtemplate default_error_checker, 165
default_operations
Classtemplate runge kuttad classic, 223
Classtemplate runge_kutta cash karp54 classic, 235
Custom Runge-Kutta steppers, 65
default_rosenbrock_coefficients
Struct template default_rosenbrock_coefficients, 209
Define the ODE
equations, 10
example, 10
f, 10
state type, 10
Define the system function
book, 14
equations, 14
example, 14
f, 14
pre-conditions, 14
stepper_type, 14
value type, 14
Dense output steppers
example, 55
dense output_runge kutta
Classtemplate dense _output_runge Kkutta, 176

Class template dense_output_runge_kutta<Stepper, explicit_controlled_stepper_fsal_tag>, 180

Class template dense_output_runge_kutta<Stepper, stepper_tag>, 177
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dense output_stepper_tag
Struct base tag<dense output_stepper_tag>, 262
Struct dense_output_stepper_tag, 259
dense output_stepper_type
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>, 180
Class template dense_output_runge kutta<Stepper, stepper_tag>, 177
Class template rosenbrock4 _dense output, 215
deriv_table type
Class template modified_midpoint_dense out, 207
deriv_type
Class template adams_bashforth, 110
Class template adams_bashforth_moulton, 116
Class template adams_moulton, 120
Classtemplate bulirsch_stoer, 154
Classtemplate bulirsch_stoer dense out, 159
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_fsal_tag>, 171
Class template controlled runge kutta<ErrorStepper, ErrorChecker, Resizer, explicit_error_stepper_tag>, 167
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled stepper fsal tag>, 180
Class template dense_output_runge kutta<Stepper, stepper_tag>, 177
Classtemplate euler, 183
Classtemplate explicit_error_generic_rk, 188
Classtemplate explicit_error_stepper_base, 124
Classtemplate explicit_error_stepper_fsal base, 132
Classtemplate explicit_generic_rk, 196
Classtemplate explicit_stepper_base, 142
Classtemplate implicit_euler, 201
Class template modified _midpoint, 203
Class template modified_midpoint_dense out, 207
Class template rosenbrock4, 210
Class template rosenbrock4 _controller, 213
Class template rosenbrock4 _dense output, 215
Classtemplate runge_kuttad, 218
Classtemplate runge kuttad classic, 223
Classtemplate runge_kutta cash karp54, 228
Classtemplate runge_kutta cash karp54 classic, 235
Classtemplate runge kutta dopri5, 242
Classtemplate runge_kutta fehlberg78, 251
Class template symplectic_nystroem_stepper_base, 148
Custom Runge-K utta steppers, 65
Custom steppers, 63
Using boost::units, 28
do_step
Classtemplate adams_bashforth, 110, 112-113
Class template adams_bashforth_moulton, 116, 118
Class template adams_moulton, 120-121
Classtemplate bulirsch_stoer dense out, 159, 161
Classtemplate dense_output_runge kutta<Stepper, explicit_controlled_stepper_fsal tag>, 180-181
Class template dense_output_runge kutta<Stepper, stepper_tag>, 177-178
Classtemplate euler, 183, 185-186
Classtemplate explicit_error_generic_rk, 188, 191-194
Classtemplate explicit_error_stepper_base, 124, 127-130
Classtemplate explicit_error_stepper fsal _base, 132-133, 136-139
Classtemplate explicit_generic_rk, 196, 198-199
Classtemplate explicit_stepper_base, 142, 145-146
Classtemplate implicit_euler, 201
Class template modified_midpoint, 203-205
Class template modified_midpoint_dense out, 207-208
Class template rosenbrock4, 210-211
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Class template rosenbrock4_dense output, 215-216
Classtemplate runge_kuttad, 218, 220-221
Classtemplate runge_kuttad classic, 223, 225-226
Classtemplate runge kutta cash karp54, 228, 231-233
Classtemplate runge_kutta cash karp54 classic, 235, 238-241
Classtemplate runge_kutta dopri5, 242, 245-248
Classtemplate runge kutta fehlberg78, 251, 254-256
Class template symplectic_euler, 263-265
Class template symplectic_nystroem_stepper_base, 148, 150-151
Class template symplectic_rkn_sh3a m4 mclachlan, 267-270
Classtemplate symplectic_rkn_sh3a mclachlan, 272-274
Custom steppers, 63
Error Stepper, 89
Explicit steppers, 50
do_step impl
Classtemplate adams_bashforth, 110, 114
Classtemplate euler, 183-184
Classtemplate explicit_error_generic_rk, 188, 190-191
Classtemplate explicit_error_stepper_base, 125
Classtemplate explicit_error_stepper_fsal base, 133
Classtemplate explicit_generic_rk, 196, 198
Classtemplate explicit_stepper_base, 142
Class template modified_midpoint, 203-204
Classtemplate runge_kuttad, 218-219
Classtemplate runge kuttad classic, 223-224
Classtemplate runge_kutta cash karp54, 228, 230
Classtemplate runge kutta cash karp54 classic, 235, 237
Classtemplate runge_kutta dopri5, 242, 244
Classtemplate runge kutta fehlberg78, 251, 253
Class template symplectic_nystroem_stepper_base, 148, 152
do_step v1
Classtemplate explicit_error_stepper_base, 124, 131
Classtemplate explicit_error_stepper_fsal _base, 132, 140
Classtemplate explicit_stepper_base, 142, 147
do_step v5
Classtemplate explicit_error_stepper_base, 124, 131
Classtemplate explicit_error_stepper_fsal _base, 132, 140

E

end _iterator
GSL Vector, 74

Ensembles of oscillators
equations, 25
example, 25
integrate_const, 25
reset, 25

equations
Chaotic systems and Lyapunov exponents, 17
Classtemplate adams_bashforth, 112-114
Classtemplate adams_bashforth_moulton, 118-119
Classtemplate bulirsch_stoer dense out, 162
Class template dense_output_runge_kutta<Stepper, stepper_tag>, 178
Classtemplate euler, 183, 185
Class template explicit_error_generic_rk, 191
Classtemplate explicit_error_stepper_base, 127
Classtemplate explicit_error_stepper_fsal _base, 136
Classtemplate explicit_generic_rk, 198
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Classtemplate explicit_stepper_base, 145
Class template modified_midpoint, 204
Classtemplate runge kuttad, 218, 220
Classtemplate runge kuttad classic, 223, 225
Classtemplate runge_kutta cash karp54, 229, 231
Classtemplate runge kutta cash karp54 classic, 236, 238
Classtemplate runge kutta dopri5, 245
Classtemplate runge_kutta fehlberg78, 254
Class template symplectic_nystroem_stepper_base, 149
Custom steppers, 63
Define the ODE, 10
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