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Abstract The problem of constrained nonlinear tracking control for a small fixed-
wing unmanned air vehicles (UAV) is considered. With the UAV equipped with low-
level autopilots, the twelve-state model of the UAV is reduced to a six-state model
with heading, air speed, and altitude command inputs. Three different approaches
based on the state dependent Riccati equation (SDRE), Sontag’s formula, and
aggressive selection from a satisficing control set are proposed to design the heading
and air speed control commands. Those approaches are compared with each other
graphically to show their strength and weakness under different scenarios. High-
fidelity simulation results on a six-degree-of-freedom twelve-state fixed-wing UAV
model are presented to demonstrate the performance of the three approaches.

Key words control Lyapunov function · SDRE · trajectory tracking ·
unmanned air vehicle

1 Introduction

Unmanned air vehicles (UAVs) have numerous applications in civilian, military, and
homeland security sectors. Advanced control technologies for UAVs have received
significant attention in recent years. Research on UAVs includes path planning [1, 2],
trajectory optimization [3, 4], and cooperative control [5–7], to name a few.

With a fixed-wing UAV equipped with low-level heading-hold, air speed-hold,
and altitude-hold autopilots, the resulting UAV/autopilot model is assumed to be
first order for heading and air speed hold, and second order for altitude hold [8].
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Therefore, the planar kinematic equations of motion for the UAV/autopilot model
are similar to those of a nonholonomic wheeled mobile robot.

A nonholonomic wheeled mobile robot serves as an interesting topic for stabiliza-
tion and tracking. An inherent challenge, identified by Brockett’s well-known neces-
sary condition for feedback stabilization [9], is that nonholonomic systems cannot be
stabilized via smooth time-invariant state feedback. Current approaches to tracking
control of a nonholonomic wheeled mobile robot includes linear model [10, 11],
sliding-mode [12], backstepping [13–16], and passivity based approaches [17], to
name a few.

In contrast to a nonholonomic wheeled mobile robot, the inherent properties
of a fixed-wing UAV impose the input constraints of positive minimum air speed,
bounded maximum air speed, and saturated heading rate. As a result, most existing
approaches for a nonholonomic wheeled mobile robot are not directly applicable
to the UAV problem since negative velocities are allowed in these approaches. In
this paper, we consider constrained nonlinear trajectory tracking control of a small
fixed-wing UAV.

The main purpose of this paper is to propose and compare three different
approaches for nonlinear trajectory tracking control of a fixed-wing UAV equipped
with low-level air speed-hold, heading-hold, and altitude-hold autopilots. In partic-
ular, the first approach is based on the state dependent Riccati equation (SDRE)
methodology [18]. The second approach is based on Sontag’s formula [19, 20]. The
third approach uses a constrained control Lyapunov function (CLF) and aggressively
selects a controller from a satisficing control set. These approaches are compared
with each other graphically and in simulation to show relative strength and weakness
under different situations. It is worthwhile to mention that while the SDRE method-
ology and Sontag’s formula have been well developed in theory for time-invariant
nonlinear systems, their applications to a UAV trajectory tracking problem are rare
in the current literature.

2 Problem Statement

With the UAV equipped with low-level autopilots, the twelve-state model of the
UAV is reduced to a six-state model with heading, air speed, and altitude command
inputs. Letting (x, y), ψ , v, and h denote the inertial position, heading angle, air
speed, and altitude of the UAV respectively, the kinematic equations of motion are
given by

ẋ = v cos(ψ)

ẏ = v sin(ψ)

ψ̇ = 1

αψ

(ψc − ψ)

v̇ = 1

αv

(vc − v),

ḧ = − 1

αḣ
ḣ + 1

αh
(hc − h), (1)
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where ψc, vc, and hc are the commanded heading angle, air speed, and altitude to the
autopilots, and α∗ are positive constants [8, 21].

In the remainder of the paper, we assume that the altitude controller follows the
design presented in [6], and focus on the design of the heading and air speed con-
troller. Under the assumption that v converges vc quickly relative to the time-scale
of the other dynamics, the air speed-heading dynamics are adequately modeled by

ẋ = vc cos(ψ)

ẏ = vc sin(ψ)

ψ̇ = 1

αψ

(ψc − ψ). (2)

Due to the stall conditions, thrust limitations, and roll angle and pitch rate
constraints of a fixed-wing aircraft, the following input constraints are imposed on
the UAV:

U1 = {0 < vmin ≤ vc ≤ vmax − ωmax ≤ ωc ≤ ωmax}, (3)

where ωc = 1
αψ

(ψc − ψ), vmin and vmax denote the minimum and maximum air speed
of the UAV, and ωmax > 0 denotes the heading rate constraint of the UAV.

We assume that the reference trajectory (xr, yr, ψr, vr, ωr) generated by a trajec-
tory generator [4] satisfies

ẋr = vr cos(ψr)

ẏr = vr sin(ψr)

ψ̇r = ωr (4)

where vr and ωr are piecewise continuous and uniformly bounded. In addition, vr and
ωr satisfy the following constraints:

inf
t≥0

vr(t) > vmin

sup
t≥0

vr(t) < vmax

sup
t≥0

|ωr(t)| < ωmax. (5)

Transforming the tracking errors expressed in the inertial frame to the UAV
frame, the error coordinates become

⎡
⎣

xe

ye

ψe

⎤
⎦ =

⎡
⎣

cos(ψ) sin(ψ) 0
− sin(ψ) cos(ψ) 0

0 0 1

⎤
⎦

⎡
⎣

xr − x
yr − y
ψr − ψ

⎤
⎦ .

Note that the motivation for this transformation is only to simplify the mathematics
so that a constrained CLF can be easily derived.
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Accordingly, the tracking error model can be represented as
⎡
⎣

ẋe

ẏe

ψ̇e

⎤
⎦

︸ ︷︷ ︸
χ̇

=
⎡
⎣

ωr ye

−ωrxe + vr sin(ψe)

0

⎤
⎦

︸ ︷︷ ︸
f1(t,χ)

+
⎡
⎣

−ye −1
xe 0
1 0

⎤
⎦

︸ ︷︷ ︸
g1(χ)

[
uω

uv

]

︸ ︷︷ ︸
u

, (6)

where χ = [xe, ye, ψe]T , uω = ωr − ωc, and uv = vc − vr cos(ψe). Note that the air
speed and heading commands to the autopilot are

vc = vr cos(ψe) + uv

ψc = ψ + αψ(ωr − uω).

The input constraints under the transformation become

U2 = {uω, uv|ω ≤ uω ≤ ω̄, v ≤ uv ≤ v̄}, (7)

where ω
�= ωr − ωmax, ω̄

�= ωr + ωmax, v
�= vmin − vr cos(ψe), and v̄

�= vmax − vr cos(ψe)

are time-varying due to the time-varying nature of vr and ωr.
It is shown in [22] that

V0(χ) =
√√√√

(
λψe + ye√

x2
e + y2

e + 1

)2

+ 1

+k
√

x2
e + y2

e + 1 − (1 + k) (8)

is a constrained CLF for the system (6) with the input constraints (7) such that
infu∈U2 V̇0(χ) ≤ −W(χ), where W(χ) is a continuous positive-definite function, k>1

2 ,
λ > κ , where κ is a positive constant expressed precisely in [22].

3 Nonlinear Trajectory Tracking Control of a UAV

In this section, we propose three different approaches for nonlinear tracking control
of a UAV. The first two approaches do not explicitly account for input constraints.
In particular, the first approach is based on the SDRE and the second one is based
on Sontag’s formula. The third approach explicitly accounts for input constraints. In
particular, the controllers are aggressively selected from a satisficing control set.

3.1 SDRE Tracking Controller

The SDRE nonlinear regulator is derived to minimize the performance index

J = 1

2

∫ ∞

0
[xT Q(x)x + uT R(x)u]dt

for the affine nonlinear system

ẋ = f (x) + g(x)u, (9)

where x ∈ R
n, u ∈ R

m, Q(x) > 0, R(x) > 0, ∀x, f (x) ∈ C1, and f (0) = 0.
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Motivated by the LQR approach for LTI systems, Eq. (9) can be represented as

ẋ = A(x)x + B(x)u, (10)

where A(x)x = f (x) and B(x) = g(x). Note that the decomposition is possible
under the conditions that f (x) is continuously differentially and f (x) = 0. In the
multivariable case, [18] and references therein show that there is an infinite number
of ways to factor f (x) into A(x)x and that A(x) can be parameterized as A(x, α),
where α is a vector of free design parameters. However, in order to obtain a valid
solution of the SDRE, the pair (A(x, α), B(x)) has to be pointwise stabilizable.

Under the condition that the pair (A(x), B(x)) is pointwise stabilizable, the
nonlinear state feedback control law can be constructed as

uSDRE = −R−1(x)BT(x)P(x)x, (11)

where P(x) > 0 is obtained by solving the state-dependent Riccati equation

AT P + PA − PBR−1 BT P + Q = 0

pointwise at each state x. It has been shown that the SDRE regulator is locally
asymptotically stable and suboptimal [18].

Equation (6) can be written as χ̇ = A(t, χ)χ + B(χ)u, where χ = [xe, ye, ψe]T ,
u = [uω, uv]T ,

A(t, χ) =
⎡
⎣

0 ωr(t) 0
−ωr(t) 0 vr(t)

sin(ψe)

ψe

0 0 0

⎤
⎦

and

B(χ) =
⎡
⎣

−ye −1
xe 0
1 0

⎤
⎦ .

It can be seen that the pointwise controllability matrix is given by

C(t, χ) = [B(χ), A(t, χ)B(χ), A(t, χ)2 B(χ)]

=
⎡
⎢⎣

−ye − 1 ωrxe 0 ω2
r ye + ωrvr

sin(ψe)

ψe
ω2

r

xe 0 ωr ye + vr
sin(ψe)

ψe
ωr − ω2

r xe 0
1 0 0 0 0 0

⎤
⎥⎦ .

Note that vr(t) > 0, ∀t ≥ 0. It can be verified that C(t, χ) has full rank when ωr(t) 	=
0. When ωr(t) = 0 at some time t = t∗, it can be seen that C(t, χ) still has full rank if
and only if ψe 	= kπ , k ∈ Z \ 0. As a result, (A(t, χ), B(χ)) is pointwise controllable
as long as ψe 	= kπ , k ∈ Z \ 0.

Note that unlike the standard SDRE regulation problem, A(t, χ) factorized from
Eq. (9) is an explicit function of time since the reference air speed vr(t) and reference
heading rate ωr(t) are time-varying. The SDRE tracking controller will be obtained
by following Eq. (11) except that the pointwise solution to the SDRE, denoted as
P(t, χ), is also an explicit function of time in this case. This results from the fact that
the state is regulated to a time-varying trajectory instead of a constant reference state.
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Define a saturation function as

sat(α, β, γ ) =

⎧⎪⎨
⎪⎩

β, α < β

α, β ≤ α ≤ γ

γ, α > γ

,

where it is assumed that β < γ . Note that the control uSDRE = [uk, u�]T may not
satisfy the input constraints (7). The actual control will be saturated to satisfy (7)
according to a simple projection as follows:

uω = sat(uk, ω, ω̄)

uv = sat(u�, v, v̄). (12)

3.2 Tracking Controller Based on Sontag’s Formula

For the system (9), a globally asymptotically stabilizing control law known as
Sontag’s formula [19, 20] is given by

us =
⎧⎨
⎩

− L f V+
√

(L f V)2+(LgV(LgV)T )2

LgV(LgV)T (LgV)T , LgV 	= 0

0, LgV = 0
(13)

where V(x) is a CLF for the system (9).
The tracking controller based on Sontag’s formula can be defined according

to Eq. (13) with L f V = ∂V0
∂χ

f1(t, χ) and LgV = ∂V0
∂χ

g1(χ), where V0(χ) is the con-
strained CLF given by (8). Note that although the universal formula (13) is originally
proposed for time-invariant nonlinear systems, the formula is also valid for the time-
varying nonlinear system (6) due to the fact that the CLF for the system (6) is not
an explicit function of time. However, there is no guarantee that the control us(t, χ)

given by Eq. (13) will satisfy the input constraints (7) since Sontag’s formula is based
on the assumption that u ∈ R

m. Similar to the SDRE controller, the actual control is
a projection of us(t, χ) = [um, un]T to the space defined by the input constraints (7)
as follows

uω = sat(um, ω, ω̄)

uv = sat(un, v, v̄). (14)

3.3 Tracking Controller Selected from a Satisficing Control Set

Motivated by [23], we define a satisficing control set as

F(t, χ) = {u ∈ U2|L f V + LgVu ≤ −W(χ)},
where L f V and LgV are defined the same as in Section 3.2, and W(χ) is the con-
tinuous positive-definite function such that infu∈U2 V̇(χ) ≤ −W(χ). Note that F(t, χ)

denotes the stabilizing controls at time t (with respect to V0(χ)) that also satisfy the
input constraints (7). Also note that the fact that V is a constrained CLF for the
system (6) guarantees that F(t, χ) is nonempty for any t and χ .
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Define a signum-like function as

sgn(α, β, γ ) =

⎧⎪⎨
⎪⎩

β, α < 0

α, α = 0

γ, α > 0

.

Let a discontinuous controller ud = [uω, uv]T be defined as

uω = sgn(−σω, ω, ω̄)

uv = sgn(xe, v, v̄), (15)

where σω
�= λψe + ye√

x2
e+y2

e+1
. It can be verified that uω and uv defined above guaran-

tee that V0(χ) is a valid Lyapunov function such that V̇0(χ) is negative definite.
In [22], a saturation controller usat = [uω, uv]T aggressively selected from the

satisficing control set is given by

uω = sat(−ηωσω, ω, ω̄)

uv = sat(ηvxe, v, v̄), (16)

where σω
�= λψe + ye√

x2
e+y2

e+1
, and ηω, ηv > 0. It has been shown in [22] that the above

control law globally asymptotically stabilizes the system (6) with the input con-
straints (7) for sufficiently large ηv > 0 and ηω > 0 expressed precisely in [22].

3.4 Graphical Comparison of the Three Approaches

The different approaches can be compared graphically as shown in Figs. 1 and 2.
The line denoted by LgVu + L f V + W = 0 separates the 2-D control space into

Fig. 1 The satisficing control
set F(t, χ) at time t = t1

uω

uv

0

LgVu+LfV+W=0

-λ(LgV)T

up

ud
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Fig. 2 The satisficing control
set F(t, χ) at time t = t2

LgVu+LfV+W=0

-λ(LgV)T

0

uv

ud

up

uω

two halves, where the right half in Fig. 1 and the left half in Fig. 2 represent the
unconstrained stabilizing controls (with respect to V0(χ)) satisfying V̇0(χ) ≤ −W(χ)

at time t1 and t2, respectively. The rectangle areas denote the time-varying input
constraints (7). The shaded areas in Figs. 1 and 2 represent the satisficing control
set F(t, χ) at time t = t1 and t = t2, respectively.

In Figs. 1 and 2 the discontinuous controller ud corresponds to a vertex of a
corner of the satisficing control set. The saturation controller usat corresponds to
a point within the satisficing control set. To illustrate, we also plot the vector
−λ(LgV)T in both figures, where λ > 0. Note that this vector is orthogonal to the line
LgVu + L f V + W = 0. It can be verified that the control based on Sontag’s formula
can be represented as us(t, χ) = −ρ(t, χ)(LgV)T , where ρ(t, χ) is a nonnegative
scalar function of t and χ . Therefore, us(t, χ) lies along the vector −λ(LgV)T but
may have a different magnitude.

In Fig. 1, we can see that the control based on Sontag’s formula may or may not
stay in the satisficing control set depending on its magnitude. However, a proper
scale of the control can always bring it back to the satisficing control set. With the
input constraints (7), the actual control will be a projection of us(t, χ) to the rectangle
region. As shown in Fig. 1, a projection of us(t, χ), denoted as up, is either inside
the satisficing control set or on the boundary of the satisficing control set depending

Fig. 3 The 48-inch wingspan
UAV at Utah State University
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Table 1 Specifications of the
UAV and the control law
parameters

Parameter Value

vmin 7.5 (m/s)
vmax 13.5 (m/s)
ωmax 0.671 (rad/s)
vr ∈ [9.5, 11.5] (m/s)
ωr ∈ [−0.471, 0.471] (rad/s)
λ 1
ηv 1
ηω 1

on its magnitude. In either case, the projected control based on Sontag’s formula
guarantees stability even if there are input constraints. In Fig. 2, we can see that
the control based on Sontag’s formula cannot stay within the satisficing control set
even with some scaling due to its direction. In this case, a projection of us(t, χ) is not
guaranteed to stay within the satisficing control set. However, it is straightforward
to see that νus(t, χ), where ν > 1, is still a stabilizing control in the case of u ∈ R

m.
As a result, for a stabilizing control νus(t, χ) with significantly large magnitude, the
projection of νus(t, χ) to the rectangle area, denoted as up, is guaranteed to be on the
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Fig. 4 The reference and actual trajectories using the air speed and heading controllers
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boundary of the satisficing control set as shown in Fig. 2, which in turn guarantees
stability.

The projection of the SDRE control uSDRE to the rectangle area is not guaranteed
to be within the satisficing control set since the SDRE control may not be stable
with respect to the Lyapunov function V0(χ). In fact, the SDRE control may not
guarantee global stability even with unconstrained control inputs. That is, the SDRE
control may not even point toward the unconstrained stabilizing area. Of course,
this disadvantage can be corrected by projecting the SDRE control to the satisficing
control set rather than the entire constrained input space at each time. In this paper,
we still project the SDRE control to the entire constrained input space as given by
Eq. (12) for comparison purposes.

4 Simulation Results

In this section, we simulate a Zagi airframe (http://zagi.com) based UAV that tracks
a time-parameterized reference trajectory generated by the trajectory generator
described in [4], where the reference trajectory satisfies the constraints (5). The
simulation results in this section are based on a full six degree-of-freedom twelve-
state high-fidelity UAV model equipped with low-level autopilots described in [21].

0 5 10 15 20 25 30 35 40 45 50
0

20

40

60

80

100

120

t (s)

||[
x r–x

,y
r–y

]T || 2 (
m

)

Distance Tracking Error

SDRE
Sontag
Discontinuous
Saturation

Fig. 5 The distance tracking errors using the air speed and heading controllers

http://zagi.com
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All of the simulation parameters are derived from a 48-inch wingspan Procerus UAV
platform shown in Fig. 3.

We apply the air speed and heading commands derived in Section 3 to the 6-DOF
12-state UAV model. Table 1 shows the specifications of the UAV and the control
law parameters.

Figure 4 shows the reference trajectory generated by the trajectory generator
and the actual trajectories generated by the four tracking controllers described in
Section 3. Here we use circles and squares to represent the starting and ending
position of the UAV, respectively. In addition, a star and a square are used to
represent the starting and ending position of the reference trajectory, respectively.
For the SDRE controller, the weighting matrices are chosen as Q(x) = diag([1, 1, 1])
and R(x) = diag([8, 10]). In terms of tracking speed, the saturation and discontinuous
controllers produce the fastest tracking while the controller based on Sontag’s
formula produces the slowest tracking.

Figures 5 and 6 show the distance and heading tracking errors of the UAV, respec-
tively. We can see that all four controllers guarantee asymptotic tracking. However,
it can be seen that the saturation controller and the discontinuous controller are
superior to the SDRE controller and the controller based on Sontag’s formula. This
is due to the fact that the saturation controller and the discontinuous controller
explicitly account for the input constraints during their design procedures. In fact, the

0 5 10 15 20 25 30 35 40 45 50
–2

–1.5

–1

–0.5

0

0.5

1

1.5

t (s)

ψ
r–

ψ
 (
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d)

Heading Tracking Error

SDRE
Sontag
Discontinuous
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Fig. 6 The heading tracking errors using the air speed and heading controllers
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SDRE controller has the worst performance for heading tracking due to the heading
rate saturation.

During the test, we have also noticed that the SDRE controller can achieve
better performance than the saturation controller under small initial tracking errors
by properly choosing the weighting matrices Q(x) and R(x), which is due to the
fact that the SDRE controller is proved to be locally asymptotically stable and
suboptimal. However, generally the performance of the SDRE controller is degraded
dramatically under large initial tracking errors due to the input constraints.

5 Conclusion and Future Work

Trajectory tracking control for a small fixed-wing UAV equipped with low-level
autopilots has been studied. Non-CLF based control approach and CLF based
control approaches are applied to derive heading and air speed commands to achieve
asymptotical tracking. High-fidelity simulation results on a 6-DOF 12-state small
fixed-wing UAV model have shown the performance of different controllers for
trajectory tracking. Future work includes implementing the controllers on a 48-inch
wingspan fixed-wing UAV.
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